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Past-paper walk-through

Reading the mark scheme

m (B1) a mark that stands on its own — the point is either made or not.

m (M1) a method mark: the right approach, even if the number is wrong.

m (A1) an answer mark, and it usually needs its M mark first.

m (C1) a working mark on the way to the answer.

m // separates answers the examiner accepts equally.

m ecf = error carried forward: a later part is marked on your own earlier answer.

m owtte = “or words to that effect” — the wording need not match.
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2024 Set 1 = Q3

[Figure 1: A uniform rod of length L is attached at a pivot on a vertical pole. The rod
extends up and to the right at angle 6 from the pole. A horizontal string connects a
point labeled Q on the rod (near its far end) to the top of the vertical pole. Points
along the rod from the pivot outward: P (closer to pivot), C (center of mass, further
along), and Q (near the far end). A block of mass 3m hangs from the rod at point P
via a short vertical line. The pivot is labeled "Pivot-S” at the base of the vertical pole.
Note: Figure not drawn to scale.]

A uniform rod of length L and mass m is attached to a pivot on a vertical pole. There
is negligible friction between the rod and the pivot. A horizontal string connects Point
Q on the rod to the pole. The rod makes an angle 6 with the pole. A block of mass
3m hangs from the rod at Point P. The center of mass of the rod is located at Point C.
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(a) [Figure: A schematic representation of the rod alone (no pole, no string, no block),
extending diagonally with a pivot circle at the lower-left end. Points marked along the
rod: P, C, and Q (in that order from the pivot outward).]

On the following representation of the rod, draw and label the forces (not components)
that are exerted on the rod. Each force must be represented by a distinct arrow that
starts on and points away from the point at which the force is exerted on the rod.
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Note: Figure not drawn to scale.
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[Figure 1: A uniform rod of length L is attached at a pivot on a vertical pole. The rod extends
up and to the right at angle € from the pole. A horizontal string connects a point labeled Q on
the rod (near its far end) to the top of the vertical pole. Points along the rod from the pivot
outward: P (closer to pivot), C (center of mass, further along), and Q (near the far end). A
block of mass 3m hangs from the rod at point P via a short vertical line. The pivot is labeled
"Pivot-S" at the base of the vertical pole. Note: Figure not drawn to scale.]

A uniform rod of length L and mass m is attached to a pivot on a vertical pole. There is
negligible friction between the rod and the pivot. A horizontal string connects Point Q on the
rod to the pole. The rod makes an angle 6 with the pole. A block of mass 3m hangs from the
rod at Point P. The center of mass of the rod is located at Point C.

(b) In Figure 1, Point P is located gL from the pivot and Point Q is located gL from
the pivot.
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Derive an equation for the tension F1 in the horizontal string in terms of L, m, #, and
physical constants, as appropriate.
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[Figure 1: A uniform rod of length L is attached at a pivot on a vertical pole. The rod extends
up and to the right at angle 6 from the pole. A horizontal string connects a point labeled Q on
the rod (near its far end) to the top of the vertical pole. Points along the rod from the pivot
outward: P (closer to pivot), C (center of mass, further along), and Q (near the far end). A
block of mass 3m hangs from the rod at point P via a short vertical line. The pivot is labeled
"Pivot-S" at the base of the vertical pole. Note: Figure not drawn to scale.]

A uniform rod of length L and mass m is attached to a pivot on a vertical pole. There is
negligible friction between the rod and the pivot. A horizontal string connects Point Q on the
rod to the pole. The rod makes an angle 6 with the pole. A block of mass 3m hangs from the
rod at Point P. The center of mass of the rod is located at Point C.

(c) [Figure 2: Same setup as Figure 1, but the string now connects from Point Q on
the rod to a higher point on the vertical pole (the string attachment point is above the
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top of the pole shown in Figure 1), making a steeper angle with the pole. The rod still
makes angle 6 with the pole, with Points P, C, Q marked along the rod, and the block
of mass 3m hanging from Point P. Pivot labeled "Pivot-S" at the base. Note: Figure
not drawn to scale.]

The original string is replaced with a longer string that connects Point Q to a higher
location on the vertical pole, as shown in Figure 2. The angle 6 remains the same.

How does the new tension F7, pe, compare with the original tension Fr from part (b)?
Justify your reasoning.
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[Figure 1: A uniform rod of length L is attached at a pivot on a vertical pole. The rod extends
up and to the right at angle 6 from the pole. A horizontal string connects a point labeled Q on
the rod (near its far end) to the top of the vertical pole. Points along the rod from the pivot
outward: P (closer to pivot), C (center of mass, further along), and Q (near the far end). A
block of mass 3m hangs from the rod at point P via a short vertical line. The pivot is labeled
"Pivot-S" at the base of the vertical pole. Note: Figure not drawn to scale.]

A uniform rod of length L and mass m is attached to a pivot on a vertical pole. There is
negligible friction between the rod and the pivot. A horizontal string connects Point Q on the
rod to the pole. The rod makes an angle 6 with the pole. A block of mass 3m hangs from the
rod at Point P. The center of mass of the rod is located at Point C.

(d)(i) [Figure 3: A nonuniform rod attached horizontally to a pivot on a vertical pole,
extending to the right along a horizontal x (m) axis from 0 at the pivot to 1.2 at the
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far end labeled "Nonuniform Rod". A string labeled "String” connects from a point
partway along the rod up to the top of the vertical pole, forming a right-triangle-like
support. Pivot labeled "Pivot-S” at the base of the pole. Note: Figure not drawn to
scale.]

A nonuniform rod is now attached to the pivot, as shown in Figure 3. There is
negligible friction between the nonuniform rod and the pivot. The rod has a length of
1.2 m and a linear mass density A\(x) = A+ Bx, where x is the distance from the pivot,
A =6.0 kg/m, and B =10.0 kg/m*.

Calculate the mass of the rod.

(d)(ii) Calculate the rotational inertia of the rod about the pivot.
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(a) Mark scheme

m Draw and label: a downward force F pjock (or 3mg) at point P (tension from the
string holding the hanging block); a downward gravitational force mg at point C
(the rod’s own weight, acting at its center of mass); a leftward force Fr gting at
point Q (tension from the string to the pole); and a force directed up and to the
right at the pivot, Fpjvor (the pivot’s reaction force), with no other (extraneous)
forces drawn. Points: (1) correctly drawn/labeled downward forces at P and C;
(2) correctly drawn/labeled leftward force at Q; (3) correctly drawn/labeled
up-and-right force at the pivot, with no extraneous forces.
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(b) Mark scheme

m Balance torques about the pivot (X7 = 0), with the hanging mass 3m at P (%
from pivot), the rod's weight mg at C (4 = & from pivot), and the string tension
FratQ (%L from pivot, acting with perpendicular-component Ftcos# since the
string is horizontal and the rod makes angle 6 with the vertical pole):
3mgsin 6 (3£) + mgsin6 () — Freosd (L) =0, so
(%) mgsin 6 + (%) mgsinf = (g) Frcosf, giving

13mgsinf = 6F1cosf = Fr = —mgtan. (Scoring note: a maximum of 3 of

the 4 points may be earned if sin and cos are reversed throughout for all three
torque terms.) Points: (1) net torque on rod equals zero; (2) correct torque
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expression for the hanging mass; (3) correct torque expression for the rod’s own
gravitational force; (4) correct torque expression for the string tension.



Past-paper walk-through

Solution 3

(c) Mark scheme

m Because the torque that the string must supply on the rod is always the same (it
must still balance the unchanged torques from the rod’s weight and the hanging
mass), moving the string’s attachment point higher on the pole increases the
angle between the string and the rod, which increases the string’s perpendicular
moment arm. To produce the same torque with a larger moment arm, the tension
FT new must be smaller. So as the angle between the string and rod increases, the
force exerted on the rod by the string decreases. Points: (1) indicating the torque
exerted on the rod by the string is always the same; (2) stating that as the angle
between the string and rod increases, the tension force decreases.
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(d)(i) Mark scheme

m The nonuniform rod has linear mass density A(x) = A+ Bx (with A= 6.0 kg/m,
B = 10.0 kg/m?) over its 1.2 m length. Total mass: M= [ dm = f01'2 Adx =
10x2

1.2
126 4+ 10x) dx = [ 6x+ —— =6(1.2) +5(1.2)2 = 7.2+ 7.2 = 14.4 kg.
0 2 0

Points: (1) indicating the total mass is the sum (integral) of differential masses
along the rod, M = [ dm; (2) correctly writing dm in terms of x (i.e.

dm = X dx = (6 + 10x) dx); (3) a correct numeric answer with correct units,

M =144 kg.
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(d)(ii) Mark scheme

m Rotational inertia about the pivot: /= [ > dm with dm = Adx and r= x:

AN (1.2
= 01'2(/4 + Bx)x? dx = 01'2(6 + 10x)x* dx = <AX3 + BX> ‘
0

3 4
6(1.2)3 N 10(1.2)4

= 3.456 + 5.184 = 8.64 kg - m?. Points: (1) correct

substitution of X into an integral expression for rotational inertia; (2) correct

integration; (3) a correct numeric answer with correct units, / = 8.64 kg - m?.
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2024 Set 2 = Q3

[Figure 1: A uniform disk mounted on a horizontal axle that passes through a vertical
pole, with the axle at the disk’s center. A string runs horizontally from the pole to
point A at the edge of the disk near the top; the string makes angle 6 with the line
between point A and the axle. A lump of clay of mass m. is attached to the edge of
the disk at point A. Another lump of clay of mass my hangs from a string on the
lower-left edge of the disk. The disk radius is labeled R, measured from the axle to the
edge. The disk sits on a vertical pole mounted on a circular base.|

Note: Figure not drawn to scale.

A uniform disk of radius R and mass my is attached to a vertical pole by a horizontal
axle that passes through the center of the disk. Friction between the axle and the disk
is negligible. A lump of clay of mass m, is attached to the edge of the disk at Point A.
The size of the lump of clay is small compared with the radius of the disk. A horizontal
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string is connected from the pole to the edge of the disk at Point A. The string makes
an angle 6 with the line between Point A and the axle, as shown in Figure 1.

(a) On the following representation of the clay-disk system, draw and label the
external forces (not components) exerted on the system. Each force must be
represented by a distinct arrow that starts on, and points away from, the point at
which the force is exerted on the system.

[Figure: A shaded disk viewed face-on, with a dot at the center marking the axle, and
point A marked on the upper-right edge of the disk (blank, for the student to draw
force arrows on).]
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Note: Figure not drawn to scale.
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Note: Figure not drawn to scale.
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Note: Figure not drawn to scale.
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[Figure 1: A uniform disk mounted on a horizontal axle that passes through a vertical pole,
with the axle at the disk's center. A string runs horizontally from the pole to point A at the
edge of the disk near the top; the string makes angle 6 with the line between point A and the
axle. A lump of clay of mass m. is attached to the edge of the disk at point A. Another lump
of clay of mass my hangs from a string on the lower-left edge of the disk. The disk radius is
labeled R, measured from the axle to the edge. The disk sits on a vertical pole mounted on a
circular base.]

Note: Figure not drawn to scale.

A uniform disk of radius R and mass my is attached to a vertical pole by a horizontal axle that
passes through the center of the disk. Friction between the axle and the disk is negligible. A
lump of clay of mass m, is attached to the edge of the disk at Point A. The size of the lump of
clay is small compared with the radius of the disk. A horizontal string is connected from the
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pole to the edge of the disk at Point A. The string makes an angle 0 with the line between
Point A and the axle, as shown in Figure 1.

(b) Derive an expression for the tension Fr in the string when the clay is at Point A,
as shown in Figure 1, in terms of R, myg, m¢, 6, and physical constants, as appropriate.
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[Figure 1: A uniform disk mounted on a horizontal axle that passes through a vertical pole,
with the axle at the disk's center. A string runs horizontally from the pole to point A at the
edge of the disk near the top; the string makes angle 6 with the line between point A and the
axle. A lump of clay of mass m. is attached to the edge of the disk at point A. Another lump
of clay of mass my hangs from a string on the lower-left edge of the disk. The disk radius is
labeled R, measured from the axle to the edge. The disk sits on a vertical pole mounted on a
circular base.]

Note: Figure not drawn to scale.

A uniform disk of radius R and mass my is attached to a vertical pole by a horizontal axle that
passes through the center of the disk. Friction between the axle and the disk is negligible. A
lump of clay of mass m, is attached to the edge of the disk at Point A. The size of the lump of
clay is small compared with the radius of the disk. A horizontal string is connected from the
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pole to the edge of the disk at Point A. The string makes an angle € with the line between
Point A and the axle, as shown in Figure 1.

(c) [Figure 2: The same disk-axle-pole setup, now with point A marked on the upper
edge of the disk and point B marked at the right edge of the disk, horizontally in line
with the axle; a dashed horizontal line connects the axle to point B. Note: Figure not
drawn to scale.]

The string remains connected to the edge of the disk at Point A. The clay is moved to
Point B, which is horizontally in line with the axle, as shown in Figure 2. How does the
new tension FT e compare with tension Fr from part (b)? Justify your reasoning.
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[Figure 1: A uniform disk mounted on a horizontal axle that passes through a vertical pole,
with the axle at the disk's center. A string runs horizontally from the pole to point A at the
edge of the disk near the top; the string makes angle 6 with the line between point A and the
axle. A lump of clay of mass m. is attached to the edge of the disk at point A. Another lump
of clay of mass my hangs from a string on the lower-left edge of the disk. The disk radius is
labeled R, measured from the axle to the edge. The disk sits on a vertical pole mounted on a
circular base.]

Note: Figure not drawn to scale.

A uniform disk of radius R and mass my is attached to a vertical pole by a horizontal axle that
passes through the center of the disk. Friction between the axle and the disk is negligible. A
lump of clay of mass m, is attached to the edge of the disk at Point A. The size of the lump of
clay is small compared with the radius of the disk. A horizontal string is connected from the
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pole to the edge of the disk at Point A. The string makes an angle 0 with the line between
Point A and the axle, as shown in Figure 1.

(d)(i) [Figure 3: A nonuniform disk (shown with radial shading/stippling denoting
varying density) mounted on the same axle-pole setup, labeled "Nonuniform Disk,

p(r) = pr". Point A is marked on the upper edge of the disk, and point B is marked at
the right edge of the disk, horizontally in line with the axle (dashed line from axle to
B). The disk radius is labeled R. Note: Figure not drawn to scale.]

A nonuniform disk is now attached to the axle. The lump of clay is attached to the
disk at Point B, as shown in Figure 3. The clay has mass m. = 0.60 kg and the disk
has a radius R = 0.30 m. The mass density of the disk varies radially and can be
modeled by p(r) = Br, where ris the radial distance from the axle and 8 = 4.0 kg/m?.
Calculate the rotational inertia of the disk about the axle.
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(d)(ii) The string connecting the disk to the pole is cut. Calculate the magnitude of
the initial angular acceleration of the clay-disk system.
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(a) Mark scheme

m Force diagram on the clay-disk system with three distinct, correctly placed/labeled
external forces (each arrow starting on, and pointing away from, its point of
application): (1) a downward gravitational force on the disk, myg (or a single
downward gravitational force on the clay-disk system as a whole), drawn at the
disk's center / appropriate location; (2) a downward gravitational force on the
lump of clay, mcg, drawn at Point A; (3) a leftward tension force Fr exerted by
the string, drawn at Point A; and (4) a force directed up-and-to-the-right exerted
by the axle, Fayje, drawn at the axle — with no other (extraneous) forces shown.
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(b) Mark scheme

m Net torque about the axle is zero (the disk is in rotational equilibrium): Y7 = 0,
i.e. Tclay — Tstring = 0, where only the weight of the clay and the string tension
exert torque about the axle. Torque from the clay’s weight: 7¢,, = Rmcgcos 6.

Torque from the string tension: Tsying = RF7sin. Setting them equal:

0
Rm.gcos = RFysinf = Fyr = m = mcgcot 6. Points: 1 for a multi-step

derivation indicating the net torquesis zero, 1 for indicating only the clay’s weight
and the string tension exert torque on the system about the axle, 1 for a correct
torque expression from the clay’s weight (7, = Rmcgcos @), 1 for a correct
torque expression from the string tension (7string = RFsin®). (A maximum of 3
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of these 4 points can be earned if sin and cos are consistently reversed in both
torque expressions.)



Past-paper walk-through

Solution 3

(c)

® F7new > Fr (the tension is greater when the clay is at Point B). Justification:
there is a direct relationship between the torque exerted by the clay's weight
and the string tension (from part (b), F7 o Tc/ay). At Point B (horizontally in
line with the axle) the component of the clay’s weight perpendicular to the
radial direction — equivalently the lever arm for the weight — is larger than at
Point A, so the torque from the clay’s weight is greater at B. Since the net
torque must still be zero, the tension needed to balance it, F1 pew, must also
be greater than Fr.
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(d)(i) Mark scheme

m Rotational inertia of the nonuniform disk (p(r) = Sr, radius R = 0.3 m) found by
integration, treating a thin ring of radius r and thickness dr as
dm = p(2nr)dr = Br(27r)dr = 27 3F dr:

0.3 m 0.3 m
I= /r2 dm = / Pp(2rr) dr = / 2 3rt dr = 27T§R5
0 0

27m(4.0 kg/m?)(0.3 m)?

With 3 = 4.0 kg/m3 and R=0.3 m: | = = = 0.012 kg-m?.
Points: 1 for setting up integration to calculate rotational inertia, 1 for either
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substituting p(27r) dr for dm or indicating the correct integration limits, 1 for the
correct final answer / = 0.012 kg-m?, including units.
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(d)(ii) Mark scheme

m After the string is cut, apply the rotational form of Newton's second law,
>17 = la, to the clay-disk system: the only remaining torque about the axle is
from the clay's weight, 7,e = Rmcg (clay still at Point A). The system’s
rotational inertia is the sum of the disk's and the clay's rotational inertia,
Isystem = lisk + lciay, Where leis, = mcR? (point mass at radius R) and
lyisk = 0.012 kg-m? from part (d)(i). So

Tt  Rmeg (0.3 m)(0.60 kg)(9.8 m/s)

o = g g
lystem  ldisk + ey (0.012 kg - m2) + (0.60 kg)(0.3 m)2

= 26.7 rad/s*.
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Points: 1 for using the rotational form of Newton's second law, 1 for a correct
expression for the net torque exerted on the clay-disk system, 1 for indicating that
the system’s rotational inertia is the sum of the rotational inertia of the disk and

the rotational inertia of the lump of clay.
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[Figure 1: A horizontal surface with Point B on the left and Point A near the middle
marked by a black dot (the sphere’s initial position at rest). A rod is shown above
Point A, extending upward and connected at a pivot to a small block/weight at the
top, with the rod initially vertical making a 90° angle at the pivot. A dashed curved
arrow shows the rod swinging down from vertical to horizontal, striking the sphere at
Point A. Note: Figure not drawn to scale.]

A system consists of a small sphere of mass m and radius R at rest on a horizontal
surface and a uniform rod of mass M = 2m and length ¢ attached at one end to a pivot
with negligible friction, where R < £. There is negligible friction between the surface
and the sphere to the right of Point A and nonnegligible friction to the left of Point A.
The rod is held horizontally as shown in Figure 1, then is released from rest. The total
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1
rotational inertia of the rod about the pivot is gl\/lf2 and the rotational inertia of the

2
sphere about its center is —mR?. After the rod is released, the rod swings down and

strikes the sphere head-on. As a result of this collision, the rod is stopped, and the ball
initially slides without rotating to the left across the horizontal surface.

(a) Derive an expression for the angular speed of the rod just before striking the
sphere in terms of the length ¢ and physical constants as appropriate.
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Note: Figure not drawn to scale.

Figure 1
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[Figure 1: A horizontal surface with Point B on the left and Point A near the middle marked by
a black dot (the sphere's initial position at rest). A rod is shown above Point A, extending
upward and connected at a pivot to a small block/weight at the top, with the rod initially
vertical making a 90° angle at the pivot. A dashed curved arrow shows the rod swinging down
from vertical to horizontal, striking the sphere at Point A. Note: Figure not drawn to scale.]

A system consists of a small sphere of mass m and radius R at rest on a horizontal surface and
a uniform rod of mass M = 2m and length ¢ attached at one end to a pivot with negligible
friction, where R < £. There is negligible friction between the surface and the sphere to the
right of Point A and nonnegligible friction to the left of Point A. The rod is held horizontally as
shown in Figure 1, then is released from rest. The total rotational inertia of the rod about the

1. . 2 .
pivot is il\/lﬁ2 and the rotational inertia of the sphere about its center is —mR?. After the rod

: 5
is released, the rod swings down and strikes the sphere head-on. As a result of this collision,
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the rod is stopped, and the ball initially slides without rotating to the left across the horizontal
surface.

(b) Derive an expression for the linear speed vy of the sphere immediately after
colliding with the rod in terms of the length ¢ and physical constants as appropriate.
After sliding a short distance, at time t = 0 the sphere encounters a region of the
horizontal surface with a coefficient of kinetic friction u, beginning at Point A as
indicated in Figure 1. The sphere begins rotating while sliding and eventually begins
rolling without sliding at Point B, also as indicated.



Past-paper walk-through

Question 3

2023 Set 1 = Q3

[Figure 1: A horizontal surface with Point B on the left and Point A near the middle marked by
a black dot (the sphere's initial position at rest). A rod is shown above Point A, extending
upward and connected at a pivot to a small block/weight at the top, with the rod initially
vertical making a 90° angle at the pivot. A dashed curved arrow shows the rod swinging down
from vertical to horizontal, striking the sphere at Point A. Note: Figure not drawn to scale.]

A system consists of a small sphere of mass m and radius R at rest on a horizontal surface and
a uniform rod of mass M = 2m and length ¢ attached at one end to a pivot with negligible
friction, where R < £. There is negligible friction between the surface and the sphere to the
right of Point A and nonnegligible friction to the left of Point A. The rod is held horizontally as
shown in Figure 1, then is released from rest. The total rotational inertia of the rod about the

1. . 2 .
pivot is il\/lﬁ2 and the rotational inertia of the sphere about its center is —mR?. After the rod

: 5
is released, the rod swings down and strikes the sphere head-on. As a result of this collision,
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the rod is stopped, and the ball initially slides without rotating to the left across the horizontal
surface.

(c) In the following diagram, which represents the sphere while the sphere is traveling
between Points A and B, draw and label the forces (not components) that act on the
sphere. Each force must be represented by a distinct arrow starting on, and pointing
away from, the point of application on the sphere.

[A circle is shown representing the sphere, for the student to draw and label force
vectors starting on the circle.]
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[Figure 1: A horizontal surface with Point B on the left and Point A near the middle marked by
a black dot (the sphere's initial position at rest). A rod is shown above Point A, extending
upward and connected at a pivot to a small block/weight at the top, with the rod initially
vertical making a 90° angle at the pivot. A dashed curved arrow shows the rod swinging down
from vertical to horizontal, striking the sphere at Point A. Note: Figure not drawn to scale.]

A system consists of a small sphere of mass m and radius R at rest on a horizontal surface and
a uniform rod of mass M = 2m and length ¢ attached at one end to a pivot with negligible
friction, where R < £. There is negligible friction between the surface and the sphere to the
right of Point A and nonnegligible friction to the left of Point A. The rod is held horizontally as
shown in Figure 1, then is released from rest. The total rotational inertia of the rod about the

1. . 2 .
pivot is il\/lﬁ2 and the rotational inertia of the sphere about its center is —mR?. After the rod

: 5
is released, the rod swings down and strikes the sphere head-on. As a result of this collision,



Past-paper walk-through

Question 3

the rod is stopped, and the ball initially slides without rotating to the left across the horizontal
surface.

(d) (i) Derive an expression for each of the following as the sphere is rotating and
sliding between points A and B in terms of vy, i, R, t, and physical constants as
appropriate.

The linear velocity v of the center of mass of the sphere as a function of time t
(d)(ii) The angular velocity w of the sphere as a function of time ¢t
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[Figure 1: A horizontal surface with Point B on the left and Point A near the middle marked by
a black dot (the sphere's initial position at rest). A rod is shown above Point A, extending
upward and connected at a pivot to a small block/weight at the top, with the rod initially
vertical making a 90° angle at the pivot. A dashed curved arrow shows the rod swinging down
from vertical to horizontal, striking the sphere at Point A. Note: Figure not drawn to scale.]

A system consists of a small sphere of mass m and radius R at rest on a horizontal surface and
a uniform rod of mass M = 2m and length ¢ attached at one end to a pivot with negligible
friction, where R < £. There is negligible friction between the surface and the sphere to the
right of Point A and nonnegligible friction to the left of Point A. The rod is held horizontally as
shown in Figure 1, then is released from rest. The total rotational inertia of the rod about the

1. . 2 .
pivot is il\/lﬁ2 and the rotational inertia of the sphere about its center is —mR?. After the rod

: 5
is released, the rod swings down and strikes the sphere head-on. As a result of this collision,
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the rod is stopped, and the ball initially slides without rotating to the left across the horizontal
surface.

(e)(i) Derive an expression for the time it takes the sphere to travel from Point A to
Point B in terms of vy, 1, and physical constants as appropriate.

(e)(ii) Derive an expression for the linear velocity of the sphere upon reaching Point B
in terms of v.
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[Diagram, Figure 1: A solid disk mounted on a vertical stand, able to rotate about a
horizontal axle through its center (marked with a dot). Point P is marked near the
top-left edge of the disk with an arrow labeled "Disk"” pointing to the disk. A string
labeled "String"” is draped over the top of the disk and hangs down the left side,
attached at the bottom to an unstretched spring labeled "Unstretched Spring”, which
is anchored to the ground.]

[Diagram, Figure 2: The same disk-and-stand setup, now rotated clockwise through a
small angle 6 (marked at the axle). The string on the right side of the disk now goes
over the top and down to a hanging "Block” on the right side. The spring on the left
side is now shown stretched, labeled "Stretched Spring”, connecting down to the
ground.]

Note: Figures not drawn to scale.
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A solid uniform disk is supported by a vertical stand. The disk is able to rotate with
negligible friction about an axle that passes through the center of the disk. The mass
and radius of the disk are given by My and R, respectively. The rotational inertia of the

1
disk is Iy = iMdRQ. A string of negligible mass is draped over the disk and attached

to the top of the disk at point P. One end of the string is connected to an unstretched
ideal spring of spring constant k, which is fixed to the ground as shown in Figure 1.

A block of mass mg is then attached to the string on the right side of the disk. The
block is slowly lowered until the spring-disk-block system reaches equilibrium, as shown
in Figure 2. In this equilibrium position, the disk has rotated clockwise through a small
angle 6.

Give all algebraic answers in terms of My, R, k, 6, and physical constants, as
appropriate.
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(a) Derive an expression for the mass mp of the block.



Disk

String

Block
Unstretched 5
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Figure 1 Figure 2

Note: Figures not drawn to scale.
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[Diagram, Figure 1: A solid disk mounted on a vertical stand, able to rotate about a horizontal
axle through its center (marked with a dot). Point P is marked near the top-left edge of the
disk with an arrow labeled "Disk” pointing to the disk. A string labeled "String” is draped over
the top of the disk and hangs down the left side, attached at the bottom to an unstretched
spring labeled "Unstretched Spring”, which is anchored to the ground.]

[Diagram, Figure 2: The same disk-and-stand setup, now rotated clockwise through a small
angle 6 (marked at the axle). The string on the right side of the disk now goes over the top
and down to a hanging "Block” on the right side. The spring on the left side is now shown
stretched, labeled "Stretched Spring”, connecting down to the ground.]

Note: Figures not drawn to scale.

A solid uniform disk is supported by a vertical stand. The disk is able to rotate with negligible
friction about an axle that passes through the center of the disk. The mass and radius of the

1
disk are given by My and R, respectively. The rotational inertia of the disk is I; = iMdRQ. A
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string of negligible mass is draped over the disk and attached to the top of the disk at point P.
One end of the string is connected to an unstretched ideal spring of spring constant k, which is
fixed to the ground as shown in Figure 1.

A block of mass mp is then attached to the string on the right side of the disk. The block is
slowly lowered until the spring-disk-block system reaches equilibrium, as shown in Figure 2. In
this equilibrium position, the disk has rotated clockwise through a small angle 6.

Give all algebraic answers in terms of My, R, k, 6, and physical constants, as appropriate.

(b) At time t = 0, the string on the right side of the disk is cut and the block falls to
the ground. On the circle below, which represents the disk, draw and label the forces
(not components) that act on the disk immediately after the string is cut and the
block is falling to the ground. Each force should be represented by an arrow that starts
on and is directed away from the point of application.
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[Diagram: A circle representing the disk, with a dot at its center marking the axle, and
a diagonal dashed line through the center, on which forces should be drawn.]
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[Diagram, Figure 1: A solid disk mounted on a vertical stand, able to rotate about a horizontal
axle through its center (marked with a dot). Point P is marked near the top-left edge of the
disk with an arrow labeled "Disk” pointing to the disk. A string labeled "String” is draped over
the top of the disk and hangs down the left side, attached at the bottom to an unstretched
spring labeled "Unstretched Spring”, which is anchored to the ground.]

[Diagram, Figure 2: The same disk-and-stand setup, now rotated clockwise through a small
angle 6 (marked at the axle). The string on the right side of the disk now goes over the top
and down to a hanging "Block” on the right side. The spring on the left side is now shown
stretched, labeled "Stretched Spring”, connecting down to the ground.]

Note: Figures not drawn to scale.

A solid uniform disk is supported by a vertical stand. The disk is able to rotate with negligible
friction about an axle that passes through the center of the disk. The mass and radius of the

1
disk are given by My and R, respectively. The rotational inertia of the disk is I; = iMdRQ. A
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string of negligible mass is draped over the disk and attached to the top of the disk at point P.
One end of the string is connected to an unstretched ideal spring of spring constant k, which is
fixed to the ground as shown in Figure 1.

A block of mass mp is then attached to the string on the right side of the disk. The block is
slowly lowered until the spring-disk-block system reaches equilibrium, as shown in Figure 2. In
this equilibrium position, the disk has rotated clockwise through a small angle 6.

Give all algebraic answers in terms of My, R, k, 6, and physical constants, as appropriate.

(c) Derive an expression for the angular acceleration « of the disk immediately after
the string is cut.
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[Diagram, Figure 1: A solid disk mounted on a vertical stand, able to rotate about a horizontal
axle through its center (marked with a dot). Point P is marked near the top-left edge of the
disk with an arrow labeled "Disk” pointing to the disk. A string labeled "String” is draped over
the top of the disk and hangs down the left side, attached at the bottom to an unstretched
spring labeled "Unstretched Spring”, which is anchored to the ground.]

[Diagram, Figure 2: The same disk-and-stand setup, now rotated clockwise through a small
angle 6 (marked at the axle). The string on the right side of the disk now goes over the top
and down to a hanging "Block” on the right side. The spring on the left side is now shown
stretched, labeled "Stretched Spring”, connecting down to the ground.]

Note: Figures not drawn to scale.

A solid uniform disk is supported by a vertical stand. The disk is able to rotate with negligible
friction about an axle that passes through the center of the disk. The mass and radius of the

1
disk are given by My and R, respectively. The rotational inertia of the disk is I; = iMdRQ. A
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string of negligible mass is draped over the disk and attached to the top of the disk at point P.
One end of the string is connected to an unstretched ideal spring of spring constant k, which is
fixed to the ground as shown in Figure 1.

A block of mass mg is then attached to the string on the right side of the disk. The block is
slowly lowered until the spring-disk-block system reaches equilibrium, as shown in Figure 2. In
this equilibrium position, the disk has rotated clockwise through a small angle 6.

Give all algebraic answers in terms of My, R, k, 0, and physical constants, as appropriate.

(d) At t = t1, the disk has rotated and point P is again directly above the axle. Sketch
a graph of the magnitude of the angular velocity w of the disk as a function of time t
fromt=0to t=t;.

[Graph: axes labeled "w™ (vertical) vs. "t" (horizontal); a dashed vertical gridline is
marked at t; on the time axis; blank axes for the student to sketch on.]
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[Diagram, Figure 1: A solid disk mounted on a vertical stand, able to rotate about a horizontal
axle through its center (marked with a dot). Point P is marked near the top-left edge of the
disk with an arrow labeled "Disk” pointing to the disk. A string labeled "String” is draped over
the top of the disk and hangs down the left side, attached at the bottom to an unstretched
spring labeled "Unstretched Spring”, which is anchored to the ground.]

[Diagram, Figure 2: The same disk-and-stand setup, now rotated clockwise through a small
angle 6 (marked at the axle). The string on the right side of the disk now goes over the top
and down to a hanging "Block” on the right side. The spring on the left side is now shown
stretched, labeled "Stretched Spring”, connecting down to the ground.]

Note: Figures not drawn to scale.

A solid uniform disk is supported by a vertical stand. The disk is able to rotate with negligible
friction about an axle that passes through the center of the disk. The mass and radius of the

1
disk are given by My and R, respectively. The rotational inertia of the disk is I; = iMdRQ. A
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string of negligible mass is draped over the disk and attached to the top of the disk at point P.
One end of the string is connected to an unstretched ideal spring of spring constant k, which is
fixed to the ground as shown in Figure 1.

A block of mass mg is then attached to the string on the right side of the disk. The block is
slowly lowered until the spring-disk-block system reaches equilibrium, as shown in Figure 2. In
this equilibrium position, the disk has rotated clockwise through a small angle 6.

Give all algebraic answers in terms of My, R, k, 0, and physical constants, as appropriate.

(e) [Diagram, Figure 3: The disk-and-stand setup, now mounted so the axle (marked
with a dot, off-center within the disk, labeled “axle”) does not pass through the center
of the disk (marked “com” for center of mass). A string goes over the top of the disk
down to a hanging “Block” on the right side. A “Stretched Spring” connects from the
left side down to the ground.]

Note: Figure not drawn to scale.
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The disk is adjusted on the support so that the axle does not pass through the center
of mass of the disk. The block is again hung on the right side of the disk and the
spring-disk-block system comes to equilibrium, as shown in Figure 3. The axle does
not exert a torque on the disk. For each force on the disk, indicate whether the
magnitude of the torque about the axle caused by that force increases, decreases, or
stays the same relative to part (b).
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(a)

m Derivation of mp. Indicate the disk is in rotational (or translational)
equilibrium before the string is cut: ¥7g, gisk = 0 = 75 = 75 (or equivalently
YF=0= Fg;=Fs) (1 point). Substitute the force expressions (both forces
act at the same radius R, gravity via the block’s weight through the string,
spring force Fs = kAx): FzR = FsR = mpgR = kAxR = mpg = kAx (1
point). Substitute Ax = RO (arc length for the disk’s rotation angle 6):

kRO
mpg = kRO = mp = s (1 point).
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(b) Mark scheme

m Free-body diagram of the disk immediately after the string on the right is cut
(block falling, only the left string/spring remains attached): draw and label (1)
the tension/spring force Fs (o Fepring, Tspring) tangent to the disk, anywhere from
point P to the left edge of the disk inclusive (1 point); (2) the force of gravity F,
located at the center, pointing straight down (1 point); (3) the force from the
axle Fae (or Fn, Fp) located at the center, directed so the disk remains in
translational equilibrium, i.e. ¥ F = 0 — typically straight up with magnitude
balancing F, and the vertical component of F, (1 point). A response with
extraneous forces/vectors caps at a maximum of 2 of the 3 points.



Past-paper walk-through

Solution 3

(c) Mark scheme

m Derivation of angular acceleration «. Indicate the net torque on the disk is due
only to the tension/spring force, via the rotational form of Newton's second law:
Ts = lga (1 point). Express that torque as the spring force times its lever arm R:
FsR = I4a (1 point). Substitute Fs = —kAx: —kAxR = lga (1 point). Substitute
the disk's moment of inertia Iy = 2 MyR? and Ax = RY (consistent with part (a)):

2ko
—k(RO)R = s MyRPae = o = P (1 point). The negative sign is not required
d
to earn this point.
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(d)

m Sketch of w vs. t from t =0 to t = t; (point P returns directly above the axle
at t;): the curve must start at zero and increase monotonically over the whole
interval (1 point), and be concave down throughout — i.e. increasing but at a
decreasing rate (1 point). Only the portion of the graph from 0 to t; is scored.
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(e) Mark scheme

m Setup: the disk is remounted so its axle no longer passes through its center of
mass; a stretched spring pulls down-left and a string over the top holds a hanging
block on the right. As the configuration is adjusted (disk rotated / axle offset
from center of mass), the response must indicate three torque changes, each
earning 1 point: (1) the torque due to gravity ON THE DISK increased, because
the disk’s weight now acts with a nonzero lever arm about the (now off-center)
axle, where previously it had none; (2) the torque due to the tension from the
hanging block (transmitted via the string on the right) increased, because that
force's lever arm about the axle grew longer; (3) the torque due to the spring’s
tension (on the left) increased, because it is the only force that can supply the
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extra counterclockwise torque needed to counteract the increased clockwise
torques from (1) and (2) and keep the disk in equilibrium. Scoring note: a
response that also states the torque from the axle force stays the same can still
earn all 3 points; a response that says the axle-force torque changes, or invokes
additional torques, caps at a maximum of 2 of the 3 points.
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L
A uniform board of length L and mass m is attached to a pivot — from the left end of

the board. The left end of the board is attached to an ideal spring of spring constant k
that is attached to the ground. The student slowly lowers and then releases the board.
The board remains at rest in the horizontal position, with the spring unstretched, as
shown in Figure 1. The rotational inertia of the board about the pivot is /.

[Figure 1: A board of length L resting horizontally, pivoted at a point L/4 from its left
end (pivot labeled at the fulcrum). The left end of the board connects down to an
"Unstretched Spring” anchored to the ground. Note: Figures not drawn to scale.]
[Figure 2: The board is shown lowered at an angle on the left side, with the spring now
stretched by an amount Ax ("Stretched Spring”), anchored to the ground; the board
length L is marked on the right/upper side.]
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(a) On the rectangle below, which represents the board, draw and label the forces (not
components) that act on the board while the board-spring system is in equilibrium.
Each force should be represented by an arrow away from the board, and should
represent the location at which that force acts.

[A blank horizontal rectangle representing the board, with a dashed vertical centerline
and dashed horizontal centerline, for the student to draw and label force vectors acting
on the board.]



Board
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Figure 1 Figure 2

Note: Figures not drawn to scale.
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Note: Figure not drawn to scale.
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L
A uniform board of length L and mass m is attached to a pivot - from the left end of the

board. The left end of the board is attached to an ideal spring of spring constant k that is
attached to the ground. The student slowly lowers and then releases the board. The board
remains at rest in the horizontal position, with the spring unstretched, as shown in Figure 1.
The rotational inertia of the board about the pivot is /.

[Figure 1: A board of length L resting horizontally, pivoted at a point L/4 from its left end
(pivot labeled at the fulcrum). The left end of the board connects down to an "Unstretched
Spring” anchored to the ground. Note: Figures not drawn to scale.]

[Figure 2: The board is shown lowered at an angle on the left side, with the spring now
stretched by an amount Ax ("Stretched Spring™), anchored to the ground; the board length L
is marked on the right/upper side.]
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(b) Derive an expression for the distance the spring stretches, Ax, when the board is in
equilibrium. Express your answer in terms of k, L, m, and physical constants, as
appropriate.
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L
A uniform board of length L and mass m is attached to a pivot - from the left end of the

board. The left end of the board is attached to an ideal spring of spring constant k that is
attached to the ground. The student slowly lowers and then releases the board. The board
remains at rest in the horizontal position, with the spring unstretched, as shown in Figure 1.
The rotational inertia of the board about the pivot is /.

[Figure 1: A board of length L resting horizontally, pivoted at a point L/4 from its left end
(pivot labeled at the fulcrum). The left end of the board connects down to an "Unstretched
Spring” anchored to the ground. Note: Figures not drawn to scale.]

[Figure 2: The board is shown lowered at an angle on the left side, with the spring now
stretched by an amount Ax ("Stretched Spring™), anchored to the ground; the board length L
is marked on the right/upper side.]
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(c)(i) [Figure: A board pushed down on the right side, stretching the spring a new
distance Axs from the unstretched position. The board is held at a small angle 8y with
the horizontal, as shown. The student then releases the board from rest. Note: Figure
not drawn to scale.]

A student pushes down the board on the right side, stretching the spring a new
distance Axs from the unstretched position. The board is held at a small angle 8y with
the horizontal, as shown. The student then releases the board from rest.

At time t = 0, the board is released. At time t;, the board first crosses the horizontal.
Sketch a graph of the magnitude of the angular acceleration « of the board as a
function of time t from t =0 to t = t;.

[A blank graph with vertical axis « and horizontal axis t, with a marked point t; on the
time axis, for the student to sketch angular acceleration vs. time.]
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(c)(ii) Derive an expression for the angular acceleration o of the board immediately
after the board is released. Express your answer in terms of k, L, m, I, Axo, 6y, and
physical constants.
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L
A uniform board of length L and mass m is attached to a pivot - from the left end of the

board. The left end of the board is attached to an ideal spring of spring constant k that is
attached to the ground. The student slowly lowers and then releases the board. The board
remains at rest in the horizontal position, with the spring unstretched, as shown in Figure 1.
The rotational inertia of the board about the pivot is /.

[Figure 1: A board of length L resting horizontally, pivoted at a point L/4 from its left end
(pivot labeled at the fulcrum). The left end of the board connects down to an "Unstretched
Spring” anchored to the ground. Note: Figures not drawn to scale.]

[Figure 2: The board is shown lowered at an angle on the left side, with the spring now
stretched by an amount Ax ("Stretched Spring™), anchored to the ground; the board length L
is marked on the right/upper side.]
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(d) [Figure: The same board-spring-pivot setup, with two blocks of equal mass m
attached to the board equal distances from the pivot point, as shown. Note: Figure
not drawn to scale.]

Two blocks of equal mass m are attached to the board equal distances from the pivot
point, as shown. The board is again pushed down on the right side so that the spring
stretches the same distance Axy as in part (c). The board is then released. The new
angular acceleration o/ when the blocks are attached compare to the angular
acceleration ag from part (c) ?

o >ap o <oy o =aqp

Justify your answer.
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(a) Mark scheme

m Free-body diagram on the board rectangle, 1 point each: (1) Spring force Fpring
(or Fs, "spring force") drawn as an arrow pointing downward at the location
where the spring attaches (the right end of the board, L/4 from the pivot). (2)
Force of gravity F, (or mg, Fg, W, "grav force” — not "G"/"g" alone) drawn
pointing downward at the center of the board (its center of mass). (3) Pivot force
Foivot (or Fn, Fn, N, "normal force”) drawn pointing upward at the pivot location
(the fixed support at the board’s center). Each force must be correctly located

and labeled; extraneous forces cap the score at 2 points.
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(b) Mark scheme

m Indicate the sum of torques about the pivot equals zero (equilibrium) — 1 point:
37 = 0. Substitute mg for the gravitational force and kAx for the spring force
into the torque equation, using the given lever arms (L/4 each) — 1 point:

L L
ZkAX_ 1me= 0. Solve for a correct expression for Ax — 1 point: Ax= ng

(earned regardless of an overall sign).
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(c)(i)

m Sketch of a vs. t from t =0 to t = t;, 1 point each: (1) The curve begins at
a maximum (positive) value at t = 0 and monotonically decreases to a
minimum of zero at t = t; (when the board reaches horizontal /equilibrium, so
the net torque and hence « is zero there). (2) The curve is concave down
over the entire interval 0 < t < t; (not a straight line or concave-up
decrease). Behavior of the sketch beyond t; is not scored.
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(c)(ii) Mark scheme

m Write the rotational form of Newton's second law with the spring and
gravitational torques in opposite directions — 1 point: Tepring — Tg = lov (i.e.
Igayp). Include sin(90 — 6y), sin(90 + 6y), or cosfy in an expression for the net
torque (the correct perpendicular lever-arm factor for the small angle 6p) — 1
point: Fspringdspring(cos 0y) — Fgdg(cos By) = Ipag. Substitute mg for the force of
gravity and kAxz for the spring force — 1 point:
dspringkAxa(cos 0y) — dg mg(cos bp) = Igag. Substitute the correct lever arms

L L
dspring = dg = L/4 — 1 point: Z(COS 0o) kAxg — Z(COS 0o)mg = Igay, giving

L
ap = — (kAxy cos 6y — mgcos ).
4lg
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(d) Mark scheme

m Answer: o < ag — select this choice with an attempt at a relevant justification
(1 point). Justification must indicate the net torque on the system does not
change — 1 point (the spring and gravity on the board still exert the same
torques at the same lever arms; the two added equal masses sit at equal distances
on opposite sides of the pivot, so their gravitational torques cancel and add no net
torque). Justification must also indicate the rotational inertia of the system
increases — 1 point (the two added point masses increase the total moment of
inertia / about the pivot). Example full justification: The net torque on the
system is unchanged (the spring and the board’s own weight exert the same
torques as before, and the additional torques from the two added masses cancel
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since they sit at equal distances on opposite sides of the pivot), but the rotational
inertia of the system is now larger. Since oo = Tpet/l, with 7, unchanged and /
larger, the angular acceleration is now smaller: o/ < ayp.
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[Figure: A triangular (wedge-shaped) rod lies horizontally, thicker at the left end (point
P, x=0) and tapering to a point at the right end (x = L), with linear mass density

X\ = vx% shown increasing along its length. The length L is marked from x = 0 to
x=L]

A triangular rod of length L and mass M has a nonuniform linear mass density given by
the equation A = yx?, where v = 3Li3/l and x is the distance from point P at the left

end of the rod.
(a) Using integral calculus, show that the rotational inertia / of the rod about an axis

3
perpendicular to the page and through point P is 5ML2.
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[Figure: A triangular (wedge-shaped) rod lies horizontally, thicker at the left end (point P,
x = 0) and tapering to a point at the right end (x = L), with linear mass density A = vx*
shown increasing along its length. The length L is marked from x =0 to x = L.]

A triangular rod of length L and mass M has a nonuniform linear mass density given by the

. 3M
equation A = vx%, where y = 5 and x is the distance from point P at the left end of the rod.

(b) Determine the horizontal location of the center of mass of the rod relative to point
P. Express your answer in terms of L.
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[Figure: A triangular (wedge-shaped) rod lies horizontally, thicker at the left end (point P,
x = 0) and tapering to a point at the right end (x = L), with linear mass density A\ = x>
shown increasing along its length. The length L is marked from x =0 to x = L]

A triangular rod of length L and mass M has a nonuniform linear mass density given by the

. 3M
equation A = yx%, where y = I and x is the distance from point P at the left end of the rod.

(c) For an axis perpendicular to the page, is the value of the rotational inertia of the
rod around point P greater than, less than, or equal to the value of the rotational
inertia of the rod around the rod’s center of mass?

Greater than Less than Equal to
Justify your answer.
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[Figure: A triangular (wedge-shaped) rod lies horizontally, thicker at the left end (point P,
x = 0) and tapering to a point at the right end (x = L), with linear mass density A\ = x>
shown increasing along its length. The length L is marked from x =0 to x = L/

A triangular rod of length L and mass M has a nonuniform linear mass density given by the

equation \ = yx?, where v = %ﬂ and x is the distance from point P at the left end of the rod.
(d) The rod is released from rest in the position shown, and the rod begins to rotate
about a horizontal axis perpendicular to the page and through point P.

On the axes below, sketch graphs of the magnitude of the net torque 7 on the rod and
the angular speed w of the rod as functions of time t from the time the rod is released
until the time its center of mass reaches its lowest point.

[Two blank axes: left axis labeled 7 (vertical) vs. t (horizontal); right axis labeled w

(vertical) vs. t (horizontal). Both currently blank, to be sketched by the student.]
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[Figure: A triangular (wedge-shaped) rod lies horizontally, thicker at the left end (point P,
x = 0) and tapering to a point at the right end (x = L), with linear mass density A\ = x>
shown increasing along its length. The length L is marked from x =0 to x = L]

A triangular rod of length L and mass M has a nonuniform linear mass density given by the

. 3M
equation A = yx%, where y = I and x is the distance from point P at the left end of the rod.

(e) As the rod rotates from the horizontal position down through vertical, is the
magnitude of the angular acceleration on the rod increasing, decreasing, or not
changing?

Increasing Decreasing Not changing
Justify your answer.
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[Figure: A triangular (wedge-shaped) rod lies horizontally, thicker at the left end (point P,
x = 0) and tapering to a point at the right end (x = L), with linear mass density A = vx?
shown increasing along its length. The length L is marked from x =0 to x= L]

A triangular rod of length L and mass M has a nonuniform linear mass density given by the

equation A = yx%, where y = iif
(f) [Figure: The rod hangs vertically, pivoted at point P at the top, with point S
marked at the bottom end. A curved arrow beneath S indicates the rod swinging.]
The mass of the rod is 3.0 kg, and the length of the rod is 1.0 m. Calculate the linear

speed v of point S as the rod swings through the vertical position shown.

and x is the distance from point P at the left end of the rod.



Past-paper walk-through

Solution 3

(a) Mark scheme

m Set up the rotational-inertia integral about point P: /= [ 2 dm, with the given
linear mass density A = yx* so dm = X dx = yx% dx (1 point). Substitute and
integrate from x = 0 to x = L, using v = 3M/L? (from normalizing the total mass
M= fOL x% dx = vL3/3) (1 point):

AV
0
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Solution 3

(b) Mark scheme

S mix; f xdm

m Set up the center-of-mass integral: Xcy = > Tdm
mi

(1 point).

Substitute dm = vx? dx into the numerator (1 point), and either substitute M
directly for the denominator or evaluate | dm to get the rod’s mass (1 point):
Xy — Jo X dx [l ML) (L) 3

M M M 4
located %L from point P.

—L. The center of mass is
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Solution 3

(<)

m Answer: Greater than (1 point for selecting it with an attempted
justification). Correct justification (1 point), either of: (i) more of the rod's
mass is concentrated at the end opposite P (farther from the rotation axis), so
the rotational inertia about P exceeds that about the center of mass; or (ii) by
the parallel-axis theorem I = I.,, + md?, an axis displaced from the center of
mass (d > 0) always gives a larger rotational inertia than the axis through the
center of mass.



Past-paper walk-through

Solution 3

(d) Mark scheme

m Sketch two graphs vs. time t, from release (rod horizontal) to when the center of
mass reaches its lowest point (rod vertical). Torque 7 vs. t (1 point): starts at its
maximum value at t = 0 and decreases along a concave-down curve to zero
(torque vanishes as the rod becomes vertical, when the weight acts along the line
to the pivot). Angular speed w vs. t (1 point): starts at 0 and increases along a
concave-down curve that flattens, approaching a horizontal asymptote (constant
w) as tincreases (since « = 7// — 0 as 7 — 0). Consistency (1 point): w must
keep rising as long as 7 > 0 and level off exactly as 7 — 0, matching dw/dt = 7/I.
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Solution 3

(e)

m Answer: Decreases (1 point for selecting it with an attempted justification).
Correct justification (1 point), either of: (i) from 7 = rFsiné, as the rod
swings downward the angle 6 between the weight and the lever arm decreases,
so the torque decreases; or (ii) the horizontal lever arm between P and the
rod’s center of mass continuously shrinks as the rod rotates downward, so the
torque decreases. Since [ is constant and « = 7//, angular acceleration
decreases correspondingly.
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Solution 3

(f) Mark scheme

m Use conservation of energy for the rod swinging from horizontal (at rest) to
vertical: Ui+ K; = Ur+ Kr= U; = K¢ (1 point). Substitute the gravitational PE
(using the center-of-mass drop h; = 2L found in part (b)) and the rotational KE
about P (1 point): Mgh; = :lw? = Mg (3L) = 1 (2ML?) w?. Using | = 2ML>
from part (a) and wr= v/L, where v is the linear speed of point S (the free end,
distance L from P) (1 point):

SMgl = EMV = v= \/%gL = \/%(9.8 m/s?)(1.0 m) = 4.9 m/s. (Given
M = 3.0 kg, L = 1.0 m; note M cancels out of the final expression for v.)
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[Figure: "Object A” — a long, thin, uniform rod of mass M and total length 2L, drawn
horizontally. A pivot is shown at the left end (marked "Pivot” with a bracket symbol),
and the rod extends to the right; a bracket below the rod labels its full length as 2L,
with M labelling the mass above the rod.]

Object A is a long, thin, uniform rod of mass M and length 2L that is free to rotate
about a pivot of negligible friction at its left end, as shown above.

(a) Using integral calculus, derive an expression to show that the rotational inertia /4

4
of object A about the pivot is given by gl\/ILQ.

[Figure: "Object B" — an L-shaped (right-angle) object formed of two rods, shown on
an x-y coordinate system with origin O at the bottom-left. A pivot is marked at the
top-left corner (labelled "Pivot”, on the y-axis). A horizontal rod of length L extends
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Question 2

right from the pivot along the top (labelled "L"), and a vertical rod of length L
extends down from the pivot to O along the y-axis (labelled "L"). The x-axis points
right from O, the y-axis points up from O through the pivot.]

Object B of total mass M is formed by attaching two thin, uniform, identical rods of
length L at a right angle to each other. Object B is held in place, as shown above.
Express your answers in part (b) in terms of L.
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[Figure: "Object A" — a long, thin, uniform rod of mass M and total length 2L, drawn
horizontally. A pivot is shown at the left end (marked "Pivot” with a bracket symbol), and the
rod extends to the right; a bracket below the rod labels its full length as 2L, with M labelling
the mass above the rod.]

Object A is a long, thin, uniform rod of mass M and length 2L that is free to rotate about a
pivot of negligible friction at its left end, as shown above.

(b)(i) Determine the following for the given coordinate system shown in the figure.
The x-coordinate of the center of mass of object B

(b)(ii) The y-coordinate of the center of mass of object B
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[Figure: "Object A" — a long, thin, uniform rod of mass M and total length 2L, drawn
horizontally. A pivot is shown at the left end (marked "Pivot” with a bracket symbol), and the
rod extends to the right; a bracket below the rod labels its full length as 2L, with M labelling
the mass above the rod.]

Object A is a long, thin, uniform rod of mass M and length 2L that is free to rotate about a
pivot of negligible friction at its left end, as shown above.
(c) Object B has a rotational inertia of /g about its pivot.
Is the value of /g greater than, less than, or equal to /47
Greater than Less than Equal to
Justify your answer.
Object B is released from rest and begins to rotate about its pivot.
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[Figure: "Object A" — a long, thin, uniform rod of mass M and total length 2L, drawn
horizontally. A pivot is shown at the left end (marked "Pivot” with a bracket symbol), and the
rod extends to the right; a bracket below the rod labels its full length as 2L, with M labelling
the mass above the rod.]

Object A is a long, thin, uniform rod of mass M and length 2L that is free to rotate about a
pivot of negligible friction at its left end, as shown above.

(d) On the axes below, sketch graphs of the magnitude of the angular acceleration «
and the angular speed w of object B as functions of time t from the time it is released
to the time its center of mass reaches its lowest point.

[Two blank sets of axes are provided: left axis labelled « (vertical) vs. t (horizontal);
right axis labelled w (vertical) vs. t (horizontal). Both axes are otherwise unmarked
(no gridlines or scale), for the student to sketch curves.]
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[Figure: "Object A" — a long, thin, uniform rod of mass M and total length 2L, drawn
horizontally. A pivot is shown at the left end (marked "Pivot” with a bracket symbol), and the

rod extends to the right; a bracket below the rod labels its full length as 2L, with M labelling
the mass above the rod.]

Object A is a long, thin, uniform rod of mass M and length 2L that is free to rotate about a
pivot of negligible friction at its left end, as shown above.

(e) [Figure: The L-shaped object B is shown rotated partway from its initial
horizontal /vertical position, tilted through an angle § (marked at the top between a
dashed horizontal reference line and the now-tilted top rod), with a curved arrow
indicating the direction of rotation (downward/clockwise) at the lower end of the
shape.]
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While object B rotates from the horizontal position down through the angle 6 shown
above, is the magnitude of its angular acceleration increasing, decreasing, or not
changing?
|ncreasing )

DecreasmgNotchanging
Justify your answer.
[Figure: Object B is shown in a new orientation — the vertical rod of length L now lies
along the bottom (horizontal), and the horizontal rod of length L extends straight up
from its right end (vertical), forming an upside-down L / right-angle shape resting on
the ground.]

Object B rotates through the position shown above.
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[Figure: "Object A" — a long, thin, uniform rod of mass M and total length 2L, drawn
horizontally. A pivot is shown at the left end (marked "Pivot” with a bracket symbol), and the

rod extends to the right; a bracket below the rod labels its full length as 2L, with M labelling
the mass above the rod.]

Object A is a long, thin, uniform rod of mass M and length 2L that is free to rotate about a
pivot of negligible friction at its left end, as shown above.

(f) Derive an expression for the angular speed of object B when it is in the position
shown above. Express your answer in terms of M, L, Ig, and physical constants, as
appropriate.
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Solution 2

(a) Mark scheme

m Using integral calculus with A the linear mass density of the rod (length 2L, mass

r=2L I’3 2L A
M): | = / AP dr= )\ [3] = §(2L)3 (1 pt, for correct limits/constant of
r=0 0
. : : LN (M 3y _ 4yo
integration). Since A = m/{ = M/(2L): | = 3)\ 51 (8L°%) = gML (1 pt, for

correctly relating A\ to M and L). This confirms [4 = gMLQ.
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(b)(i) Mark scheme

S (G0 M
M Zmi ¥+% M
Xew = 2L

= ZL' Final answer:
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Solution 2

(b)(ii) Mark scheme

= zL. Final answer:
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Solution 2

(<)

m Select ‘Less than' (1 pt for selection + attempted relevant justification) with
a correct justification (1 pt). Example: ‘Because object B has more of its
mass closer to the pivot than object A, the rotational inertia of object B must
be less than that of object A’ l.e. Ig < Ia.
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Solution 2

(d)

m Sketch two graphs covering the interval from release to the moment the
center of mass reaches its lowest point: the angular acceleration « vs. t graph
must be concave down and begin horizontally (start at a nonzero maximum
value with zero slope) (1 pt); the angular speed w vs. t graph must be
concave down and end horizontally (rise from zero to a plateau with zero final
slope) (1 pt); the two graphs must be consistent with each other — w
increasing exactly while @ > 0, and both approaching their limiting behavior
together as @ — 0 near the lowest point (1 pt).
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Solution 2

(e)

m Select ‘Decreasing’ (1 pt for selection + attempted relevant justification) with
a justification that identifies the lever arm for the torque as decreasing (1 pt).
Example: ‘Because the horizontal position of the center of mass for the object
is moving closer to the pivot, the lever arm for the force of gravity is
decreasing so the angular acceleration decreases.
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Solution 2

(f) Mark scheme

m Conservation of energy: Ug = Ka (1 pt). Relate the change in rotational KE to
1

the change in gravitational PE: mgh = ~lw? (1 pt). Substitute h = L/2 (the drop

DO | '\I\D\

1
in height of the center of mass): I\/Ig( > = fIBwQ (1 pt). Solve for w in terms

2Mg(L/2 Mgl
of the allowed symbols M, L, lg: w — |/ 278" \/ glL/2) _ Ig (1 pt).
B

Final answer: w =

/B
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[Figure above the question: A horizontal circular "Platform” (rotational inertia /p)
mounted on a "Vertical Axis”, shown from a 3D perspective with an arrow indicating
rotation direction. A small "Motor-Driven Wheel” of radius r is mounted under the
platform and touches it at a distance D from the vertical axis.]

A horizontal circular platform with rotational inertia /p rotates freely without friction
on a vertical axis. A small motor-driven wheel that is used to rotate the platform is
mounted under the platform and touches it. The wheel has radius r and touches the
platform a distance D from the vertical axis of the platform, as shown above. The
platform starts at rest, and the wheel exerts a constant horizontal force of magnitude F
tangent to the platform until the platform reaches an angular speed wp after time At.
During time At, the wheel stays in contact with the platform without slipping.
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Question 3

(a) Derive an expression for the angular speed wp of the platform. Express your answer
in terms of Ip, r, D, F, At, and physical constants, as appropriate.
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[Figure above the question: A horizontal circular "Platform” (rotational inertia /p) mounted on
a "Vertical Axis"”, shown from a 3D perspective with an arrow indicating rotation direction. A
small "Motor-Driven Wheel” of radius r is mounted under the platform and touches it at a
distance D from the vertical axis.]

A horizontal circular platform with rotational inertia /p rotates freely without friction on a
vertical axis. A small motor-driven wheel that is used to rotate the platform is mounted under
the platform and touches it. The wheel has radius r and touches the platform a distance D
from the vertical axis of the platform, as shown above. The platform starts at rest, and the
wheel exerts a constant horizontal force of magnitude F tangent to the platform until the
platform reaches an angular speed wp after time At. During time At, the wheel stays in
contact with the platform without slipping.
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(b) Determine an expression for the kinetic energy of the platform at the moment it
reaches angular speed wp. Express your answer in terms of Ip, r, D, F, At, and
physical constants, as appropriate.
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[Figure above the question: A horizontal circular "Platform” (rotational inertia /p) mounted on
a "Vertical Axis"”, shown from a 3D perspective with an arrow indicating rotation direction. A
small "Motor-Driven Wheel” of radius r is mounted under the platform and touches it at a
distance D from the vertical axis.]

A horizontal circular platform with rotational inertia /p rotates freely without friction on a
vertical axis. A small motor-driven wheel that is used to rotate the platform is mounted under
the platform and touches it. The wheel has radius r and touches the platform a distance D
from the vertical axis of the platform, as shown above. The platform starts at rest, and the
wheel exerts a constant horizontal force of magnitude F tangent to the platform until the
platform reaches an angular speed wp after time At. During time At, the wheel stays in
contact with the platform without slipping.
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Question 3

(c) Derive an expression for the angular speed wyy of the wheel when the platform has
reached angular speed wp. Express your answer in terms of D, r, wp, and physical
constants, as appropriate.
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[Figure above the question: A horizontal circular "Platform” (rotational inertia /p) mounted on
a "Vertical Axis"”, shown from a 3D perspective with an arrow indicating rotation direction. A
small "Motor-Driven Wheel” of radius r is mounted under the platform and touches it at a
distance D from the vertical axis.]

A horizontal circular platform with rotational inertia /p rotates freely without friction on a
vertical axis. A small motor-driven wheel that is used to rotate the platform is mounted under
the platform and touches it. The wheel has radius r and touches the platform a distance D
from the vertical axis of the platform, as shown above. The platform starts at rest, and the
wheel exerts a constant horizontal force of magnitude F tangent to the platform until the
platform reaches an angular speed wp after time At. During time At, the wheel stays in
contact with the platform without slipping.
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Question 3

(d) [Figure: the platform shown alone from a 3D perspective, spinning (arrow
indicating rotation direction), with the motor-driven wheel removed.]

When the platform is spinning at angular speed wp, the motor-driven wheel is
removed. A student holds a disk directly above and concentric with the platform, as
shown above. The disk has the same rotational inertia /p as the platform. The student
releases the disk from rest, and the disk falls onto the platform. After a short time, the
disk and platform are observed to be rotating together at angular speed wr.

Derive an expression for wyr. Express your answer in terms of wp, Ip, and physical
constants, as appropriate.
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[Figure above the question: A horizontal circular "Platform” (rotational inertia /p) mounted on
a "Vertical Axis"”, shown from a 3D perspective with an arrow indicating rotation direction. A
small "Motor-Driven Wheel” of radius r is mounted under the platform and touches it at a
distance D from the vertical axis.]

A horizontal circular platform with rotational inertia /p rotates freely without friction on a
vertical axis. A small motor-driven wheel that is used to rotate the platform is mounted under
the platform and touches it. The wheel has radius r and touches the platform a distance D
from the vertical axis of the platform, as shown above. The platform starts at rest, and the
wheel exerts a constant horizontal force of magnitude F tangent to the platform until the
platform reaches an angular speed wp after time At. During time At, the wheel stays in
contact with the platform without slipping.
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(e)(i) A student now uses the rotating platform (Ip = 3.1 kg-m?) to determine the
rotational inertia /iy of an unknown object about a vertical axis that passes through the
object’s center of mass. The platform is rotating at an initial angular speed w; when
the unknown object is dropped with its center of mass directly above the center of the
platform. The platform and object are observed to be rotating together at angular
speed wy. Trials are repeated for different values of w;. A graph of wr as a function of
wj is shown on the axes below.

[Graph: wr (rad/s) vs. wj (rad/s); y-axis from 0 to 5 in increments of 1, x-axis from 0
to 10 in increments of 2. Data points roughly follow a straight line through the origin,
e.g. near (2, 0.9), (4, 1.4), (6, 2.6), (8, 3.6), (10, 4.2).]

On the graph on the previous page, draw a best-fit line for the data.

(e)(ii) Using the straight line, calculate the rotational inertia of the unknown object /iy
about a vertical axis passing through its center of mass.
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[Figure above the question: A horizontal circular "Platform” (rotational inertia /p) mounted on
a "Vertical Axis"”, shown from a 3D perspective with an arrow indicating rotation direction. A
small "Motor-Driven Wheel” of radius r is mounted under the platform and touches it at a
distance D from the vertical axis.]

A horizontal circular platform with rotational inertia /p rotates freely without friction on a
vertical axis. A small motor-driven wheel that is used to rotate the platform is mounted under
the platform and touches it. The wheel has radius r and touches the platform a distance D
from the vertical axis of the platform, as shown above. The platform starts at rest, and the
wheel exerts a constant horizontal force of magnitude F tangent to the platform until the
platform reaches an angular speed wp after time At. During time At, the wheel stays in
contact with the platform without slipping.
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(f) The kinetic energy of the spinning platform before the object is dropped on it is K.
The total kinetic energy of the platform-object system when it reaches angular speed
wris Kr. Which of the following expressions is true?

Kr < K; Kr= K; Kr> K;
Justify your answer.
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[Figure above the question: A horizontal circular "Platform” (rotational inertia /p) mounted on
a "Vertical Axis"”, shown from a 3D perspective with an arrow indicating rotation direction. A
small "Motor-Driven Wheel” of radius r is mounted under the platform and touches it at a
distance D from the vertical axis.]

A horizontal circular platform with rotational inertia /p rotates freely without friction on a
vertical axis. A small motor-driven wheel that is used to rotate the platform is mounted under
the platform and touches it. The wheel has radius r and touches the platform a distance D
from the vertical axis of the platform, as shown above. The platform starts at rest, and the
wheel exerts a constant horizontal force of magnitude F tangent to the platform until the
platform reaches an angular speed wp after time At. During time At, the wheel stays in
contact with the platform without slipping.
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(g) One of the students observes that the center of mass of the object is not actually
aligned with the axis of the platform. Is the experimental value of /i obtained in part
(e) greater than, less than, or equal to the actual value of the rotational inertia of the
unknown object about a vertical axis that passes through its center of mass?

Greater than Less than Equal to
Justify your answer.
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Solution 3

(a)

m Substitute into the rotational form of Newton's second law (1 pt):

FD
T=la= FD = Ilpa = a = T Substitute into a rotational kinematic

P
FD
equation to find the angular speed (1 pt): wo = w; + @At =0+ /—At,
P
FDAt

giving wp = .
Ip
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(b)

m Use the rotational kinetic energy equation (1 pt):

FDAL\?
K=1lw3=3(/) < - > . Give an answer consistent with part (a) (1 pt):

FDAt)?

K
2/
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(c)

m Indicate that the linear speed of the platform’s edge equals the linear speed of
the wheel's edge at the point of contact (1 pt): vp = vy or (rw)p = (rw)w.
Correctly relate the linear speeds to the angular speeds (1 pt):

Dw
pr: rww = Ww = 7P
r
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(d)

m Use conservation of angular momentum for the disk landing on the platform
(1 pt): Ly = Ly = hwy = hws. Correctly substitute (the disk has the same
rotational inertia /p as the platform, so the combined inertia doubles) (1 pt):
Ipwp = (2[P)Wf:> Wf = %CUP.
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(e)(i)

m Draw a reasonable straight best-fit line through the plotted wr vs. w; data
points on the given graph (1 pt for an appropriate best-fit line).
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(e)(ii)

m Use conservation of angular momentum to derive an expression containing Iy

(1 pt): Li= L= lpw; = (IP + IU)(.Uf:> ly=1Ip <WI> — Ip. Substitute two
wf

points read from the best-fit line (1 pt):
4.0 — 1.0 rad/s
ly=(31kg -m?) ( —————"=) — (3.1 kg-m?) = 4.1 kg - m? (the point
u=( gm)<9.3—2.4rad/s> (3.1 kg - m”) g m? (the poin
(0,0) may be used implicitly if the best-fit line passes through the origin).
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()

m Select Kr < K; with an attempt at a relevant justification (1 pt), plus a fully
correct justification (1 pt). Example: Because the two disks end up rotating
together at the same final angular speed, this is an inelastic collision, so
kinetic energy is lost during the collision — therefore Kr < K;.
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(g)

m Select 'Greater than’ with an attempt at a relevant justification (1 pt), plus a
fully correct justification (1 pt). Example: Because the object’s center of mass
is off the platform’s axis, the parallel-axis theorem | = Iy + Mh? applies, so
the true (actual) rotational inertia about the axis through the center of mass
is smaller than what was measured — the experimental value obtained in part
(e) is therefore greater than the actual value, increased by Mh?.



