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Further Pure Mathematics 2

Unit FP2 at a glance

Topic Core tool
inequalities case split, or square both sides
series the method of differences

i0 : ; _ aztb
complex e, de Moivre, loci, w= 22

differential equations

series and polar

integrating factor; CF + PI
Maclaurin, Taylor; %frzdﬁ
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Further Pure Mathematics 2

Two safe moves, one banned

split: |f] = for —f multiplying by an expression

square: |A| > |B] < A? > B whose sign is unknown
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Further Pure Mathematics 2

Worked: one branch dies

x<—lorx>3

m Solve |x® — 1| > 2(x+ 1).

m A dead branch is a result.
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Further Pure Mathematics 2

Worked: a modulus in the denominator

x>0 (x—2)(x+4)>15x ¥ —13x—8 >0
x<0(x—2)(4—x)>15x (x+1)(x+8) <0
Combine x > 13+7%/20ﬁ; —8<x< -1

Decision

—8<x< -1 orx>13% A



Further Pure Mathematics 2

The method of differences

B 1 _ 1 1

Cancel (%_%)_'_(%_i)—i_“'—l_(n}rl_nJlrQ)
1 1 n

Survivors 5 — A2 T 312

Decision

sty > 0-49 needs n > 98: smallest n = 99
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Further Pure Mathematics 2

Euler's relation and de Moivre

(cos @ + isin )" = cos nf + isin nd

mz=reé’ so 2" = e

m Proved by induction for integer n.
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Further Pure Mathematics 2

Worked: sin 56

Imaginary part 5¢ts — 102s® + 5°
In sine only sin 50 = 165> — 20s® + 5s
50 = m 165" — 205> + 5 = 0: 2 = 255

Decision

10—2v/5
1

sin% = , the smaller root



Further Pure Mathematics 2

Five fifth roots on a circle

z=V2TETE) k=0,... .4

B W =V32=4V2 argw=—%
m Exact polar form, never decimals.
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Further Pure Mathematics 2

The loci toolkit

Locus Shape

|lz—al=0b circle, centre a, radius b

|z—a| =|z— b perpendicular bisector of a, b
|z—a| =klz—b|, k# 1 a circle: square and collect

arg(z—a)=f half-line from a
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Further Pure Mathematics 2

Worked: the image of a circle

|9/ — w| = |w+ i|: the bisector of 9i and —i

m Make z the subject first.
m Then take moduli.
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Further Pure Mathematics 2

The integrating factor

Factor % +2y=e* IF = ef 2dx — @2x
Product 2 (ye*) = &*
Integrate ye?* = & + C

Decision
y=e*+ Ce ¥
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Further Pure Mathematics 2

Worked: substitution, then a factor

Substitute g—)z( — zcot x = tan xsec x
Factor IF = cscx: d—‘i(zcsc x) = sec? x
Solve z =sinxtanx+ Csinx, C = 2—\1/?:

_ T. _ 4 _ 2
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The complementary function

Auxiliary roots Complementary function
distinct my, my AeMX* 4 BeM2X
repeated m (A+ Bx)e™

complex p £ gi e (A cos gx + Bsin gx)
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Choosing the particular integral

Right-hand side Trial
kePx AePX; AxeP* if pis a root
a—+ bx A+ px

mcoswx + nsin wx A coswx + psinwx
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Worked: resonance, then conditions

Pl left side = 13)\e®, so A =6
CF (4m+1)(m —3) = 0: Ae */* + Be¥
Conditions A+ B= 3, -4 +3B+6=0: A=6, B=—3

Decision

y=6e7x/4 — 33 1 xe’
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Maclaurin: match at a point

m Taylor: powers of (x — a).

m Accurate near the centre.

@ exercises.lol [F2] exercises.com.cn



Further Pure Mathematics 2

Worked: a series solution about x = 3

y”'(3) 4y + 5y + €3 =6+ /3
y"'(3) 4y + 5y + 223 =19 4 382/3
Series divide by 2! and 3!

Decision

2 (x—3)+ (3+ 13 (x—3)2 + (£ + 2e/3)(x— 3)3
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Polar staples

Cardioid r = 2(1 + cos6): area 67

m x=rcosf, y=rsinf
m Area = %fﬂde
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Further Pure Mathematics 2

Worked: the lemniscate

w/4

H One loop } f 4 8cos 26 df

B Integrate 4 |3 sin 20] W// =4
H Both loops 2 x 4

Decision

Total area 8
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Check yourself

Question

Answer

Banned in an inequality?

|z—al =|z—b|?
Pl for keP*, p a root?
Polar area?

Fifth roots of w: spacing?

multiplying by an unknown
sign

perpendicular bisector
AxePX

1

3/ rdo

or
5
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