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Number
IGCSE Mathematics

This handout covers Topic 1, Number. Cambridge Maths has two levels: Core and
Extended. Parts marked (Extended) are only tested on the Extended papers; every-
thing else is for both levels.

Types of number

You must know the words for the different kinds of number. Examiners give marks
for using them correctly.

Real numbers |
Rational %7 —0.7, 0.3
( Integers |
0, -1, =7
Natural ™ V2 V3
1, 2, 3, ...

Fach set sits inside the next: every natural number is an integer, every integer is
rational, every rational is real. Irrational numbers are real but not rational.

Counting numbers and integers

e natural numbers — the counting numbers 1,2, 3,4, ...

o integers — whole numbers, positive, negative or zero: ..., —2,—1,0,1,2,...

Factors and multiples

e A factor of a number divides into it exactly, leaving no remainder
The factors of 18 are 1,2, 3,6, 9, 18.

¢ A multiple
6,12,18,24, ...

of a number is that number times an integer. Multiples of 6 are
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e A common factor of two numbers is a factor of both.

e A common multiple of two numbers is a multiple of both.

Prime, square and cube numbers

e A prime number has exactly two factors: 1 and itself. The first primes are

2,3,5,7,11,13,... Note that 1 is not prime.
e A square number is a whole number times itself: 1,4,9,16,25, ...

e A cube number uses a whole number three times: 1,8,27,64, ...

Rational, irrational and reciprocal

e A rational number can be written as a fraction

Examples: %7 5, 0.7.

7 of two integers.

o An irrational number cannot be written this way. Examples: 7 and /2.

e The reciprocal of a number is 1 divided by that number. The reciprocal of
3

1 1. 3 : . . 2 -
4 is 7; the reciprocal of 0.25 is 4; the reciprocal of £ is 3.

Prime factors, HCF and LCM

of prime numbers.
, keep dividing by the

Every integer above 1 is prime, or can be written as a product
To write a number as a product of its prime factors
smallest prime that fits.

Worked example. Write 72 as a product of its prime factors.

T2=2x%x36=2x2x18=2X2x2x9=2x2x2x3x3=2%x3%
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72 =23 x 32
Keep splitting until every branch ends on a prime (circled); collecting them gives
72 =23 x 32,

The highest common factor (HCF) of two numbers is the largest
factor they share. The lowest common multiple (LCM) is the smallest
multiple they share. Prime factors give a quick method.

Worked example. Find the HCF and LCM of 72 and 120.

First write each as a product of primes:

72 =23 x 32, 120 = 2% x 3 x 5.

« HCF: take the lowest power of each prime that appears in both: 23 x 3 = 24.
o LCM: take the highest power of every prime that appears: 23 x 32 x 5 = 360.

Sets and Venn diagrams

A set is a collection of objects. Each object in the set is an element of the
set. You should know this notation:

Symbol Meaning
n(A) the number of elements in set A
reA x is an element of A
¢ A x is not an element of A
& the universal set — everything being talked about
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Symbol Meaning

A the complement of A — everything not in A

1% the empty set — a set with no elements

ACB A is a subset of B — every element of A is also in B
AUB the union — elements in A or B or both

ANB the intersection — elements in both A and B

A Venn diagram draws each set as a circle inside a rectangle (the universal
set). Core uses two sets; Extended may use three.

Worked example. & = {1,2,3,4,5,6,7,8,9,10}, A = {even numbers},
B = {multiples of 3}.

« A=1{2,4,6,810} and B = {3,6,9}.

o« AN B = {6} — the only number in both.

« AUB=1{2,3,4,6,8,9,10} — the numbers in either set.
e n(AUB)=T.

A: even B: multiples of 3
7

AN B = {6} is the only number in both circles; AU B is everything inside either
circle.

You may also see a set written as a rule, e.g. C' = {z: 1 < x < 5} means "all values
x such that 1 < x <5".
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Powers and roots

o A power (also called an index , plural indices) shows how many times to
multiply a number by itself: 2° =2 x 2 x 2 x 2 x 2 = 32,

¢ A square root of a number gives that number when squared: /169 = 13

because 132 = 169.

+« A cube root works the same way for cubes: /8 = 2 because 23 = 8.

You should be able to recall the squares from 1% to 15? (and their roots), and the
cubes of 1,2,3,4,5 and 10.

Worked example. Work out 52 x /8.

52 x V8 = 25 x 2 = 50.

The laws of indices

When you multiply or divide powers of the same base , use these rules:

a77
(Fractional powers like a» are Extended.)
Worked examples.

e 23 x 2=t o9l =9
. (282 =20 =64

e 23294 _93-4 _9-1 _ 1
) 2
1 1
. 7_2 = — = —,
249
. 812 =81 =0.
L1 1 1 1
L] 8 3 = — = ) e 72 = —.
83 (3/@) 2 4
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multiply the powers divide the powers power of a power

a = myn _ ,mn
a™ X g = gMmtn a™ = q" = g™ " ((] ) =a

add: subtract: multiply:

93y 94 _9l _9 PegF=gi=1 (23)2 =26 =64

The three index laws: multiply adds the powers, divide subtracts them, a power of a
power multiplies them

Standard form

A galazy: huge distances are written compactly in standard form.

Standard form writes a number as A x 10", where 1 < A < 10 and n is
an integer. It is used for very large or very small numbers.

To convert, count how many places the decimal point moves:

e 4500000 = 4.5 x 106 — the point moves 6 places left, so the power is positive.
e 0.00072 = 7.2 x 10~* — the point moves 4 places right, so the power is negative.

Worked example. Work out (3 x 10%) x (2 x 1072).
Multiply the front numbers and add the powers:

3x2=6, 10° x 1072 = 10°, so the answer is 6 x 103
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Standard form: Ax 107, with 1<A<10

—_—

point moves 6 places

—

standard form: a x 10" with 1 =a <10

point moves 4 places

Standard form: a number written as a x 10"n with 1 < a < 10

Surds (Extended)

A surd is a root that is irrational, such as v/5. Leave it in exact form instead of
rounding. Two useful rules:

Vi x Vb= vab, \[bg

Simplify a surd by taking out the largest square factor.
Worked example. Simplify v/20 and /200 — v/32.

V20 = V4 x5=+v45=2V5.

V200 — V32 = 100 x 2 — V16 x 2 = 10v/2 — 4v/2 = 6V/2.
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find the largest split the root: take the square
square factor Vab = \/a\/b root out

picking a smaller square factor (v/20 = /2 x 10) gets stuck -
always take out the largest square: 4, 9, 16, 25, ...

Simplifying a surd: take out the largest square factor

To rationalise the denominator means to remove a surd from the
bottom of a fraction (the denominator ). Multiply the top and bottom by a
value that clears the surd.

10
Worked example. Rationalise — and

1
V5 ~1+3
10 10 5 10v5
‘[:—‘[:2\/5.

VAR AV A

L1 V341 VB4l 1443
—-1+v3 V3-1 VB3+1 3-1 2

Fractions, decimals and percentages

A fraction has a numerator (the top) and a denominator (the bottom).

fraction decimal percentage

One value three ways: a fraction, a decimal and a percentage

« proper fraction : numerator smaller than denominator, e.g. %.

o improper fraction : numerator the same or larger, e.g. %.

« mixed number : a whole number plus a fraction, e.g. 1%.

Change between improper and mixed: % = 1% because 7 + 4 = 1 remainder 3.
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A decimal uses place value after a point. A percentage means “out of

1007, so 37% = 3L = 0.37.

100

Converting between forms

To change Method Example

fraction — decimal divide top by bottom % =3+8=0.375

decimal — percentage multiply by 100 0.07="7%

percentage — fraction put over 100, then ™% = W7o
simplify

percentage — decimal divide by 100 34% = 0.34

Write a fraction in its simplest form
their HCF: 12 = 2 (both divided by 6).

by dividing the top and bottom by

Recurring decimals (Extended)

A recurring decimal repeats the same digits forever. Dots mark the
repeating part: 0.17 = 0.1777... and 0.123 = 0.123123.. ..

To turn a recurring decimal into a fraction, multiply so the repeating parts line up,
then subtract.

Worked example. Write 0.17 as a fraction.
Let x = 0.1777 ... Only the 7 repeats, so use 10z and 100x:

100z = 17.777 .. ., 10x = 1.777. ..

16 8
r= — = —

100z — 10z = 16, 90z = 16, .
o= e 90 45
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Write z = 0.17 as a fraction:

100z = 17. ... ) )
the repeating tails
line up exactly
10z = 1. T
subtract: the tails cancel -
0z =16 no dots left
o= 0=
90 45

Line up the repeating tails, subtract, and the tails cancel

The four operations

Order of operations

Work in this order — the order of operations : brackets first, then indices
(powers and roots), then multiply and divide (left to right), then add and subtract
(left to right).

Worked example. Work out —6 x —3 4+ 7 x 2.
Do the multiplications first: —6 x —3 = 18 and 7 x 2 = 14. Then add: 18 + 14 = 32.

work downwards —6x —=34+7x2

multiply first: —6 x —3 =18, 7x2=14
Brackets l Py ' ’ '

¥
Indices (powers, roots) ]

18+ 14

l then add
¥

Multiply and Divide
left to right
v
Add and Subtract
left to right

32

—_— — — —

The order of operations, applied to the worked example
Negative numbers

» Adding a negative: 5+ (—3) =5—-3 =2.
+ Subtracting a negative: 5 — (—=3) =5+3 =8.
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e Multiplying or dividing: same signs give a positive; different signs give a negative.
So —6 x —3 =18 but —12 +4 = —3.

A change in temperature from —5°C to 3°C is a rise of 8°C.

Calculating with fractions

e Multiply: multiply the tops, multiply the bottoms: % X % = 1%.
« Divide: multiply by the reciprocal of the second fraction: 2+% =2x3 =10 =13

o Add or subtract: use a common denominator (the LCM of the bottoms).

Worked example. Work out 1% — %, giving the answer in its simplest form.

Change the mixed number to an improper fraction, then use denominator 15:

7 22 4 12 22 12 10 2

15 15 5 15 5 15 15 3

Ordering

Use these symbols to compare numbers by magnitude (size):

w
<
=
o
=B

Meaning

is equal to

is not equal to

is greater than

is less than

is greater than or equal to
is less than or equal to

ANV AV

To put a mixed list in order, change every value to a decimal first.

Worked example. Put 34%, % and 13—0 in order, smallest first.

As decimals: 34% = 0.34, % =0.333..., % = 0.3. So the order is
3 1
— < = < 34%.
103 !
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3 1
2 1 34%
=0.3 =0.333. =0.34
I ~< /
I S /
1 SS /
| RN /
| = ~< /
: RN - ‘/l
< ® f f —e ¢ } >
0.30 0.31 0.32 0.33 0.34 0.35

change every value to a decimal first: 13—0 < % < 34%

Convert every value to a decimal, then place them on a number line

Percentages
w
oy
e
I -

Shops use percentages for discounts, sales tax and profit margins.

Find a percentage of an amount. 15% of $80 = 0.15 x 80 = $12.

Write one amount as a percentage of another. A score of 18 out of 25 is
% x 100% = 72%.

Percentage increase or decrease uses

change

percentage change = x 100%.

original amount

Worked example. A price rises from $40 to $50. Find the percentage increase.
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The change is $10, so 10 x 100% = 25% increase.

A quick way is a multiplier . To increase by 15%, multiply by 1.15; to decrease

by 15%, multiply by 0.85.
Simple and compound interest

Interest is money paid for borrowing or for saving. The principal is the
starting amount.

¢ Simple interest
only:

pays the same amount each year, worked out on the principal

_erxt
100

where P is the principal, r is the rate per year (as a percentage) and ¢ is the number
of years.

I

¢ Compound interest
interest on a larger total:

adds the interest on each year, so the next year earns

final value = P <1 + ﬁ)t

Worked example. Find the value of $500 saved at 4% compound interest for 3 years.

500 x 1.04* = 500 x 1.124864 = $562.43 (to the nearest cent).

1100 4 = simple: same $20 every year the gap keeps growing

= compound: interest on the interest

1000 +

900 A

800 A

value ($)

700 A

600 1
after 3 years: 500 x 1.043 = $562.43

0 5 10 15 20
years
simple: A=P(1+rt)
compound: A=P(1+n)"

Simple interest grows in a straight line; compound interest grows faster every year
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Reverse percentages (Extended)

A reverse percentage problem gives the amount after a change and asks
for the original. To solve it, divide by the multiplier — do not just take the percentage
off.

Worked example. A coat costs $60 after a 20% increase. Find the original price.

$60 is 120% of the original, so the original price is 60 + 1.2 = $50.

Exponential growth and decay (Extended)

When a quantity changes by the same percentage in each time period, it shows expo-
nential growth (it gets bigger) or exponential decay (it gets
smaller). Use the compound formula. Depreciation , where something like a
car loses value each year, is decay.

Worked example. A car worth $20000 loses 15% of its value each year. Find its
value after 4 years.

The multiplier is 0.85, so

20000 x 0.85* = 20000 x 0.522... = $10440 (to the nearest dollar).

20000 - 20 000
17 000 every year the value is multiplied by 0.85
. after 4 years: 20000 x 0.85% = $10 440
¥ 15000 A 14 450
v 12282 /
© 10 44
z 10000 A 8874
8 7 543
5000 A

0 1 2 3 4 5 6
years from new

V =Vort with 0<r<1 fordecay - here r=0.85 each year

Exponential decay: the car loses 15 percent of its current value every year
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Ratio and proportion

Aratio compares quantities, written like a : b. Simplify it like a fraction by dividing
by the HCF: 20:30:40=2:3: 4.
Dividing in a ratio. Share $48 in the ratio 3 : 5.

The total number of parts is 3 +5 = 8. One part is 48 = 8 = $6. So the shares are
3x 6 =318 and 5 x 6 = $30.

Share $48 in the ratio 3:5 - 3+ 5 = 8 parts, one part =48 +~ 8 = $6

$6 $6 $6 $6 $6 $6 $6 $6

3 parts = $18 5 parts = $30

A bar model for sharing 48 dollars in the ratio 3 to 5

Proportion means two ratios are equal. Use it for recipes, map scales
and finding best value.

Worked example. 3 pens cost $1.80. Find the cost of 7 pens.
One pen costs 1.80 + 3 = $0.60. So 7 pens cost 7 x 0.60 = $4.20.

Rates and average speed
A rate compares two quantities measured in different units, such as price per
kilogram, or distance per hour.

Average speed uses

total distance
average speed = ———
total time

Worked example. A cyclist travels 45 km in 3 hours 45 minutes. Find the average
speed.

First change the time to hours: 3 h 45 min = 3.75 h. Then

45
d=-— =12 km/h.
average spee 57E m/
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S = b S: D T
=7 (cover S: D over T)

D =S5 xT (cover D: S nexttoT)

S T

D
T= 5 (cover T": D over S)

cover the one
45

you want cyclist: 45 kmin 3 h 45 min =3.75h = S = X 12 km/h

1

[

The distance-speed-time triangle: cover the one you want

Other rates work the same way. Density is found from mass and volume

mass

density = volume

Other examples are flow rate, fuel consumption and population density
If a rate needs a special formula (such as pressure ), the question will give it to
you.

Rounding and estimation

Rounding

+ decimal places (d.p.) . digits counted after the point. 3.14159 to 2 d.p.
is 3.14.

« significant figures (s.f.) : digits counted from the first non-zero digit.
5764 to 1 s.f. is 6000; 0.004067 to 2 s.f. is 0.0041.

Rule: look at the next digit. If it is 5 or more, round up; if it is less, round down.

Estimation

an answer, round every number to 1 s.f., then calculate.

41.3
9.79 x 0.765
41.3 40 40

979 x 0765 ~10x08 8

To estimate

Worked example. Estimate
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Limits of accuracy

A rounded value could really be anything that rounds to it. The smallest possible
value is the lower bound ; the largest is the upper bound . For a value
rounded to the nearest unit, the bounds lie half a unit on each side.

Worked example. A height h is 635 m, correct to the nearest metre. Give the
bounds.

634.5 < h < 635.5.

lower bound 634.5 upper bound 635.5

included: it rounds up to 635 not included: it rounds to 636

I P Il ) I

T A 4 T N4 T
634 634.5 635 635.5 636

every value in the band rounds to 635: 634.5 < h < 635.5

Everything in the band rounds to 635: the lower bound is included, the upper bound is
not

So the lower bound is 634.5 m and the upper bound is 635.5 m.

Bounds in calculations (Extended)
Combine the bounds to get the bound you want.

Worked example. A rectangle is 8 cm by 5 cm, each side to the nearest cm. Find
the largest possible area

Use the upper bounds of both sides: 8.5 x 5.5 = 46.75 cm?. (The smallest area uses
the lower bounds: 7.5 x 4.5 = 33.75 cm?.)

distance

For a divided quantity such as speed = , the largest speed comes from the

largest distance divided by the smallest time.
Time

e 60 seconds = 1 minute, 60 minutes = 1 hour, 24 hours = 1 day, and 1 year = 365
days.
e The 24-hour clock writes a time as four digits: 3.15 p.m. is 15 15.
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Worked example. A film starts at 1935 and lasts 70 minutes. Find the time it
finishes.

70 min = 1 h 10 min. Adding 1 hour gives 20 35; adding 10 minutes gives 20 45.

For timetables and time zone problems, add or subtract the time difference

between the places.

Money

Work with money as ordinary decimals, but give answers to 2 d.p. (so $4.8 is written
$4.80).

Currency conversion. Use the exchange rate as a multiplier.

Worked example. The exchange rate is $1 = €0.92. Convert $150 to euros, and
convert €138 back to dollars.

150 x 0.92 = €138, 138 = 0.92 = $150.

Using a calculator

e Do not round part-way through a calculation. Keep the full value and round only
the final answer.

o Enter time as a decimal of an hour: 2 hours 30 minutes is 2.5 hours, not 2.30.

» Read the display in context: in money, 4.8 means $4.80; in time, 3.25 hours means
3 hours 15 minutes.

Exam tips

+ Follow BIDMAS (brackets, indices, division/multiplication, addition/subtraction)
in order, and remember a negative times a negative is positive.

+ In standard form the number in front is between 1 and 10; a small number (like
0.0004) has a negative power of 10.

o A percentage change is worked out on the original amount. For a reverse percent-
age, divide by the multiplier (e.g. +1.2 undoes a 20% rise).

e Do not round part-way through — keep the full value and round only at the end,
to the accuracy the question asks for (decimal places or significant figures).

o For limits of accuracy, a value rounded to the nearest whole number can be up
to 0.5 either side (so 8 means 7.5 <z < 8.5).

IGCSE Mathematics ¢ 1 Number

Algebra and graphs
IGCSE Mathematics

This handout covers Topic 2, Algebra and graphs. Parts marked (Extended) are
only tested on the Extended papers; everything else is for both levels.

Working with algebra

In algebra
is a variable

we use letters to stand for numbers. A letter whose value can change
. To substitute means to put a number in place of a letter.

Worked example. Find the value of 322 — 2y when x = 4 and y = 5.

3x42-2x5=3x%x16—10=48 — 10 = 38.

Simplifying and expanding

A term s a single part of an expression , such as ba or —9b. Like terms
have exactly the same letters; you may add or subtract them. The number in
front of the letter is the coefficient

3(z +2) =3z +6

Ezpanding a bracket with an area model

3a+2a+4b—-0

l collect like terms

5a + 3b

Collecting like terms: add terms with the same letter

Worked example. Simplify 2a? + 3ab — 1 + 5a® — 9ab + 4.
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Collect like terms: 2a? + 5a2 = 7a?, 3ab — 9ab = —6ab, —1 + 4 = 3. So the answer is

7a® — Gab + 3.

To expand means to multiply out brackets . Multiply every term inside
by the term outside; for two brackets, multiply every term in the first by every term
in the second.

Worked examples.
32(22 — 4y) = 62% — 121y,
e+ 1)(x—4) =222 —8x+x —4=22" —Tor — 4.

For three brackets (Extended), expand two first, then multiply by the third:

(x—-2)(z+3)2r+1) = (2> +2 —6)(2r + 1) = 22° + 32> — 112 — 6.

23?2 + 3ab -1 + 532 —9ab +4

1 group like terms

7a? — 6ab +3

terms that share a colour are like terms

like terms: same letters/powers - add coefficients only

Like terms share the same letters and powers — add coefficients only
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3(x+2)=3x+6
X 2

a(b+c)=ab+ac - area model of expansion

Ezpand by distributing: a(b+c)=ab+ac (area model)

Factorising

To factorise is the opposite of expanding: write the expression as a product
of brackets. Always take out the common factor first.

Worked example. 922 + 152y = 3z(3z + 5y), because 3z divides both terms.
The following patterns are Extended.

Grouping (four terms): take a common factor from each pair.

ay+20+3y+6=a(y+2)+3(y+2)=(x+3)(y+2).

Difference of two squares ca®—b*=(a+0b)(a—b).

922 — 16 = (3 + 4)(3z — 4).

Perfect square s a?+2ab+0? = (a+b)2

2?4+ 61 +9 = (z+3)%

Quadratic expressions az? + bz + ¢: find two numbers that multiply to a x c
and add to b, then split the middle term.
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Worked example. Factorise 222 + 7x + 3.
Here a x ¢ =6 and b = 7. The numbers 1 and 6 work. Split and group:

202+ +6r+3 =220 +1)+32x+1) = (v +3)(2v + 1).

For ax® + bx? + cz, take out the common x first: 223 + 72?2 + 3z = (222 + T2 + 3) =
z(z +3)(2z + 1).

Completing the square (Extended)

A suspension bridge cable hangs in a parabola — the graph of a quadratic.

Completing the square rewrites 22 + bz + ¢ as (x + p)? + ¢. Take half of
the z-coefficient, square it, then balance.

Worked example. Write 22 + 62 + 1 in completed-square form.

Half of 6 is 3, and 32 = 9:

2?4+ 6r+1=(2+3)2-9+1=(r+3)?-8.

When the 22 has a coefficient, take it out of the first two terms first:

20 + 8z +3=2(2"+42) +3=2((x+2)*—4) +3=2(z +2)> — 5.
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Algebraic fractions (Extended)

An algebraic fraction has algebra on the top or bottom. Add and subtract
using a common denominator; multiply and divide as with ordinary fractions.

Worked examples.

3 5 ~ 6 6 6 6

v r—4 22 3x—-4) 22+3r-12 5r—12

3a 9 3a 10 30a 5

4 710 4

X —=—=-.
9a 36a 6
To simplify a rational expression , factorise the top and bottom, then cancel

common brackets.

22— 21 x(x —2) x

22—52+6 (z-2)(x—3) =x-3

Indices in algebra

The laws of indices work with letters too: a™ x a™ = ™", a™ + a

and (a™)" = a™".

Worked examples.

(52°*)% = 2529, 12a° + 3a™% = 4d”, 627y x 5x Oy = 30275

You can also solve simple index equations by writing both sides with the same base

Worked example. Solve 2% = 32. Since 32 = 2°, you get x = 5.

Equations

An equation says two expressions are equal. To solve a linear equation,
do the same operation to both sides until the unknown is alone.
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20 +3 =11 (start)

2$ = 8 subtract 3 from both sides

=4 divide both sides by 2

Solve by doing the same to both sides

Worked example. Solve 5 — 2z = 3(z + 7).

0—2x=3x+21 = 5-21=3z+2x = —-16=5x = x:fl—f.

Fractional equations (Extended)

A fractional equation has the unknown in a denominator. Multiply both
sides by the denominator to clear it.

=4.

x
‘Worked le. Sol
orked example. Solve 1

r=42z+1)=8z+4 = —To =4 = z=—

SIFS

Simultaneous equations

Simultaneous equations are two equations solved together. For two linear
equations, add or subtract to remove one letter.

Worked example. Solve 2z +y =7 and 3z —y = 8.
Adding removes y: 5z = 15, s0 x = 3. Then y =7 —2(3) = 1.
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1

solution: x=3,y=1
/ mtelrsectlon of thle two lines is ithe solution (Ix, y) .
1 2 3 4 5

X

The solution of simultaneous equations is where their graphs cross

For one linear and one quadratic equation (Extended), substitute the linear into
the curve.

Worked example. Solve y = x + 2 and y = 22.

=742 = 2°-2-2=0 = (z-2)(x+1) =0,

so =2 (giving y =4) or x = —1 (giving y = 1).

Solving quadratic equations (Extended)
There are three methods.

« By factorising: 22 +5x+6=0= (z+2)(z+3)=0=2=—2o0r z = —3.
« By completing the square: 2>+ 62 +1=0= (z+3)?=8 =z +3 = +£2\/2 =
r=-3+2V2.

¢« By the quadratic formula , which is given in the exam:

b+ Vb% — 4ac

. 2a

Worked example (formula). Solve 22% + 3z —1=0. Herea =2,b=3, c = —1:

Lo T3EVIF8 —3+/17
B 4 4
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Changing the subject

To change the subject
letter is alone on one side.

of a formula means to rearrange it so a chosen

Worked example. Make r the subject of A = 7r? (Extended, because of the
power).

When the letter appears twice (Extended), collect those terms and factorise. To

1
make x the subject of y = T :
r—1
1+y
yr—1)=z+1=>yr—z=1+y = z(y—-1)=14+y = z=——
y—

Inequalities

An inequality uses <, >, < or 2. Solve it like an equation, but reverse the
sign if you multiply or divide by a negative number.

Worked example. Solve —3 <3z —2 < 7.

Add 2 to all parts, then divide by 3:

—1<3r<9 = —xs<r<3.

1
3

On a number line , use an open circle for < or > (value not included) and a
closed circle for < or > (value included).

—+ included 3 excluded

(closed circle) (open circle)
f f —@= f f O f
-3 -2 -1 0 1 2 3 4

—% < x < 3: a closed circle includes the end value, an open circle excludes it.
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Regions (Extended)

An inequality in two letters describes a region of the graph. Draw the boundary
line (broken for < or >, solid for < or >) and shade the unwanted side. You may also
be asked to list the inequalities that define a given region.

Sequences

Romanesco broccoli: self-similar spirals form a natural number pattern.

A sequence is a list of numbers that follow a rule. The term-to-term rule
tells you how to get the next term from the one before.

To find the rule for the term in position n (the nth term), look at how the terms
change.

Linear sequence (the terms go up by the same amount each time). The difference
is the multiple of n.

Worked example. Find the nth term of 2,5,8,11,...

The terms go up by 3, so start with 3n. Since 3 x 1 = 3 but the first term is 2, subtract
1: the nth term is 3n — 1.

Quadratic sequence (the differences themselves change by the same amount). The
second difference equals 2x the coefficient of n?.

Worked example. Find the nth term of 2,5,10,17,...
First differences are 3, 5, 7; the second difference is 2, so the n? part is 1n%. Subtracting

n? (1,4,9,16) from the sequence leaves 1,1,1,1. So the nth term is n? + 1.
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A cubic sequence such as 1,8,27,64,... has nth term n®. An exponential

sequence such as 2,6,18,54,... multiplies by a fixed number each time;
here the nth term is 2 x 371,

Direct and inverse proportion (Extended)

Two quantities are in direct proportion if one is always a fixed multiple of
the other: y o« x means y = kx, where k is a constant . They are in inverse

1 k
proportion if one rises as the other falls: y oc — means y = —. The symbol
x

o is read ”is proportional to”. You can also have proportion to a square, square root,
cube or cube root.

Worked example. y is in direct proportion to z, and y = 12 when x = 3. Find y
when z = 7.

First find k: 12 =k x 3,80 k =4 and y = 4x. Then y =4 x 7 = 28,

Graphs in practical situations

The gradient (steepness) of a graph shows a rate of change

o A travel graph (distance—time graph) has gradient equal to speed; a flat
part means the object is not moving.

e A conversion graph is a straight line used to change between two units
(for example, miles and kilometres).

301

moving away
(steady speed)

turning home
stopped
(gradient 0)

distance from home (km)

v

2.0 3.5 6.0
time (h)

speed = gradient of distance-time graph - flat = speed =0

On a distance-time graph the gradient is the speed; a flat section means the object
has stopped.
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Speed—time graphs (Extended)

On a speed-time graph the gradient is the acceleration
if the speed falls), and the area
travelled.

(or deceleration
under the graph is the distance

Worked example. A car speeds up from rest to 20 m/s in 8 s, then stays at 20 m/s
for 12 s. Find the acceleration and the total distance.

20
Acceleration = 3= 2.5 m/sZ. The distance is the area: a triangle plus a rectangle,

%><8><20+12><20:80+240:320m.

total distance =80+240=320m - a= gradient - s= area

20 A

speed (m/s)

area =12x20=240m

area \
=%(8)(20) ) .
Z80m gradient = acceleration
=20/8 =2.5 m/s?

time (s)

On a speed—time graph the gradient is the acceleration and the area underneath is the
distance travelled.

Graphs of functions

To draw a graph, make a table of values
then plot the coordinates

. choose values of z, work out y,
and join them with a smooth curve.

The points where a graph crosses the x-axis (the horizontal axis
— the solutions of y = 0.

) are the roots

You can solve an equation by reading a graph. The intersection point of a line
and a curve gives the solution of the two equations together.
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For exponential growth and exponential decay , the graph of
y = ab® + c rises (or falls) faster and faster and flattens towards a horizontal line.

Sketching curves

A quick sketch should show the right shape and the key features: where it crosses the
axes, any symmetry , and any line the curve gets close to.

Function Shape

straight line; gradient m, y-intercept c
(U-shape if a > 0, N-shape if a < 0)

linear, y = mx + ¢
quadratic, y = ax? + bz +c¢ a parabola

cubic, y = az® + br + ¢ an S-shaped curve
a

reciprocal, y = — + b two separate curves
T

exponential, y —ar®+b fast growth or decay

linear quadratic cubic
//
reciprocal exponential growth exponential decay

\

The basic graph shapes; knowing each shape lets you sketch quickly from the equation.

recognise y = x?, y = 1/x, y = 2% from shape

For a parabola, completing the square gives the turning point (the lowest or
highest point). For example y = (x + 3)? — 8 has its turning point at (-3, —8).
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\ g
axis of symmetry x = -3
y=(x+3)>-8
/l

turning point (-3, —8)

Completing the square, y = (z + 3)* — 8, shows the turning point (—3,—8) and the
line of symmetry r = —3.

An asymptote is a line that the curve gets closer and closer to but never

a
touches — for example, the z-axis for y = —, or the line y = b for y = ar® + b.
x

Differentiation (Extended)

Differentiation finds the gradient of a curve at any point. You can estimate
it by drawing a tangent (a line that just touches the curve) and measuring its
gradient.
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tangent (just touches
the curve at one point)

radient of the curve here
= gradient of the tangent

dy

ax = gradient of the tangent

The gradient of a curve at a point equals the gradient of the tangent there — what
differentiation finds.

The exact rule: if y = az™, then the derivative is

Differentiate a sum term by term.
d
Worked example. If y = 23 + 222 — 5z, then d—y =322+ 42 — 5.
x

dy

A stationary point (turning point) is where the gradient is zero, so set 1= 0.
x

Worked example. Find the turning point of y = 22 — 62 + 5.

d
Y9 —6=0=2=3 y=3"—6(3)+5=—4.
dx
The turning point is (3, —4). To decide whether a turning point is a maximum
or a minimum , check the sign of the gradient on each side, or use the
second derivative (positive means a minimum).
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Functions (Extended)

A function turns each input into one output. We write f(z), for example
f(z) =3z —5,s0 f(2) = 1. The set of allowed inputs is the domain ; the set
of possible outputs is the range

The inverse function /7 Y(z) undoes the function. To find it, write y = f(z),
swap the roles, and make = the subject.

Worked example. Find the inverse of f(z) = 3z — 5.

5 5
y=3x—5:x:—y§ . so f_l(x):x;r ,

f(z) =3z —5: do x3, then —5

the inverse takes the
5 output back to the
. reverse the order, undo each step input: f(2) =1,

so f~1(1) =2
6
2 1

A function as a machine; the inverse runs it backwards - reverse the order, undo each
step

A composite function applies one function after another: ¢f(z) means

"do f first, then g”.
Worked example. If f(z) =2z and g(z) = x + 3, then

gf(x) =g(2z) =22 +3,  fg(x)=f(x+3)=2(z+3)=22+6.

Exam tips

o When you expand brackets, multiply every term and watch the signs, especially
with a minus in front: —(z — 3) = —z + 3.

o To solve an equation, do the same thing to both sides. When you multiply or divide
an inequality by a negative number, flip the sign.

e Factorise fully: take out the highest common factor first, then look for a difference
of two squares or a quadratic pattern.
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» A quadratic usually has two solutions — give both. Check whether the question
wants factorising, the formula, or completing the square.

o When substituting into a formula, put each value in brackets first, so signs and
powers come out right.
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Coordinate geometry
IGCSE Mathematics

This handout covers Topic 3, Coordinate geometry. Parts marked (Extended) are
only tested on the Extended papers; everything else is for both levels.

Coordinates

A city street grid: every place is fized by its coordinates.

A point on a graph is described by its coordinates , sometimes called Cartesian
coordinates, written (z,y). The first number is the across value and the second is the
up value.

e The two number lines are the axes : the horizontal r-axis and the
vertical y-axis.
, the point (0,0).

o The axes split the grid into four quadrants

o They cross at the origin

So the point (3, —2) is found by going 3 to the right and 2 down.
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11 I

3 right

IIT (3, —2) v

The azes meet at the origin O and split the plane into four quadrants; (3,—2) means
3 right then 2 down.

The equation of a straight line

Most straight lines can be written as

Yy =mx +c,

where m is the gradient (steepness) and c is the intercept
where the line crosses the y-axis.

— the y-value

o A line like z = k (for example x = 3) is vertical.
o A line like y = k (for example y = 3) is horizontal.

A line may also be given as ax + by = ¢. Rearrange it into y = mx + ¢ to read off the
gradient and intercept.

Worked example. Find the gradient and y-intercept of bx + 4y = 8.

4y = -dbr +8 = y=—%x+2.

So the gradient is —% and the y-intercept is 2.
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Gradient

A steep mountain road: gradient measures steepness as rise over run.

The gradient measures how steep a line is:

change in y  rise

change in z  run

A positive gradient goes up to the right; a negative gradient goes down to the right.
Worked example. Find the gradient of the line through (1,2) and (4, 11).

11-2 9 3
m = —7— = — = .
4—-1 3
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rise = 2
y=2x+1

. rise
gradient = — =
run

y-intercept ¢ = 1

/ 1 2 3 4 5 6 7

For y = max + ¢, the line crosses the y-axis at ¢ and the gradient m is the rise divided
by the run.
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Drawing a straight-line graph
To draw y = mx + ¢, the quickest way is:

1. Mark the intercept ¢ on the y-axis.
2. Use the gradient to step to more points (for m = 3, go 1 right and 3 up).
3. Join the points with a straight line.

You can also make a small table of values : choose two or three x-values,

work out y, and plot the points.

Y drawing y = 3z — 1:
1. mark the intercept ¢ = —1
2. gradient 3: step 1 right,
3 up, again and again
3. join the points

check with a table:  =0,1,2 — y=—-1,2,5

/

Drawing a line fast: mark the intercept, then use the gradient to step to new points

Finding the equation of a line

If you know the gradient m and one point on the line, put the point into y = mz + ¢
to find c.

Worked example. A line has gradient 3 and passes through (1,2). Find its equation.

y=3zr+c, 2=3(1) +¢, c=—1.

So the equation is y = 3z — 1. (If you are given two points, first find the gradient,
then do this.)
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Length and midpoint (Extended)

A line segment is the straight piece between two points.

To find the length of the segment between (z1, y1) and (2, y2), use Pythagoras’
theorem on the horizontal and vertical gaps:

length = \/(z2 — 21)% + (y2 — y1)2.

To find the midpoint (the point exactly in the middle), average the coordinates:

midpoint = (Il T ot yQ) .

2 2

Worked example. Find the length and midpoint of the segment from (1,2) to (4, 6).

length = /(4 —1)2+ (6 —2)2 = V9 + 16 = V25 = 5.

1+4 246
midpoint = (;—, ;) = (2.5, 4).

(4,6)

length =5
4
midpoint (2.5, 4)

(1,2) 3

The horizontal gap (3) and vertical gap (4) make a right triangle, so the length is
V32 + 42 = 5; the midpoint is the average of the coordinates.
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Parallel lines

Parallel lines never meet, so they have the same gradient.

Worked example. Find the equation of the line parallel to y = 42 — 1 that passes
through (1, —3).

The gradient is also 4. Put the point in:
-3=41)+c¢ = c=-T7,

so the line is y = 4z — 7.

parallel lines: same gradient, different intercepts

/ = 4x+ 2

y=4x-1

|
y—=yi=m(x—x1) (same m)

y=4x-17

through (1, = 3):
same gradient 4, new c=-7

1 2 3

7
/
. _/

Parallel lines: same gradient, different intercepts

Perpendicular lines (Extended)

Two lines are perpendicular if they meet at a right angle . Their gradients

multiply to —1:

my X mg = —1, SO My = ——.

In words: flip the fraction and change the sign.

Worked example. Find the gradient of a line perpendicular to 2y = 3z + 1.
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Rearrange: y = %:r + %, so the gradient is g The perpendicular gradient is —%.

Parallel Perpendicular

same gradient
(never meet)

gradients 2 and —2

/ (product —1)

Parallel lines share the same gradient; perpendicular gradients multiply to —1.

Perpendicular bisector

The perpendicular bisector of a segment cuts it in half at a right angle.
To find its equation: get the midpoint, then use the perpendicular gradient through
that midpoint.

Worked example. Find the perpendicular bisector of the segment joining (—3,8)
and (9, —2).

+ Midpoint: (=422, 502} — (3,3)
28 _ 10 _ _

5
9-(=3) _ 12 6"
o Perpendicular gradient: %

o Gradient of the segment:

Through (3,3): 3=2(3)+c¢=c¢=3—12 =—2 So the bisector is

Exam tips

o The straight line is y = mx + ¢: m is the gradient and c is where the line crosses
the y-axis.

» Gradient = (change in y) + (change in z). Keep the two coordinates in the same
order on the top and the bottom.
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o Parallel lines have the same gradient; perpendicular lines have gradients that
multiply to —1 (the negative reciprocal).

e The midpoint is the average of the coordinates; the distance between two points
comes from Pythagoras on the differences.
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Geometry
IGCSE Mathematics

This handout covers Topic 4, Geometry. Parts marked (Extended) are only tested
on the Extended papers; everything else is for both levels. In the exam you must give
reasons using the correct names below, not just the numbers.

Lines and angles

A corner where two lines meet is a vertex . Two lines are parallel if they
never meet, and perpendicular if they meet at a right angle. Angles are named
by their size:

Name Size
acute angle less than 90°
right angle exactly 90°
obtuse angle between 90° and 180°
reflex angle between 180° and 360°
acute right obtuse
< 90° =90° 90°-180° reflex

180°-360°

Angles by size: acute (under 90°), right (90°, shown by a square), obtuse (90°-180°)
and reflex (180°-360°).

We name an angle with three letters, e.g. angle ABC' is the angle at B.
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Angle facts

Learn these basic facts. Each one is a valid reason in the exam.

(&

a + b+ ¢ = 360° (round a point)

Angles around a point add up to 360 degrees

a + b = 180° (straight line)

Angles on a straight line add up to 180 degrees

e Angles at a point add up to 360°.
o Angles on a straight line add up to 180°.
o Vertically opposite angles (made by two crossing lines) are equal.

Worked example. Three angles on a straight line are z, 50° and 70°. Find =z.

x+50+70 =180 = z =60°.
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Angles in parallel lines

When a line crosses two parallel lines:

o Corresponding angles (in matching positions, an “F” shape) are equal.

o Alternate angles (opposite sides of the crossing line, a “Z” shape) are
equal.

o Co-interior angles (a "C” shape) add up to 180°; we say they are
supplementary

Worked example. A straight line crosses two parallel lines. One angle is 110°. The
co-interior angle y satisfies 110 + y = 180, so y = 70°.

Corresponding (F) Alternate (Z) Co-interior (C)

N /

/ /

equal equal xr+y = 180°

Corresponding (F) and alternate (Z) angles are equal; co-interior (C) angles add to
180°.
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Triangles

A triangle has three sides and angles that add up to 180°.

a+ b+ c=180°

The three angles of a triangle add up to 180 degrees

Type Property

equilateral all sides equal, all angles 60°
isosceles two sides equal, two angles equal
scalene all sides and angles different

right-angled

has one right angle

Worked example. A triangle has angles z, 2x and 90°. Find .

r+2x4+90=180 = 3z =90 = z =30

Quadrilaterals

A quadrilateral has four sides and angles that add up to 360°.
Shape Property
square four equal sides, four right angles
rectangle opposite sides equal, four right angles
parallelogram opposite sides parallel and equal
rhombus four equal sides, opposite sides parallel
kite two pairs of equal sides next to each other
trapezium one pair of parallel sides
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Polygons

A honeycomb tessellates the plane with reqular hexagons.

A polygon is a shape with straight sides. A regular polygon has
all sides and all angles equal.

Sides Name

5 pentagon
6 hexagon
8 octagon

10 decagon

For a polygon with n sides:

sum of interior angles = (n — 2) x 180°, sum of exterior angles = 360°.

The interior angle and the exterior angle at each corner add up to 180°.

Worked example. Find each interior angle of a regular hexagon.

o

The exterior angle is = 60°, so each interior angle is 180° — 60° = 120°.
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120°

interior + exterior = 180°

At each corner the interior and exterior angles add to 180°; a regular hexagon has
60° exterior and 120° interior angles.

Symmetry

The Taj Mahal has a clear line of symmetry down its centre.

e A shape has line symmetry if a mirror line splits it into two matching
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halves.

o A shape has rotational symmetry if it fits onto itself as you turn it.
The order is how many times it fits in one full turn.

For solids (Extended), a flat slice that splits the solid into mirror halves is a plane
of symmetry , and a line you can spin it around is an axis of symmetry

Circles: the parts

Term Meaning

circle all points the same distance from a centre
centre the middle point

radius centre to edge (plural radii)

diameter right across through the centre (= 2x radius)
circumference the distance all the way round

chord a straight line joining two points on the circle
arc part of the circumference

sector a “pizza slice” between two radii

segment the region cut off by a chord

semicircle half a circle

tangent a line that touches the circle at one point

circumference

I
I
|

chord diameter

centre O

tangent

The main parts of a circle: a chord joins two points, while a tangent touches at just
one.
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OO

sector segment arc semicircle

A sector is a slice between two radii, a segment is cut off by a chord, an arc is part of
the circumference, and a semicircle is half the circle.

Circle theorems

Use these to find unknown angles, always giving the reason.

For both levels:

e The angle in a semicircle is 90°.
o The angle between a tangent and a radius is 90°.

90°

angle in a tangent meets
semicircle = 90° radius = 90°

Two theorems for both levels: the angle in a semicircle is 90°, and a tangent meets a
radius at 90°.

Extended (theorems I):

o The angle at the centre is twice the angle at the circumference (standing on the

same arc).
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¢ Angles in the same segment are equal.
add up to 180°.
: the angle between a tangent and

« Opposite angles of a cyclic quadrilateral

e The alternate segment theorem
a chord equals the angle in the other segment.

Extended (theorems II): equal chords are the same distance from the centre; the
perpendicular bisector of a chord passes through the centre; two tangents from the
same outside point are equal in length.

Worked example. A, B, C are on a circle. The angle at the circumference ABC' is
40°. Find the angle AOC" at the centre O.

The angle at the centre is twice the angle at the circumference: 2 x 40° = 80°.

angle at centre = 2x angle at circumference

The angle at the centre (80°) is twice the angle at the circumference (40°) standing
on the same arc.
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Similar shapes

if one is an enlargement of the other: same angles, and
k. (Shapes that are exactly

Two shapes are similar
all sides multiplied by the same scale factor
the same size and shape are congruent )

Nesting dolls are similar shapes: each one is the same shape as the others, just
multiplied by a scale factor

For similar shapes and solids:

areaof A, volume of A

K3

area of B volume of B

Worked example. Two similar solids have lengths in the ratio 2 : 3. The smaller
has volume 40 cm?®. Find the volume of the larger.

27
The volume ratio is 23 : 3% = 8 : 27. So the larger volume is 40 x e 135 em?.

Bearings

A bearing gives a direction as a three-figure angle, measured clockwise
from north, from 000° to 360°. So due east is 090° and due south is 180°.
Worked example. The bearing of B from A is 025°. Find the bearing of A from B.

The return (back) bearing differs by 180°: 025° 4+ 180° = 205°.
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A

Bearing of B from A Bearing of A from B

A bearing is measured clockwise from north as three figures; the back bearing differs
by 180°.
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Constructions, nets and solids

e To construct a triangle from three given sides, draw the base with a ruler,
then use a pair of compasses to mark each other side as an arc. Leave the
construction arcs showing.

e A net is a flat shape that folds up into a solid. You can use a net to work
out surface areas.

¢ A scale drawing shows a real object smaller (or larger) by a fixed scale,
such as 1 cm to 5 m.

27r X h

Cube net

6 equal square faces Cylinder net

2 circles + a rectangle

Unfolding a solid gives its net. Add the areas of the pieces to get the surface area: a
cylinder is 2nr? + 27rh.

Common solids and their parts:
Solid Note
cube / cuboid box shapes
prism the same shape all along its length
cylinder a circular prism
pyramid / cone come to a point
sphere  / hemisphere a ball / half a ball
frustum a cone or pyramid with the top cut off

A flat side of a solid is a face |, two faces meet at an edge , and the whole outside
is its surface
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Exam tips

o Angles on a straight line add to 180°, around a point to 360°, and in a triangle to
180°. Give a reason for every step of an angle question.

o Learn the circle theorems: the angle at the centre is twice the angle at the cir-
cumference; the angle in a semicircle is 90°; angles in the same segment are equal;
opposite angles of a cyclic quadrilateral add to 180°.

o The exterior angles of any polygon add to 360°, and each interior angle + its
exterior angle = 180°.

» Bearings are measured clockwise from north and always written with three figures
(e.g. 072°).
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Mensuration
IGCSE Mathematics

This handout covers Topic 5, Mensuration (measuring length, area and volume). The
Core and Extended content here is almost the same. In the exam, some formulas are
given in the List of formulas, but you should still learn them all.

Units of measure

We use metric units for mass (g, kg), length (mm, cm, m, km), area

, volume and capacity (ml, litres — the space inside a container).
X 10 X 100 X 1000
mm |« cm |« m | km

(to a smaller unit, multiply)

Changing length units: multiply going down, divide going up
To change units, be careful with squares and cubes:

e Length: 1 m = 100 cm.

e Area: 1 m? = 100% = 10000 cm?.

e Volume: 1 m?® = 100® = 1000000 cm?.

o Capacity: 1 litre = 1000 cm?, so 1 m® = 1000 litres.

Worked example. Convert 3 m? to cm?.

3 x 10000 = 30000 cm?.
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Perimeter and area of basic shapes

The perimeter is the distance all the way round a shape. The area is the
amount of flat space inside it. Here b is the base  and h is the perpendicular height

Shape Area
rectangle length x width
triangle % Xbxh
parallelogram bxh
trapezium 3(a+ b)h, where a and b are the two parallel sides
a
u i h i h
l b b b
{xw ibh bh f(a+b)h

Area of the basic shapes; b is the base, h the perpendicular height, and a, b the two
parallel sides of a trapezium.

Worked example. A trapezium has parallel sides 6 cm and 10 ¢cm, and height 4 cm.
Find its area.

$(6+10) x4 =1 x16 x 4 =32 cm”.
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Circles

For a circle  with radius r (and diameter d=2r):

circumference = wd

area = 71'7’2

(diameter d = 27)

A circle: circumference = pi d and area = pi r squared

circumference = 27r = 7d, area = 7.

The circumference is the distance round the circle.

Worked example. A circle has radius 7 cm. Find its circumference and area (leave
7 in the answer).

circumference = 27 X 7 = 147 cm, area = T x 7% = 491 cm?.
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Arcs and sectors

is a "pizza slice” between two

An arc  is part of the circumference. A sector

0
radii. If the sector angle is #, the arc and sector are that fraction 360 of the whole
circle:

2

arc length = 0 X 27r sector area = X Tr
&%= 360 ’ ~ 360 '

.
- arc

A sector is the fraction % of the whole circle, so its arc and area are that fraction of
the circumference and the area.

A small slice is a minor sector ; the large rest is a major sector

Worked example. Find the arc length and area of a sector with angle 90°
and radius 8 cm.

90 1
The fraction is — = —
e fraction is o0 = 7, so

arc = 1 x 2m x 8 = 4w cm, area = 1 x 7 x 8 = 167 cm’.
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Surface area and volume of solids

-
The pyramids of Giza are square-based pyramids — a 3-D solid.

The surface area is the total area of all the outside faces. The volume is the

space inside. For these solids (r = radius, h = height):

Surface area

Solid Volume
cuboid length x width x height add the six faces
prism (cross-section area) X length —
cylinder ar’h 27rh (curved surface area )+ 2mr?
pyramid % x base area x h —
cone Lrr?h arl (curved) +ar?, where [ is the slant height
sphere gmrd 47r?

|

! l

T

| r

|

L L N’
s 7 - r
. w
l cylinder cone
y sphere
cuboid

Common solids and the dimensions (r, h, £, slant 1) used in their volume and
surface-area formulas.

Worked example. A cylinder has radius 5 cm and height 10 cm. Find its volume

®
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and total surface area (in terms of ).

volume = 7 x 5% x 10 = 2507 cm?®.

surface area = 27(5)(10) + 27(5)? = 1007 + 507 = 1507 cm?.

Compound shapes and parts of shapes

Stacked containers are cuboids; volume is length times width times height.

A compound shape is made by joining or cutting simple shapes. Split it
into parts you know, then add or subtract.

For “parts” of a circle or solid, take the right fraction. For example, a hemisphere
(half a sphere) has volume

A frustum is a cone or pyramid with its top cut off; find its volume by
subtracting the small top cone from the whole cone.

Worked example. Find the area of a shape made of a rectangle 8 cm x 5 cm with
a semicircle of diameter 5 cm on one end.
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semicircle

rectangle

Split a compound shape into parts you know — here a rectangle plus a semicircle —
then add the areas.

The semicircle has radius 2.5 cm:

area = 8 X 5+ $m(2.5)* = 40 + 3.1257 ~ 49.8 cm®.

Exam tips

» Match the formula to the shape: the area of a circle is 772, the circumference is
7d (or 2mr) — do not mix them up.

e Keep units consistent, and remember area units are squared and volume units
cubed (e.g. 1 m? = 10000 cm?).

e For an arc or sector, take the fraction 3%0 of the whole circumference or area.

o Surface area is the total of all the faces — draw the net if you are unsure. Leave
an answer in terms of 7 only if the question allows it.
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Trigonometry
IGCSE Mathematics

This handout covers Topic 6, Trigonometry. Parts marked (Extended) are only

tested on the Extended papers; everything else is for both levels. Give angle answers
to one decimal place.

Pythagoras’ theorem
Pythagoras’ theorem links the three sides of a right-angled triangle

(a triangle with one 90° angle). If the longest side (the hypotenuse
, opposite the right angle) is ¢, then

a? + b = 2.

Use it to find a missing side.

[\
ot

16 4

Pythagoras as areas: the squares on the two shorter sides (9 + 16) add up to the
square on the hypotenuse (25).

Worked example. A right-angled triangle has a hypotenuse of 13 cm and one short
side of 5 cm. Find the other short side.
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b =132 — 5% = 169 — 25 = 144, b=+144 = 12 cm.

Trigonometry in right-angled triangles

(across from the
(next to the angle), and the hypotenuse. The three ratios

Label the sides from the angle you are using: the opposite
angle), the adjacent

are the sine , cosine and tangent ratio (sin, cos, tan):
0 adj 0
Sinezﬁ, Cosez—J, tané’zip.
hyp hyp ad]

Remember them as SOH-CAH-TOA. To find an angle, use the inverse (sin™!, cos™!,
tan™!).

opposite

-

adjacent

Name the sides from the angle 0: the opposite is across from it, the adjacent next to
it, and the hypotenuse opposite the right angle (SOH-CAH-TOA).

Worked example (find a side). In a right-angled triangle the hypotenuse is 10 cm
and the angle is 30°. Find the opposite side.

opp = 10 x sin30° = 10 x 0.5 = 5 cm.

Worked example (find an angle). The opposite side is 4 cm and the adjacent side
is 3 cm.

4 4
tanf = 3 0 =tan~! (3) = 53.1°.
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Angles of elevation and depression (Extended)

Looking up at a tower involves an angle of elevation.

The angle of elevation is the angle up from the horizontal to an object above
you. The angle of depression is the angle down from the horizontal to an

object below you. The shortest distance from a point to a line is the perpendicular
distance.

observer

depression

elevation

observer object

angle of elevation angle of depression

The angle of elevation looks up from the horizontal; the angle of depression looks
down.

Worked example. From a point 50 m from the foot of a tower, the angle of elevation
to the top is 40°. Find the height of the tower.

height = 50 x tan 40° = 50 x 0.839 = 42.0 m.
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Exact trigonometric values (Extended)

You must know these exact values without a calculator.

x 0° 30° 45° 60° 90°

sinz 0 % ‘/Ti \/Tg 1
cosr 1 \/73 ‘/Ti % 0
1 .
tanz 0 7 1 V3
45°
V2
1
1
] 45°
1
45° triangle 30°=60° triangle

These two special triangles are where the exact values come from — worth
Memorising.

Graphs and trigonometric equations (Extended)

A Ferris wheel: a point on the rim traces a sine curve as it turns.
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For 0° < o < 360°:

e y =sinz is a wave starting at 0, peaking at 90°, back to 0 at 180°, down to —1 at
270°.

o y = cosx is the same wave but starting at 1.

e y = tan x rises steeply and repeats every 180°.

= ) =SiNX = == Yy =C0SX
1_
0
_1-
cosx=sin(x+90°) - amplitude 1 - period 360°
T T T 1
0 90 180 270 360

angle x (degrees)

y =sinz and y = cosx are smooth waves between —1 and 1; cosine is sine shifted left
by 90°.

A trigonometric equation often has more than one answer in this range.
Use the graph (or the symmetry of the wave) to find them all.

Worked example. Solve sinx = g for 0° < x < 360°.

One answer is z = 60°. The sine wave is also ? at 180° — 60° = 120°. So z = 60° or
120°.

Worked example. Solve 2cosz + 1 =0 for 0° < = < 360°.

cosx = —% = x = 120° or 240°.
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The sine and cosine rules (Extended)
For any triangle (not just right-angled), with sides a, b, ¢ opposite angles A, B, C:

a b c

sine rule: — = — = —
sinA sinB sinC’

cosine rule:  a? = b% + 2 — 2bccos A.

B

In any triangle, sides a, b, c lie opposite the angles A, B, C' of the same letter.

Use the sine rule when you have a side and its opposite angle. Use the
cosine rule when you have two sides and the angle between them, or all
three sides. With the sine rule, watch for the ambiguous case , where an
angle could be acute or obtuse.

The area of any triangle is

area = %ab sin C.

Worked example. A triangle has b = 7 ¢cm, ¢ = 8 cm and the angle between them
A = 40°. Find side a.

a? = 7%+ 8% — 2(7)(8) cos 40° = 113 — 112 x 0.766 = 27.2,

a=+vV27.2=52cm.
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Pythagoras and trigonometry in 3D (Extended)

In three dimensions, find a right-angled triangle inside the solid, then use Pythagoras
or trigonometry on it. A common task is the angle between a line and a flat surface
(a plane ).

‘Worked example. A box has a base 6 cm by 8 cm and height 5 cm. Find the angle
between a space diagonal and the base.

First the base diagonal: /624 82 = 4/100 = 10 cm. This diagonal and the height
form a right-angled triangle, so the angle 6 with the base is

tanf = o =0.5,

_ -1 _ o
- 0 = tan~1(0.5) = 26.6°.

Exam tips

« Use Pythagoras (a? + b? = ¢?) when there is no angle; use SOH-CAH-TOA
when an angle is involved.

o The hypotenuse is always opposite the right angle. Label the sides (opposite,
adjacent, hypotenuse) relative to the angle you are using.

! cos™!, tan™!), and check your calculator is

« To find an angle, use the inverse (sin~
set to degrees.
o For a triangle with no right angle, use the sine rule or the cosine rule — the

cosine rule when you know two sides and the angle between them.
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Transformations and vectors
IGCSE Mathematics

This handout covers Topic 7, Transformations and vectors. Parts marked (Extended)
are only tested on the Extended papers; everything else is for both levels. Vectors as
a whole topic are Extended.

Transformations

Geometric tiles are built by reflecting, rotating and translating shapes.

A transformation changes the position or size of a shape. The original is the
object and the result is the image. There are four types. When asked to describe
one, you must name the type and give all the details below.

Reflection

A reflection flips the shape over a mirror line . Each image point is
the same distance from the line as the object point, on the other side.

o To describe it, give the equation of the mirror line (for Core, a horizontal or
vertical line; Extended allows any line such as y = x).

Worked example. Reflect the point (3,2) in the y-axis. Only the sign of x changes:
the image is (—3,2). (In the z-axis it would be (3, —2).)
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Y
mirror line

—— e ———

image object

A reflection flips the shape over a mirror line (here the y-axis); each point and its
image are the same distance from the line.

Rotation

A rotation turns the shape about a fixed point, the centre of rotation,

through multiples of 90°.

» To describe it, give the centre, the angle, and the direction (clockwise or anticlock-
wise).

Worked example. Rotate (3,1) by 90° anticlockwise about the origin. The rule is
(x,y) = (—y, x), so the image is (—1, 3).

90°

BN

object

image

centre O

A rotation turns the shape about a fived centre — here 90° anticlockwise about the
origin.
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Enlargement

An enlargement changes the size by a scale factor k, measured from

a fixed centre. Each distance from the centre is multiplied by k.

e To describe it, give the centre and the scale factor. A fractional scale factor
(between 0 and 1) makes the shape smaller. For Extended, k may also be negative
(the image appears on the other side of the centre).

Worked example. Enlarge (1,2) from the origin by scale factor 2. Multiply both
coordinates: the image is (2,4).

scale factor 2

/. object
1,7 -
7,7

Z

Y
=

centre

An enlargement multiplies every distance from the centre by the scale factor (here 2).
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Translation

A translation slides the shape with no turning, by a vector written as a

x
(y) (x across, y up).

column vector

Worked example. Translate (5,3) by ( 4

): move 2 left and 4 up to get (3,7).

3 image
2

object

A translation slides every point by the same column vector, with no turning.

(Extended: a question may ask you to combine two transformations and describe
the single transformation that has the same effect.)
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Vectors in two dimensions (Extended)

Forces like wind are vectors, with both size and direction.

A vector has both size and direction. It can be written as a column vector, as E
(from A to B), or in bold as a.

¢ Add or subtract by working on the top and bottom numbers separately.

e Multiply by a scalar (an ordinary number) by multiplying both numbers.

—4

a+b= (_53> 3a = (g)

Worked example. If a = <§> and b = ( 2 )7 then
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Adding by the triangle law: draw b from the tip of a, and a+ b runs from start to
finish.

Magnitude of a vector (Extended)

The magnitude  (length) of a vector is found with Pythagoras. For (5),

()

Worked example. The magnitude of <i> is V32 +42 =25 =5.

— /1:2_’_:[/2.
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V32442 =5

n

Y
8

The magnitude of (i) comes from Pythagoras on its horizontal and vertical parts.
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Vector geometry (Extended)

A vector can be drawn as a directed line segment
position vector

(an arrow). The
of a point is the vector from the origin O to that point.

A key idea: the vector from A to B is

ﬁ:b—a,

where a and b are the position vectors of A and B.

0

To go from A to B, travel back along a to O then forward along b: so zﬁ =b—a.

Two vectors are parallel if one is a scalar multiple of the other (for example

1@ = 2CD). Three points are collinear (in a straight line) if the vectors
between them are parallel and share a point. You can express any vector in terms of
two coplanar vectors.

Worked ex_ar}nple. O is the origin, with (721 = a and O? =b. M is the midpoint of
AB. Find OM in terms of a and b.

O—]\>4:a+%f@:a+%(b—a)=%(a+b).

Exam tips
« Fully describe each transformation: a translation (a vector), a reflection (the

mirror line), a rotation (centre, angle and direction), an enlargement (centre and
scale factor).
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« A negative scale factor turns the image upside down through the centre; a frac-
tional one (between 0 and 1) makes it smaller.

e Add vectors tip-to-tail — add the top numbers, then the bottom numbers. The
magnitude of a vector comes from Pythagoras on its components.

. AB=b-a (end minus start). Two vectors are parallel if one is a scalar multiple
of the other.
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Probability
IGCSE Mathematics

This handout covers Topic 8, Probability. Parts marked (Extended) are only tested
on the Extended papers; everything else is for both levels.

The probability scale

Dice: the probability scale runs from impossible (0) to certain (1).

Probability measures how likely an event is. It runs on a scale from 0
(impossible) to 1 (certain), and can be written as a fraction, decimal or percentage.
We write P(A) for the probability of event A.

1 1 3
0 1 2 1 1
1 1 1 1 ]
I I I I 1
impossible unlikely even chance likely certain

Probability runs from 0 (impossible) to 1 (certain), with 1 an even chance.

For equally likely outcomes ,

number of favourable outcomes

P(event) =
( ) total number of outcomes
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A roulette wheel: because every pocket is the same size, the outcomes are equally
likely and the probability is just a count

The probability that an event does not happen is

P(A") =1 — P(A).

Worked example. A bag has 3 red and 5 blue counters. Find the probability of not
drawing red.

P(not red) =1 — 5. §

3
P(red) = °
(ved) = g 8 8

Relative frequency and expected frequency

When outcomes are not equally likely, do an experiment. The relative frequency
estimates the probability:

number of times it happened

relative frequency =
d Y total number of trials

The more trials you do, the better the estimate. A fair object gives equal chances;
one with bias does not; random means each outcome happens by chance.

The expected frequency
trials:

is how many times you expect an event in n
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expected frequency = P(event) x n.

Worked example. The probability of rolling a six is % How many sixes are expected
in 300 rolls?

1
— x 300 = 50.
6

Combined events

Eight identical sectors, so
every number is equally likely.

favourable outcomes 1
PB)=—————— ==
total outcomes 8

A fair spinner: eight identical sectors, so each number is an equally likely outcome.

For two or more events together (combined events ), two rules help:

o AND (both happen): multiply the probabilities — when the events are inde-
pendent (one does not affect the other).

o OR (either happens): add the probabilities — when the events are mutually
exclusive (they cannot both happen).

Three pictures help you organise the work.

Sample space diagrams

A sample space diagram is a table or grid listing every possible outcome
— useful for two dice or two spinners. Count the outcomes you want out of the total.
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die 2

die 1
w
N
ol
()}
~
[e0]
[(e]

5 6 7 8 9 10 11

6 7 8 9 10 11 12

the six highlighted cells all give a total of 7

A sample space diagram lists every outcome; for the total of two dice there are 36
equally likely cells.

Venn diagrams

A Venn diagram sorts outcomes into overlapping sets. From it you can read
P(AN B) (in both) and P(A U B) (in either).

0.4

The overlap is P(AN B) = 0.2; everything inside either circle is P(AU B) = 0.6;
outside both is 0.4.
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Tree diagrams

A tree diagram shows each stage as a set of branches. Write the probability
on each branch and the outcome at the end. Multiply along the branches, then add
the paths you want.

Worked example (with replacement). From the bag (3 red, 5 blue), a counter is
drawn, replaced, then a second is drawn. This is with replacement , SO the
chances do not change. Find the probability of two reds.

3 9
X — = —
8

P(red, red) = e

ool w

2nd draw

1st draw

RR)=3x3=2

(R, B) =1
(B, R) = &
(B,B) =2

On a tree diagram, multiply the probabilities along the branches; the four outcomes’
probabilities add to 1.

Worked example (without replacement, Extended). Now the first counter is
not replaced — drawing without replacement . After one red is taken, 2
reds remain out of 7:

P(red, red) = g X
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Conditional probability (Extended)

Conditional probability is the probability of one event given that another
has already happened. Read it from a Venn diagram, two-way table or tree diagram
by looking only at the part that matches the condition.

Worked example. In a class of 30, 18 study French and, of those, 7 also study
German. A French student is picked. Find the probability they also study German.

Look only at the 18 French students:

7
P(German | French) = I

Exam tips

e Every probability lies between 0 and 1, and the probabilities of all the outcomes
add to 1.

o For “and” (both events) multiply the probabilities; for “or” (either event) add
them. On a tree diagram, multiply along the branches.

e Watch for without replacement: the second probability changes because one
item has already been removed.

o Expected frequency = probability x number of trials.
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Statistics
IGCSE Mathematics

This handout covers Topic 9, Statistics. Parts marked (Extended) are only tested
on the Extended papers; everything else is for both levels.

Collecting and showing data

Data is collected from people — a sample drawn from a population.

To organise statistical data , use:

o a tally table
e a two-way table — sorts data by two features at once (for example,
boys/girls against walk/bus).

— make a mark for each value, then count.

When you read a diagram, only draw conclusions the data really supports.

Averages and range

Three averages describe a typical value of the data, and the range shows how spread
out it is. Each is used for a different purpose:
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2 3 3 5 7

A

median = 3

24+343+547 _ 4
e =

mean =
mode = 3 (most common)

range =7 — 2 =5

Mean, median, mode and range of a small data set

sum of all values

* mean ~ how many values’

¢« median = the middle value when the data is put in order.

« mode = the value that appears most often.

e range = largest value — smallest value (it shows how spread out the data is).

Worked example. Find the mean, median, mode and range of 4,7,7,2,5.

Order the data: 2,4,5,7,7.

447474245 25
mean = + +5+ i :3:5, median =5, mode=7, range=7—2=25.

Averages from a frequency table

When data is listed with its frequency (how many times each value occurs), the

mean is

> (value x frequency)
>~ frequency '

mean =

Worked example. Values 1, 2,3 occur with frequencies 4,5, 1. Find the mean.

1(4) +2 1 1
mean = )+ (5)+3():—7:1,7.
4+54+1 10
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Grouped data (Extended)

For grouped data , you cannot find the exact mean, so estimate it using
the midpoint of each group as the value. The modal class is simply the
group with the highest frequency.

Measures of spread (Extended)

When data is in order, the quartiles cut it into four equal parts. The lower
quartile (LQ) is one quarter of the way up; the upper quartile (UQ) is three quarters
of the way up. The interquartile range measures the spread of the middle
half:

interquartile range = UQ — LQ.

The interquartile range is useful because, unlike the range, it ignores extreme values.

interquartile range

min LQ median uQ max

0 5 10 15 20

box-and-whisker: min - Q; - median - Q3 - max - IQR =0Q3 -0,

A bozx-and-whisker plot shows the five-number summary; the box length is the
interquartile range.

Charts and diagrams
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A Galton board shows how data piles up into a distribution.

o OO0 O
e O O cach = 1 item
wd O O OO

A pictogram uses a symbol to stand for a number of items
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frequency

red blue green other

A bar chart shows the frequency of each group

Chart What it shows

bar chart a bar for each category; height is the frequency
pie chart a circle split into slices, each a fraction of 360°
pictogram uses a symbol to stand for a number of items

keeps the digits of ordered data, with a key

stem-and-leaf diagram
a table of values and their frequencies

frequency distribution

Worked example (pie chart). Out of 120 people, 30 chose tea. Find the angle of
the tea slice.
30
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juice
(25)

(45)

Each slice is its fraction of 360°; tea is 5’7% x 360° = 90°.

Scatter diagrams and correlation
A scatter diagram plots pairs of values as points to show whether two things
are linked. The link is the correlation

— as one goes up, the other goes up.
— as one goes up, the other goes down.

e positive correlation
» negative correlation

e zero correlation — no clear link.

positive negative zero

correlation: positive / negative / zero linear association - not causation

Positive correlation rises together; negative falls as the other rises; zero shows no
clear link.
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If there is correlation, draw a line of best fit : one straight ruled line

through the middle of the points, with about the same number of points on each side. 407 '
Use it to predict values. 35 - medianatn/2  1QR = UQ ~1Q
>
Q' 30 frmmmmm e .
100 - g :
S 25 - :
S — : i
80 1 s | |
S 15 i i
= i i
] 1 1
B L / ! !
o 60 i i i
5+ .
$ 0 T T i i i T T T
= 407 0 10 20 30 40 50 60
LQ median uQ
20 A value
line of best fit - positive correlation (both rise)
= line of best fit Read the median at half the total, and the quartiles at one quarter and three quarters:
0 0 2 2 6 8 10 across to the curve, then down.
revision time (hours)
A line of best fit is one straight ruled line through the middle of the points; use it to Histograms (Extended)
predict.
A histogram looks like a bar chart, but the bars can have different widths
. . and the area of each bar (not its height) shows the frequency. The vertical axis is the
Cumulative frequency diagrams (Extended) frequency density
The cumulative frequency is a running total of the frequencies. Plot it frequency

against the upper end of each class and join the points with a smooth curve. frequency density = lass width”

From the curve you can read the median (at half the total), the quartiles (at one
quarter and three quarters), and any percentile (for example, the 90th
percentile is at 90% of the total).
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area of each bar
= frequency

frequency density
o o r B
o ® o N

I
»
1

0 10 20 40 70
value

density = freq/width - area = frequency

With unequal class widths the bar AREA (not its height) is the frequency, so the azis
is frequency density.

Worked example. A class has class width 10 and frequency 25. Find the
frequency density.

25
frequency density = 0= 2.5.

Exam tips

o Know the three averages: mean (add up + how many), median (the middle value
when in order), mode (the most common). The range is highest — lowest.

e From a frequency table the mean is % — divide by the total frequency, not the
number of rows.

¢ On a scatter diagram, describe the correlation as positive, negative or none, and
draw the line of best fit through the mean point.

e For a histogram with unequal class widths, the height is the frequency density
(frequency —+ class width), not the frequency.
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