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10.1 Rings, ideals and modules
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Objective
Distinguish units, zero divisors and integral domains; Identify ideals and interpret quo-
tient rings; Compare modules over rings with vector spaces over fields; Derive Boolean-
ring properties without assuming commutativity.

Original public practice. Marking guidance is authored locally. Use the topic reference
for prerequisites and full theorem statements.

1 Key knowledge and worked examples
ideal : An additive subgroup of a ring absorbing multiplication by all ring elements.

torsion : An element is annihilated by a nonzero scalar in the stated module.

For the domain, ideal and quotient examples below, use a commutative ring with identity
1 distinct from 0. A source problem may specify a general ring instead; do not assume
its multiplication commutes unless stated or proved. A unit has a multiplicative inverse.
A nonzero zero divisor multiplies some nonzero element to zero. An integral domain has
no such zero divisors; cancellation of a nonzero factor then works. A field is a domain in
which every nonzero element is a unit. Z is a domain but not a field; Z/6Z is neither.

In Z/6Z, 2·3=0, so 2 and 3 are zero divisors. The units are 1 and 5 because their gcd
with 6 is 1. In Z, the ideal 5Z gives the field Z/5Z, while 6Z gives a quotient with zero
divisors. As Z-modules, the map from Z to Z/6Z has kernel 6Z; the quotient identifies
integers differing by a multiple of 6, rather than producing a real vector space.

GRE ·GRE Subject Test ·GRE Mathematics • 10.1 Rings, ideals and modules 1

Original course illustration; its values belong to the worked example, not the later
practice.

2 Practice
2.1 How many units are in Z/10Z? [1]

• A 2
• B 3
• C 4
• D 5
• E 9

2.2 Which integer ideal is maximal in Z? [1]

• A 0Z
• B 4Z
• C 6Z
• D 7Z
• E 9Z
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2.3 In Z/12Z, list the units and nonzero zero divisors. Is the ideal (4) prime or maximal?[4]

3 Exam-style questions
3.1 As a Z-module, can Z/6Z be free? Compare the ideals (2) and (x) in Z and Q[x],
respectively, using their quotients. [4]
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