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3. Differentiation: Composite, Implicit, and Inverse Functions  Starter

Quiz - PREI/MU

AP Calculus BC Name: Score:

1. The Chain Rule gives di[f(g(w))] =
x

O f'(z) - ¢'(z)

O f(g(x)) - g'(x)

O f(g(z))
fg'(z))

d
2. Differentiating with respect to x, d—[gf] =
T

U 2y

dy
0 2
Y ix

0 2z
a2

3. The derivative of an inverse is (f~!)'(z) =

0 /()
1
P @)
1
ey
0 /()

H

d
4. What is — [arcsin z]?
dx

1
1+ a2
1
V1—2a2
L] cosx
1

V1—22

5. Which rule does y = 22 sin x need at the top level?

0

0o —

L] quotient rule

(] product rule

AP Calculus BC - Starter quiz #a[/Mill @ @



L] chain rule only

[J power rule only

d
6. For 2% + y? = 25, % = —g. Find the slope at (3,4) (a decimal).

7. 1f f(2) =5 and f/(2) =4, find (f71)(5).

8. For f(z) = 2% — 22? + 5z, f'(x) = 6x — 4. Find f(2).

9. For y = (22 + 1)3, find ¢/ at z = 0. (Chain rule: 3(2z + 1)?- 2.)

10. The factor Z—g is added to every term, including pure z terms like 2.

O True O False

AP Calculus BC - Starter quiz #a[/Mill @



3. Differentiation: Composite, Implicit, and Inverse Functions Answers

BR

AP Calculus BC

L f'(g(z)) - ¢'(x)

Outer derivative at the inner, times the inner derivative.

dy
2. 2y—
dx
Chain rule: 2y times the inner derivative %’
5 1
: 1
f'(fH@))
One over the original derivative at the matching input f=*(z).
1
4, ——
V1—a?
arcsin has the root form Wut

5. product rule

It is a product of 2 and sin 2z — product rule.

6. -0.75
-3 =-0.75.
7. 0.25

y' =62z +1)% at 0: 6(1) = 6.

10. False

Only terms containing y get the 4y factor.
) : dz

AP Calculus BC - Starter quiz Ha7/N @ @



AP CALCULUS BC « EXERCISE SHEET

3.1 The Chain Rule

Name: —~ Class: . Date: - Total: 9 marks

KEY WORDS chain rule 550750 « composite function & 45 PR 4L

Objective
Build the skills to answer exam questions on the chain rule.

You must be able to:

o differentiate a composite function & &K% with the chain rule £%3yE N

1 Worked examples

Study these first. Each one shows the method for a question type used later.

B The chain rule

— derivative of the outer (evaluated at the inner) times the derivative of the inner.

B Example

d . 2\ 2 _ 2
%[sm(a@ )] = cos(z?) - 2z = 2x cos(x?).

2 Practice

2.1 State the chain rule. 1]
2.2 Differentiate (2% + 1)3. 2]
2.3 State what the chain rule is for. 1]
AP Calculus BC o 3.1 The Chain Rule @



3 Exam-style questions

3.2 dix [sin(x?)] equals

o A cos(z?)
o B 2z cos(z?)
o C 2xsin(z?)
o D cos(2z)

3.3y=(3z+1)%

a) Identify the outer and inner functions.
c

(
(b) Apply the chain rule.
(c) State y'.

AP Calculus BC e 3.1 The Chain Rule

©®



Solutions

2.1 L [f(g(@)] = F'(9(x) - ¢ (2).

dx
2.2 3(z? +1)* - 22 = 6z(2% + 1)
2.3 differentiating a composite (a function of a function).
3.1 B.
3.2 B.

3.3 (a) outer u*, inner 3z + 1. (b) 4(3z +1)3-3. (c) ¥/ = 12(3x + 1)3.

AP Calculus BC e 3.1 The Chain Rule

@



Name: ( ) AP Calculus BC: 2023

t
(seconds)

f(1)

(gallons per second)

0 60 90 120 | 135 | 150

0 0.1 | 0.15 ] 0.1 | 0.05 0

1. A customer at a gas station is pumping gasoline into a gas tank. The rate of flow of gasoline is modeled by a
differentiable function f, where f(¢) is measured in gallons per second and ¢ is measured in seconds since
pumping began. Selected values of f(¢) are given in the table.

135
(a) Using correct units, interpret the meaning of I60 f(z) dt in the context of the problem. Use a right

Riemann sum with the three subintervals [60, 90], [90, 120], and [120, 135] to approximate the value of

135
_[ f(t) dr.

60

(b) Must there exist a value of ¢, for 60 < ¢ < 120, such that f’(¢) = 0 ? Justify your answer.
t t 2
(c) The rate of flow of gasoline, in gallons per second, can also be modeled by g(¢) = [%] cos [EJ for
0 <t < 150. Using this model, find the average rate of flow of gasoline over the time interval 0 < ¢ < 150.

Show the setup for your calculations.

(d) Using the model g defined in part (c), find the value of g’(140). Interpret the meaning of your answer in
the context of the problem.

Write your responses to this question only on the designated pages in the separate Free Response
booklet. Write your solution to each part in the space provided for that part.



Name: ( ) AP Calculus BC: 2014

CALCULUS BC
SECTION II, Part B
Time— 60 minutes
Number of problems—4

No calculator is allowed for these problems.

J

(4, -4)

Graph of f
3. The function f is defined on the closed interval [—5, 4]. The graph of f consists of three line segments and is
shown in the figure above. Let g be the function defined by g(x) = J-_); f(z) dr.
(a) Find g(3).

(b) On what open intervals contained in =5 < x < 4 is the graph of g both increasing and concave down?
Give a reason for your answer.

(c) The function # is defined by h(x) = % Find A’(3).

(d) The function p is defined by p(x) = f (x2 - x). Find the slope of the line tangent to the graph of p at the
point where x = —1.




AP CALCULUS BC « EXERCISE SHEET

3.2 Implicit Differentiation

Name: -~ Class: . Date: Total: 9 marks

KEY WORDS implicit differentiation [& R4k S » implicit relation faal ¢ £ o chain rule 5203

Objective
Build the skills to answer exam questions on implicit differentiation.

You must be able to:
N . d
o differentiate an implicit relation [z & by attaching d_y to every y
x

d
e solve for 4y
T

1 Worked examples

Study these first. Each one shows the method for a question type used later.

B Implicit differentiation

Differentiate both sides with respect to x, writing " each time you differentiate y (the
chain rule), then solve for ¥/

B Example

PP =25 = w2y =0 =y = ——.
)

2 Practice

2.1 State what to attach when differentiating y. 1]
2.2 Differentiate 2? + y? = 25 implicitly. [2]
2.3 State the final step. 1]
AP Calculus BC o 3.2 Implicit Differentiation @



3 Exam-style questions

3.1 In implicit differentiation, differentiating y? gives

o A2y
« B2yy
« Cy
e D2z

3.2 After differentiating, you

o A stop

e B solve for @
dx

e Csety=0
o D integrate

3.3 22 +y? = 25.
(a) Differentiate both sides.
(b) Isolate the y" term.

(c) Solve for ¥/

AP Calculus BC o 3.2 Implicit Differentiation

()



Solutions
d
2.1 the factor ﬁ (i.e. v).

2.2 27+ 2y = 0,50y = ——.
y

d
2.3 solve the equation for d—y
x

3.1 B.
3.2 B.
3.3 (a)2x+2yy =0. (b) 2yy = —2z. (¢) ¥

AP Calculus BC o 3.2 Implicit Differentiation
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Name: ( ) AP Calculus BC: 2025

M UNLUUVLUU DUV £UAU ~ 1 Il =Wl WITWE Wik I 1w iYW

d
5. Let y = f(x) be the particular solution to the differential equation d_ic; = (3 — x)y* with initial
condition £(1)=—1.

y
A. Find f”(1), the value of d—JQ/ at the point (1, — 1). Show the work that leads to your answer.
X

B. Write the second-degree Taylor polynomial for fabout x = 1.

C. The second-degree Taylor polynomial for fabout x = 1 is used to approximate f (1.1 ) Given
that | /"(x)| < 60 for all x in the interval 1 <x < 1.1, use the Lagrange error bound to show
that this approximation differs from f (1.1) by at most 0.01.

D. Use Euler’s method, starting at x = 1 with two steps of equal size, to approximate f (1.4).
Show the work that leads to your answer.



AP CALCULUS BC « EXERCISE SHEET

3.3 Differentiating Inverse Functions

Name: -~ Class: . Date: Total: 9 marks

KEY WORDS reciprocal 8|4 « inverse function )z pR%L

Objective
Build the skills to answer exam questions on differentiating inverse functions.

You must be able to:

e apply (f7')(a) = F(f~Ha))

1 Worked examples

Study these first. Each one shows the method for a question type used later.

B Derivative of an inverse

The slope of the inverse function [ pR%{ is the reciprocal of the slope of f at the
corresponding point.

B Example

If £(2) =5 and f/(2) =4, then (f~1)/(5) = —— =

AP Calculus BC o 3.3 Differentiating Inverse Fu S @



2 Practice

2.1 State the inverse-derivative formula. 1]
2.2 If f/(2) =4 and f(2) =5, find (f~1)(5). 2]
2.3 State the relationship between the two slopes. 1]

3 Exam-style questions
3.1 (f7")(a) equals 1]

< AT
T )
£ CIU@)

e« D —
a

3.2 The slope of f~!is the of the slope of f. 1]

e A same

e B reciprocal
o C negative
e D square

3.3f3)="17,f'(3) =2

(a) Find f~1(7). [1]
(b) Apply the formula. [1]
AP Calculus BC o 3.3 Differentiating Inverse Fu S @
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(c) Find (f1)(7).

AP Calculus BC o 3.3 Differentiating Inverse Ft
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Solutions

o
f'(f~(a))

2.2 71(5) =2, s0 (f1)(5)

2.1 (f71)(a) =
11

GRS

2.3 they are reciprocals of each other.

3.1 B.
3.2 B.

1 1
3.3 (2) 3. (0) 550 (0 5

AP Calculus BC o 3.3 Differentiating Inverse Ft
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AP CALCULUS BC « EXERCISE SHEET

3.4 Differentiating Inverse Trigonomet-
ric Functions

Name: - Class: - Date: Total: 9 marks

KEY WORDS inverse trigonometric functions sz — ff R4

Objective

Build the skills to answer exam questions on differentiating inverse trigonometric
functions.

You must be able to:

« state and use the derivatives of arcsin x, arccos z, and arctan x

1 Worked examples

Study these first. Each one shows the method for a question type used later.

B Tnverse trig derivatives
d 1 d 1

%[arcsin .Z'] = ﬁ, %[arccos I] = —ﬁ,

1
— larctan x| = .
dx | ] 1+ 22
AP Calculus BC o 3.4 Differentiating Inverse Ti aetric Functions @



2 Practice

d
2.1 State %[arcsin x).

2.2 State % [arctan x].

2.3 Stat d[ ]
. ate —[arccos z].
dx

3 Exam-style questions

d
3.1 —[arctan z] equals

dx
1

« A
V1— 22

d :
3.2 —[arcsin z] equals
dz

1

1+ 22
1

vV1—a22
B
N

D arccosz

- B

3.3 Differentiate each.

AP Calculus BC o 3.4 Differentiating Inverse Ti

aetric Functions



(a) arcsin .
(b) arctan .

(c) arccos .

AP Calculus BC e 3.4 Differentiating Inverse T

aetric Functions



Solutions

1
V1—22

1
1422

1
V1—a?
3.1 B.
3.2 B.

2.1

2.2

2.3 —

AP Calculus BC o 3.4 Differentiating Inverse Ti aetric Functions
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AP CALCULUS BC « EXERCISE SHEET

3.5 Selecting Procedures for Calculat-
ing Derivatives

Name: —~ Class: . Date: Total: 9 marks

KEY WORDS chain rule 4=yl

Objective

Build the skills to answer exam questions on selecting procedures for calculating
derivatives.

You must be able to:

 recognise the structure of an expression and pick the right rule (power, product,
quotient, chain)

1 Worked examples

Study these first. Each one shows the method for a question type used later.

B Choosing a rule

« a power of x — power rule;

e a product — product rule;

e a quotient — quotient rule;

 a composite (function of a function) — chain rule.

Combine them when an expression mixes structures.

2 Practice

2.1 State which rule to use for a composite. 1]
2.2 State which rule to use for a product. 1]

2.3 For y = 2? sin z, name the rule. 2]

AP Calculus BC e 3.5 Selecting Procedures for ating Derivatives @

(@)



3 Exam-style questions

3.1 For y = (22 + 1)°, use the

o A quotient rule

e B chain rule

o C product rule only
e D no rule

3.2 For y = <
x

, use the
+1

o A power rule

« B quotient rule
e C chain rule

e D sum rule

3.3 Name the rule for each.

(a) y = 2.
(b) y = ze®.

(c) y = sin(z?).

AP Calculus BC e 3.5 Selecting Procedures for

@)

ating Derivatives



Solutions

2.1 the chain rule.

2.2 the product rule.

2.3 the product rule.

3.1 B.

3.2 B.

3.3 (a) power rule. (b) product rule. (c) chain rule.

AP Calculus BC e 3.5 Selecting Procedures for ating Derivatives



AP CALCULUS BC « EXERCISE SHEET

3.6 Calculating Higher-Order Deriva-
tives

Name: -~ Class: . Date: - Total: 9 marks

KEY WORDS second derivative [ 54F

Objective
Build the skills to answer exam questions on higher-order derivatives.

You must be able to:

« find the second derivative [} 5%t 1"
2

. Yy
e use the notation —
dx?

1 Worked examples

Study these first. Each one shows the method for a question type used later.

B Higher-order derivatives
The second derivative f” = (f’)" is the derivative of the first derivative. Notation:
d*y
" “wd
f ('r>7 de N
B Example
flz)=2%= f'(z) = 32* = f"(z) = 6u.

AP Calculus BC o 3.6 Calculating Higher-Orde: atives @
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2 Practice

2.1 State what the second derivative is. 1]
2.2 For f(z) =23, find f”. 2]
2.3 State the notation for the second derivative. 1]

3 Exam-style questions
3.1 The second derivative is the derivative of 1]

« Af

« Bf

o C the integral
e D a constant

2

d
3.2 ©Y denotes the 1]
dx?

e A first derivative

e B second derivative
o C integral

o D slope only

3.3 f(z) = 2.

(a) Find f". 1]
(b) Find f”. 0
AP Calculus BC o 3.6 Calculating Higher-Orde: atives @



(c) State f”(1).

AP Calculus BC o 3.6 Calculating Higher-Orde:

@)

atives




Solutions
2.1 the derivative of the first derivative.
2.2 ' =322, so f" = 6.

d2y

2.3 " —

() or 2
3.1 B.
3.2 B.

3.3 (a) 42%. (b) 1222. (c) 12.

AP Calculus BC o 3.6 Calculating Higher-Orde: atives



Name: ( ) AP Calculus BC: 2025

d
5. Let y = f(x) be the particular solution to the differential equation d—;} = (3 — x)y* with initial
condition £(1)=—1.

y
A. Find f”(1), the value of d—JQ) at the point (1, — 1). Show the work that leads to your answer.
X

B. Write the second-degree Taylor polynomial for fabout x = 1.

C. The second-degree Taylor polynomial for fabout x = 1 is used to approximate f (1.1 ) Given
that | /”(x)| < 60 for all x in the interval 1 < x < 1.1, use the Lagrange error bound to show
that this approximation differs from f (1.1) by at most 0.01.

D. Use Euler’s method, starting at x = 1 with two steps of equal size, to approximate f (1.4).
Show the work that leads to your answer.

AP Calculus BC: 2023

6. The function f has derivatives of all orders for all real numbers. It is known that f(0) =2, f’(0) = 3,
F7(x) = —f(xz), and f7(x) = —2x - f’(x2>.

(a) Find f ) (x), the fourth derivative of f with respect to x. Write the fourth-degree Taylor polynomial for f

about x = 0. Show the work that leads to your answer.

(b) The fourth-degree Taylor polynomial for f about x = 0 is used to approximate f(0.1). Given that
‘ f () (x) ’ < 15 for 0 £ x < 0.5, use the Lagrange error bound to show that this approximation is within

1
0 of the exact value of f(0.1).

(c) Let g be the function such that g(0) = 4 and g’(x) = ¢”f(x). Write the second-degree Taylor polynomial
for g about x = 0.

Write your responses to this question only on the designated pages in the separate Free Response
booklet. Write your solution to each part in the space provided for that part.



Name: ( ) AP Calculus BC: 2023

STOP

END OF EXAM

AP Calculus BC: 2017

CALCULUS BC
SECTION II, Part B
Time—1 hour

Number of questions—4

NO CALCULATOR IS ALLOWED FOR THESE QUESTIONS.

y
A
(-6,2) (3,2)
——t—t :0__1 ——%—x
Graph of [’

3. The function f is differentiable on the closed interval [—6, 5] and satisfies f(—2) = 7. The graph of f’, the
derivative of f, consists of a semicircle and three line segments, as shown in the figure above.

(a) Find the values of f(—6) and f(5).
(b) On what intervals is f increasing? Justify your answer.
(c) Find the absolute minimum value of f on the closed interval [—6, 5]. Justify your answer.

(d) Foreachof f”(—5) and f”(3), find the value or explain why it does not exist.




Name: ( ) AP Calculus BC: 2016

4. Consider the differential equation % =x’ - % y.

2

(a) Find % in terms of x and y.
X

(b) Let y = f(x) be the particular solution to the given differential equation whose graph passes through the
p g q graph p g
point (=2, 8). Does the graph of f have a relative minimum, a relative maximum, or neither at the
2 8)

point (=2, 8) ? Justify your answer.

(c) Let y = g(x) be the particular solution to the given differential equation with g(—1) = 2. Find

. -2
lim &2 . Show the work that leads to your answer.
=\ 3(x +1)

(d) Let y = h(x) be the particular solution to the given differential equation with 4(0) = 2. Use Euler’s

method, starting at x = 0 with two steps of equal size, to approximate A(1).
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