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Sampling Distributions

What we will cover

1  Statistic vs parameter

2 | The Central Limit Theorem

3 | Bias and variability )

4 | Sampling distribution of a proportion L H/\
5 | Sampling distribution of a mean

6 = Comparing two groups
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L Statistic

Statistic vs parameter

A statistic Z:itE (X, p) varies sample to
sample — sampling variability ffifEZ 5%, A

parameter Z%{ (p, p) is fixed.

® parameter — population; statistic — peach differs

sample 060 | (052 | [ o6s

three samples of n = 25

The sampling distribution #4375 of a
statistic is its distribution over all samples
of size n.
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The Central Limit Theorem

The CLT 50 fR EHE: for large n,
the sampling distribution of X is
approximately normal — whatever the
population shape.
m AP guideline: n > 30
m larger n = more normal & % n > 30
narrower -

skewed pop. normal

Averaging cancels the extremes,
smoothing a skewed population
into a bell.
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LBias

Bias and variability

A point estimate & {#it uses one
sample. An estimator {fit£ is
unbiased 7{F when its sampling
distribution centers on the parameter.

m bias is about aim

m variability ZF 5% shrinks as n
grows

Ideal: unbiased and low variability
— a bigger sample buys the second.
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LBias

Good Guesses and Bad Guesses: Bias

small spread (low variability)  large spread (high variability)

unbiased + precise unbiased but imprecise
— best - right on average

T~

<—variability —

unbiased
centered on 6

biased but precise biased and imprecise
— consistently wrong , — worst
1
|
1
T~
T hiae
<—{variability —
dashed line = true & - larger n shrinks variability, not bias

biased
centered off 6

bias

Bias and variability are separate faults. Only the top-left estimator is both cen-
tered on 6 and tight; the bottom-left one is precise but
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L Proportion

Sampling distribution of a proportion

For a sample proportion p:

p(l—p)

Ni):p O'f): n

Normal when two conditions hold:
m large counts fit#i5&{4: np > 10 and
n(l—p)>10 P
m 10% condition 10% &4 n < 0.10 N

Centered on p,

spread op.

p is unbiased; bigger n under the root
= less bounce.
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L Proportion

Worked example — the standard error of a proportion

40% of voters favour a measure (p = 0.4)

and you sample n = 100. Find the standard
error, and the chance of seeing p > 0.5.

.o, \/p(l -p) _ \/0.4(0.6) P

n 100
m check the conditions: np = 40 and

n(1 — p) = 60, both > 10, so the
distribution is approximately normal

0.5—-04
= ——— =204 P~ 0.021
0.049 04, so 0.0

The standard error shrinks
as y/n: to halve it you
need four times the sam-
ple. That is why large
surveys cost what they
do.
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L Proportion

Worked example — check before you normal

12% of a town’s 40,000 adults cycle to
work. A survey takes n = 150. Is p

approximately normal, and how much Check both counts — the
does it bounce? oo
smaller one fails first, and
large counts: np = 150(0.12) = 18 here np = 18 is what nearly
n(1 — p) = 150(0.88) = 132 bit. State the conditions with
both > 10 v their numbers: “np > 10"
10%: 150 < 0.10(40,000) = 4000 v alone earns nothing.
0.12(0.88)

So normal, with o = ~ 0.027.

150






Sampling Distributions

L Mean

Sampling distribution of a mean

For a sample mean x:

The spread o/+/n is the standard

error /IR,
m normal population = x normal for any n
m else lean on the CLT (n > 30)

Quadruple n to halve the spread — n sits
under a square root.

Scores

pn =500, o =100, n= 25:

100
Ox — —F/— — 20
V25
P(x > 530): z = 530500 — 15,
area =~ 0.067.
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LTwo groups

Comparing two groups

For a difference of independent statistics, means combine and variances add:

Two proportions Two means
pi(1—p1)  p2(l—p2) _ ot 3
0.131*[32 = \/ m + ny Ox1—%y — nil + nig

Add the two variances under the root — for both a sum and a difference — then
take the square root.



The Sampling Distribution of a Sample Mean

The population on the left is strongly skewed, yet every sampling distribution of X is
centered at p. A larger n shrinks the standard error o/+/n, so the curve gets taller and
narrower — and it also straightens: still clearly skewed at n = 2, almost exactly normal
(dashed) by n = 30.

the population (skewed) the sampling distribution of X

i

1,1 ) 3 —n=10

! still skewed _ h =30

' the population 3t” |= 2; | - normal
is strongly nearly norma

by n=30

/.

i .
CLT: for large n, X = Normal(u, o/vn) even when the population is not normal

right-skewed

The population on the left is strongly skewed, yet every sampling distribution of x
is centered at pu.
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LTwo groups

The Central Limit Theorem, continued

?aorEyUIsa;;%r:e) distribution of the
sample mean X

7

u

The sample mean is nearly normal whatever the shape of the population
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LTwo groups

Exam tips

A sampling distribution is the distribution of a statistic over many samples,
centered on the true parameter.

m The Central Limit Theorem: for a large enough sample the sample mean is
approximately normal, even if the population is not.

m Larger samples give less variability (a smaller standard error).

m Check the conditions (random, independent/10%, large enough) before using a
normal model.

m Keep straight what varies — the statistic — versus the fixed parameter.
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Unit 5 — key takeaways

© Tems © cur

parameter fixed; statistic varies; n > 30 = x normal for any popu-
sampling distribution lation

e Proportion o Mean

ws = p, 0p = \/p(1 — p)/n; large 1z = p, standard error o /+/n;

counts variances add
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Check yourself

0 Is u a parameter or a statistic?
Q What does the CLT promise for large n?

AN

Write the standard error of a sample mean.

o When combining independent variables,
what adds?

Answers 1. parameter 2. x is approximately normal 3. o/y/n 4. the variances
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