AP CALCULUS BC « EXERCISE SHEET

6.4 The Fundamental Theorem of Cal-
culus and Accumulation Functions

Name: ~ Class: . Date: - Total: 11 marks

KEY WORDS accumulation function 2141 o accumulation ZFH « integral F1/4)

Objective

Build the skills to answer exam questions on the Fundamental Theorem of Calculus
and accumulation functions — differentiating an integral with a variable limit.

You must be able to:

d x

e use d_/ f(t)dt = f(z) (the accumulation function ZFHpE%L)
€z a

o apply the chain rule when the upper limit is a function of x

xr
o evaluate an accumulation function g(z) = / f(t)dt at given points
a

1 Worked examples

Study these first. Each one shows the method for a question type used later — follow
the steps and you can do the Practice and Exam-style questions yourself.

B The Fundamental Theorem (derivative form)

If g(x) = / f@t)dt, then ¢'(x) = f(x). Differentiating "undoes” the integral. For

g(x) = / cos(t?) dt, we get ¢'(z) = cos(x?) — no integration needed.
2

B Chain rule with a variable upper limit

If the upper limit is u(z), then

[ 1w =) v,

2

For / sintdt: the answer is sin(z?) - 2x.
0
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B Evaluating an accumulation function

xT

3

g(x) = / (2t)dt. A value like g(3) = / 2tdt = [t*]? =9 -1 =8, and g(1) = 0
1 1

(zero-width interval).

B Sign of the accumulation

g increases where f > 0 and decreases where f < 0, because ¢’ = f. Reading a
graph of f tells you where g rises and falls.

2 Practice

Now apply the methods above.

21 1Ifg(x) = / (t* 4+ 1) dt, find ¢'(z). 1]
0
od 7
2.2 Find —/ Vitdt. [1]
dr J,
d [~
2.3 Find —/ costdt. 2]
dz J,

3 Exam-style questions
3.11If g(z) = /1 f(t)dt, then ¢'(z) = 1]

« A fi(z)

B f(z)

C f(z) = fla)
« D F(x)— F(a)

3.2 Let g(x) = / f(t)dt, where f is continuous.
2

(a) Find ¢(2). 1]
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(b) Given f(5) =7, find ¢'(5). 1]

(c) If f(t) > 0 for all t > 2, state whether g is increasing or decreasing for > 2, with a
reason. [2]

2z
3.3 Let h(x) = / e~ dt. Find W (). 2]
0
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Solutions

2.1 ¢ (z) =2+ 1.

2.2 /7.

2.3 cos(x?) - 322

3.1 B — by the Fundamental Theorem, ¢'(x) = f(z).

3.2 (a) g(2) = 0 (zero-width interval). (b) ¢’(5) = f(5) = 7. (c) Increasing — ¢'(z) =
f(z) >0 for x > 2.

3.3 W(zx)=e (9.2 =92e 4"
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