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Physical quantities and units
A-Level Physics

Physical quantities

A physical quantity has two parts: a number (its magnitude ) and
a unit . The number on its own tells you nothing. You must also say what is
measured and in which unit.

Example: “the length is 1.5” is not complete. “The length is 1.5 m” is a physical
quantity.

Making estimates

You should be able to estimate the size of the physical quantities in this syllabus.
Paper 1 usually opens with a question like this. Learn these rough values:

e mass of an adult human: ~ 70 kg; of a car: ~ 1000 kg; of an apple: ~ 0.1 kg
« weight of an adult human: ~ 700 N; of an apple: ~ 1 N

o height of an adult human: ~ 1.7 m; height of a room: ~ 3 m

1 1

o walking speed: ~ 1.5 m s™"; a car on a fast road: ~ 30 m s~

« speed of sound in air: ~ 340 m s~!; speed of light in a vacuum 0 3.0 x
108 m st

e acceleration of free fall :g~9.81ms 2

o density of water: 1000 kg m™>; of air: ~ 1.2 kg m™?; of steel: ~ 8000 kg m™®

o atmospheric pressure : ~ 1.0 x 10° Pa

e room temperature: ~ 20 °C ~ 293 K
o power of a kettle: ~ 2 kW; of a person climbing stairs: ~ 300 W

« wavelength of visible light: ~ 5 x 1077 m; diameter of an atom: ~ 107° m; of a
nucleus: ~ 1071° m

A good estimate has the right order of magnitude (the right power of ten).
For a human, 70 kg is a good guess; 7 kg is not.

To estimate a quantity that is not in the list, build it from ones that are. The kinetic
energy of a moving car is 1mv? ~ 1 x 1000 x 30% &~ 5 x 10° J. The pressure under a
standing person is 700 N/0.02 m? ~ 4 x 10* Pa. Always check that the power of ten
looks sensible before you move on.
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SI units

Base units

The SI system has seven base quantities ; five of them are used in this topic.
You must know these five and their units:

mass — kilogram, kg

length — metre, m

time — second, s

current — ampere ;A
temperature — kelvin , K

Every other unit in this syllabus is built from these five.

Derived units

A derived unit is made by multiplying or dividing base units. You should
be able to write any quantity in this syllabus in base units.

Build a derived unit from the equation that defines it:

speed = distance / time, so its unit is m s~*

acceleration = change in velocity / time, so its unit is m s72

force = mass x acceleration, so its unit is kg m s 2. The newton is

IN=1kgms >

work  and energy = force x distance, so the unit is kg m? s=2. The joule
is1J=1kgm?s 2

power = energy / time, so the unit is kg m? s~%. The watt is1 W=

1 kg m? s73.

pressure and stress = force / area, so the unit is kg m~' s72. The

pascal is1 Pa=1kgm 's 2

When a question asks for the SI base units of a quantity, replace each named unit with

its base units, then simplify. Example: the SI base units of the watt are kg m? s=3.

3

Checking that the units match

An equation is homogeneous when both sides have the same base units.
In plain words: the units on both sides match.

Write each side in base units and compare. Take the equation v? = u? + 2as:
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o right side, first term: (m s71)? = m? s~

o right side, second term: m s72 - m = m? s72

2 2

Both sides give m* s™=, so the units match.
Be careful: matching units do not prove the whole equation is correct. It could still
have a wrong number, or a missing factor of 2. But if the units do not match, the

equation is wrong for sure.
Worked example. The drag force on a falling ball is given by F' = kv?, where v is
the speed. Find the SI base units of the constant k.

Rearrange: k = F/v?. In base units, F' is kg m s~% and v? is m? s72, so

A multiple-choice question often asks "which equation could be correct?”. Check the
base units of each option; only a homogeneous equation can be correct. A pure number
(like 2, 7 or %) has no unit, so it never changes the check.

Prefixes

A prefix is a letter put in front of a unit to make it bigger or smaller by powers
of ten. You must know these:

10712 107° 1076 1073 10° 103 10° 10°
1 1 1 %
1

]
1 1 1 1
p n w m

each step is x10%

The SI prefizes climb in steps of a thousand, from pico to giga

Prefix Symbol Factor

tera T 1012
giga G 10°
mega M 106
kilo k 103
deci d 1071
centi ¢ 1072
milli m 1073
micro  p 10-¢
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Prefix Symbol Factor

nano n 1079
pico p 1012

To change a prefixed unit into base units, replace the prefix with its factor, then

simplify. Example: change 0.25 kN mm~? into N m™>:
103 N 103
-2 _ _ -2 8 -2
0.25 kN mm™° = 0.25 x —(10_3 e 0.25 x 106 Nm™=25x10°Nm

Take special care with squared units like mm?: you must square the factor too.

Errors and uncertainties

I

T g i

A wvernier caliper measures length precisely, with a small uncertainty.

Every measurement has some uncertainty — we are never fully sure
of the value. A good experimenter knows where the uncertainty comes from, makes a
fair estimate of it, and carries it through to the final answer.
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sleeve thimble
(main scale) (thimble scale)

spindle ratchet

Micromar 40A
0-25

frame

The main parts of a real micrometer screw gauge, which measures to the nearest 0.01

mm
(a) zero check (b) a measurement

PR 5 —

0N [= 0 5 | .

| 1— N ==
= 0 N e
f— —| 25
—| 45 | 11—

5.5 mm
reads 0.00 mm 5.5+ 0.28 = 5.78 mm

Reading a micrometer: add the main scale reading to the thimble reading
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Reading a real micrometer: read the mm and half~-mm on the sleeve, then add the
thimble scale

Vernier calipers measure to the nearest (.1 mm — the sliding scale gives the extra
digit

main scale = 15 mm 15+ 0.4 =154 mm

vernier line 4 lines up — 0.4 mm

Reading a vernier caliper: whole millimetres from the main scale, plus the tenths
from the vernier line that lines up
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Systematic and random errors

A systematic error changes every reading by the same amount, in the
same direction. You cannot find it by repeating the measurement. Common causes:

e a zero error (the scale does not read zero when the true value is zero)
« a calibration error (the scale itself is wrong)
» parallax (your eye is always to one side of the scale)

5

needle rests
below zero

An ammeter with a zero error: the needle reads below zero before any current flows

eye too far left eye straight above eye too far right

right eye reads too low left eye reads too high

true reading

Parallax error: different viewing angles give different scale readings

A systematic error makes the accuracy worse, but it does not change the
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precision

A random error makes readings jump above and below the true value, with
no pattern. Causes include how carefully you read the scale, changing conditions, and
the smallest step the instrument can show. If you repeat the measurement
many times and take the mean (the average), random errors partly cancel
out.

A random error makes the precision worse. But with enough repeats, the mean can
still be accurate.

On a graph the two errors look different. A systematic error moves every point by the
same amount, so the line of best fit keeps its gradient but no longer passes through
the origin: the intercept changes. Random errors scatter the points above and
below the line; a best-fit line drawn through the middle of the scatter still gives a
reliable gradient.

systematic (zero) error random error

X g
points scatter
about the line

intercept
moves

PX PX

A systematic error shifts the whole line, so the intercept moves; random errors
scatter the points about the line

Error How to reduce it

systematic  check for a zero error and subtract it; calibrate the instrument
against a known standard; read the scale from directly in front

random repeat the reading and take the mean; use an instrument with
smaller divisions; time many oscillations instead of one
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Precision and accuracy

Precision is how close repeated readings are to each other. Precise readings are
grouped very close together.

Accuracy is how close a reading (or the mean of several readings) is to the true value.

precise and accurate

number of
readings

T reading
imprecise but accurate
Y
o wn
o O
o cC
a5
E®
sQ
c
T .
T reading

precision: how closely repeated readings agree (random error / spread)

Precision: how narrow the distribution is around the true value T

A set of readings can be:

o precise and accurate — close together and near the true value

« precise but not accurate — close together, but away from the true value (a system-
atic error)

e accurate but not precise — spread out, but the mean is near the true value
o neither — spread out and away from the true value
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precise but not accurate

offset from T

i >
T reading

number of
readings

imprecise and not accurate

offset from T

number of
readings

f reading

accuracy: how close readings are to the true value (systematic error reduces accuracy)

Accuracy: whether the peak of the distribution is centred on the true value T

When a question gives a table of repeated readings, look at the spread (precision)
and the mean (accuracy) separately.

Estimating the uncertainty in a reading

Before you combine uncertainties, you need a sensible uncertainty for each raw reading:

o A single reading on an analogue scale: half the smallest division (a metre
rule reads to 1 mm, so one reading is 0.5 mm). A length needs two readings, one
at each end, so its uncertainty is +1 mm.

o A digital meter: £1 in the last digit shown (a stopwatch showing 2.47 s is £0.01 s).

e A hand-timed measurement: your reaction time matters more than
the display. Allow about £0.1 to 0.2 s, and time many oscillations instead of one,
so the same uncertainty is shared between all of them.

o Repeated readings: the uncertainty is half the range . Three timings

of 2.42, 2.48 and 2.45 s have a mean of 2.45 s and a range of 0.06 s, so t =
(2.45 4+ 0.03) s.

Be honest. If the edge of a shadow is hard to see, the uncertainty in its position is
several millimetres, however fine the scale. Examiners do not accept “the smallest
division” as the uncertainty of a difficult reading.
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Uncertainty in a derived quantity

A measurement is often written as x + Az. Here Az is the absolute uncertainty
. The percentage uncertainty is

o Az
percentage uncertainty in x = — x 100%.

||

A derived quantity is one you calculate from measured values. Its uncer-
tainty is found by simple rules:

o Adding or subtracting — add the absolute uncertainties. If y = a+bory = a—b,
then Ay = Aa + Ab.

- b
o Multiplying or dividing — add the percentage uncertainties. If y = a—, then
c

Ay Ao Ab A

== 4
lyl  lal ol el

o Powers — multiply the percentage uncertainty by the power. If y = a”, then

Ay Aa

— A P

vl [al
Worked example. A ball’s diameter is measured as d = (5.26 £+ 0.02) cm.
The volume of a sphere is V = 371 = im(d/2)%, so V o d* (V depends on d
cubed).

The percentage uncertainty in d is

0.02
— x1 ~ 0. .
96 x 100% =~ 0.38%

Because V o< d3, the percentage uncertainty in V is three times this, about 1.14%.
The volume is 37(2.63)% &~ 76.2 cm®. So the absolute uncertainty is 0.0114 x 76.2 ~
0.87 cm®. The final answer is V' = (76.2 4+ 0.9) cm?.

Do two values agree? Practical questions often ask whether two calculated values
of a constant support a suggested relationship. Do not just say “they are close”. Work
out the percentage difference between them,

L

mean of k; and ko

percentage difference = x 100%,

and compare it with the percentage uncertainty in £ (or with the criterion the ques-
tion gives, often 10%). If the difference is smaller, the two values agree within the
uncertainty and the relationship is supported. If it is larger, they do not.
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Significant figures

When you write a calculated quantity, give it the same number of significant
figures as the least precise measurement you used — usually two or three
in this syllabus. Too many significant figures makes the answer look more exact than
it really is. Too few loses useful information.

Practical papers ask you to justify the number you chose. Name the raw readings:
"a is given to 2 significant figures because L and t were each measured to 2 significant
figures.” The phrase "because of the raw data” on its own does not earn the mark. In
a table of results, judge each row from the least precise raw reading in that row; do
not force every row to the same number of figures.

Uncertainties on a graph

Paper 5 asks you to carry uncertainties through a graph:

o Plot each point with an error bar whose length shows the absolute uncer-
tainty in that value.

e Draw the line of best fit through the points, then the worst
acceptable line . the steepest (or shallowest) straight line that

still passes through every error bar.

o The uncertainty in the gradient is the difference between the two gradients, Am =
|Mpest — Mworst|- The uncertainty in the intercept is found the same way.

o When you plot a logarithm, the absolute uncertainty in Inz is Az/z (and in lgz
it is 0.434 Az /x). Work it out for the largest and smallest values of = separately.

Ay
worst acceptable line

best-fit line

Am = [Mpest — Mworst|

X

The worst acceptable line still passes through every error bar; the gradient
uncertainty is the difference between the two gradients
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A percentage uncertainty in the gradient then flows into any quantity you calculate
from it, using the rules above.

Scalars and vectors

A scalar has size only. A vector has both size and direction.

Examples from the syllabus:

« scalars: mass, time, temperature, energy, work, power, distance, speed, pressure,
density, electric charge

e vectors: displacement , velocity, acceleration, force (including weight), mo-
mentum

Quick test: if it makes sense to ask “in which direction?”, the quantity is a vector.
You cannot ask “in which direction is the temperature?”, so temperature is a scalar.
You can ask “in which direction is the velocity?”, so velocity is a vector.

Adding and subtracting vectors

A vector is drawn as an arrow: the direction of the arrow gives the direction of the
quantity, and the length of the arrow (drawn to scale) gives the magnitude.

F—— scale: 1 unit represents 5 m s~ !

N
(a) 15 m s~!, due east
> (b) 10 m s~ 1,
due south
Vectors represented as arrows drawn to scale
To add two coplanar vectors (vectors in the same flat plane), draw them tip
to tail. The resultant goes from the tail of the first arrow to the tip of the

second.

To find X — Y, add the reverse of Y: X + (—37) The reverse of Y has the same size
as Y but points the opposite way.
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30N

50 N
(a) - 5 A - 5
_|_
20 N
20 N 30 N
30 N
(b) — -
20 N
20 N 30 N v 7l7 10N

Adding and subtracting parallel vectors

If the two vectors are at right angles (90°), the size of the resultant is

IRl = VX2 Y2

and its direction comes from tanf =Y /X.

Worked example. A swimmer heads north at 1.2 m s™! across a river that flows

east at 0.5 m s™!. Find the size and direction of the resultant velocity.

The two velocities are perpendicular, so

IRl =v122+052=v1.69=13ms",

at an angle tand = 0.5/1.2, giving 0 ~ 23° east of north.
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0.5 (east)

1.2 (north) R— 1221052

Two perpendicular vectors add to a resultant of size v/ X? +Y?2 at angle 0

If two vectors have the same size F' with an angle 2ac between them, the resultant has
size 2F cos a and lies along the line that cuts the angle in half.

Worked example. Two forces of 6.0 N act on an object with 60° between them.
Find the resultant.

Here 2o = 60°, so a« = 30° and R = 2 x 6.0 x cos 30° = 10.4 N, along the line halfway
between the two forces. Resolving gives the same answer: each force has a component
6.0 cos 30° along that line, and their components at right angles to it cancel.

For two vectors at any other angle, either make a scale drawing of the
vector triangle and measure the resultant, or resolve both vectors into perpendicular
components, add the components, and recombine with v/ X2 + Y2,

1

Worked example. A ball moving east at 5.0 m s™ is hit so that it moves north at

5.0 m s~!. Find its change in velocity.

A change in velocity is a vector subtraction: AT = Ugpal — Uiitial. Draw 5.0 m s~! north,

then add the reverse of the initial velocity, 5.0 m s~! west. The two are perpendicular,
so |Av] = v/5.02 4+ 5.02 = 7.1 m s~ !, pointing north-west. The speed did not change,
but the velocity did. That is why a force must have acted on the ball (topic 3).

Splitting a vector into perpendicular parts

Any vector can be split into two perpendicular (at right angles) components
. Usually these are horizontal and vertical , or along and across a
surface. For a vector ¥ at angle 6 to the horizontal:

vg = vcosh, vy = vsinf.
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Fy = Fsinf

Fy = Fcosf

Resolving a vector into horizontal and vertical components

Choose the directions that make the problem easiest. On a slope (an inclined plane
), split the weight into one part along the slope and one part at right angles to it:

W = Wsin, W, =W cos#,

where 6 is the angle of the slope to the horizontal.

W sin 0
‘/

0 \ W cos 0

On a slope the weight splits into W sin @ down the slope and W cos 8 into the slope;
the angle between W and the perpendicular is the slope angle 0

You split a vector into components whenever you need to know how much of it acts
in one direction. For example: the part of a force that acts along a slope, or the
horizontal and vertical parts of a ball’s velocity after it is thrown.

Definitions the examiner accepts

A definition question is marked against fixed wording. Learn these exactly, and give
one answer only.

Term Definition

physical quantity a numerical magnitude together with a unit
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Term

Definition

homogeneous equation

systematic error

random error

Zero error

precision

accuracy

absolute uncertainty

percentage uncertainty

scalar

vector

an equation in which every term has the same base units

an error that shifts every reading in the same direction
by the same amount; not reduced by repeating

an error that scatters readings above and below the true
value; reduced by repeating and averaging

the reading an instrument shows when the true value is
Zero

how close repeated readings are to each other

how close a reading, or the mean of several readings, is
to the true value

the range within which the true value is expected to lie,
in the units of the quantity

the absolute uncertainty divided by the value, multiplied
by 100%

a quantity with magnitude only

a quantity with magnitude and direction

Exam tips

o Give every answer a unit, and check homogeneity — both sides of an equation
must have the same base units.

 Distinguish random error (reduce by repeating and averaging) from systematic
error (a zero or calibration error that repeats do not remove).

o Combine uncertainties: add absolute uncertainties when adding/subtracting,
add percentage uncertainties when multiplying/dividing (and multiply the %

by any power).

« Distinguish precision (small spread) from accuracy (close to the true value).

» Resolve a vector into perpendicular components (F cosf, F'sin@); add vectors tip-
to-tail or by components.
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Common mistakes

e Substituting 5 cm as 5, or 20 g as 20. Convert the prefix first: 0.05 m, 0.020 kg.

« Giving the percentage uncertainty in 72 as the same as in 7. Squaring doubles it;
a square root halves it.
o Treating the percentage uncertainty and the absolute uncertainty as the same num-

ber.

e Quoting “the smallest division” as the uncertainty of a reading that was hard to
take.

o Offering two answers to a definition. Commit to one.
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Kinematics
A-Level Physics

Key definitions

A speedometer shows speed: the distance travelled per unit time.

These five quantities come up in almost every kinematics question. Learn
the exact words — the examiner gives marks for precise wording.

» distance — the total length of the path travelled. A scalar

» displacement — the straight-line distance from the start to the end, with a
direction. A vector

« speed — the rate of change of distance with time. A scalar.

» velocity — the rate of change of displacement with time. A vector.

« acceleration — the rate of change of velocity with time. A vector.

The unit of speed and velocity is m s™!; the unit of acceleration is m s=2.

Two more phrases the examiner uses: uniform acceleration means constant
acceleration (a straight line on a velocity—time graph), and the acceleration of free
fall g is the acceleration of an object falling freely in a uniform
gravitational field when air resistance is negligible (small
enough to ignore).

A common mistake: deceleration just means acceleration in the opposite
direction to the velocity. It is not a separate quantity.

Speeds are sometimes given in km h™'. Convert before you calculate: 85 km h™' =
85 x 1000/3600 = 23.6 m s~ .
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A speed camera measures average speed over a known distance — displacement over
time, made into a fine

Motion graphs

Many marks come from reading or drawing motion graphs, the graphical methods
the syllabus names. Two graphs matter.

Displacement—time graph

The gradient (steepness) of a displacement—time graph at a point gives the
velocity at that moment.

o flat line — the object is at rest.

o straight sloping line — constant velocity (gradient = velocity).

e curved line — changing velocity. Draw a tangent at the point and find its
gradient.
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200 4

100 +

displacement / m

tangent: gradient
= velocity here

gradient of s-t tangent =v

. T T >
0 4 8 12 16

time/s

Displacement—time graph of a car on a test track

Velocity—time graph
The gradient of a velocity—time graph gives the acceleration at that moment.

The area between the line and the time axis gives the displacement in that time.

« flat line — constant velocity (zero acceleration).

« straight sloping line — uniform acceleration (constant acceleration).

o curved line — changing acceleration.

« area above the time axis is positive displacement; area below is negative (the object
moved backwards).
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AveIocity

; — o — Av
gradient =a=%

area =As= fvdt

, ptime
t

Velocity—time graph — gradient gives acceleration, area gives displacement
Aacceleration

-2
+3ms area under a-t = Av

¢ ptime

-5 ms?

Acceleration—time graph derived from the same motion

To find the displacement, split the area into triangles and rectangles, or count grid
squares. Area of a triangle is % x base x height; area of a rectangle is base x height.

Worked example. The graph shows the velocity of a lift. Find the acceleration in
each stage and the total distance travelled.
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v/msTt

0 T T T T T T >

t/s

Velocity—time graph of a lift: gradient gives each acceleration, the shaded area gives
the distance

3.0-0

e Stage A: gradient = 0= 0.75 m s 2.
o Stage B: the line is flat, so the acceleration is zero.
0—-3.0
« Stage C: gradient = 50 = —1.5 m s72 (a deceleration of 1.5 m s72).

o Distance: triangle A = % X 4.0 x 3.0 = 6.0 m, rectangle B = 6.0 x 3.0 = 18 m,

triangle C = § x 2.0 x 3.0 = 3.0 m; total 27 m.

When the graph is a curve, the area is still the displacement: count the squares under
the curve (half a square or more counts as one) and multiply by the value of one
square.

The four SUVAT equations

For motion in a straight line with uniform acceleration, we use five symbols: starting
velocity u, final velocity v, acceleration a, displacement s, and time t. Four equations
link them:

v=u-+at

s=ut+ %atQ
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s=1(u+v)t

v? = u? + 2as

Each equation uses four of the five symbols. To pick the right one: write down what
you know and what you want, then choose the equation with exactly those four.

Worked example. A car accelerates uniformly from 8 m s™! to 20 m s™! over a

distance of 56 m. Find its acceleration.

We know u, v and s and want a, so use v? = u? + 2as:

20 =8> +2a(56) = 336=112¢ = a=30ms 2

Where the SUVAT equations come from

You should be able to get these from the definitions of velocity and acceleration. Think
of the velocity—time graph of the motion: a straight line from u at t = 0 to v at time
t.

v = u + at: acceleration is the gradient, a = (v — u)/t, so v = u + at.

s = %(u + v)t: displacement is the area under the line, a trapezium with

parallel sides u and v and width ¢, so s = 1(u + v)t.

s =ut+ %at2: put v = u + at into the area: s = %(u +u+ at)t = ut + %atQ.

v? = u? 4 2as: from the first equation ¢ = (v — u)/a; put this into s = 1(u+ v)t to

get 2as = (v +u)(v —u) = v* — U

A “derive” question wants exactly these steps, each starting from a definition or an
equation already established, with no numbers.
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constant a = s-tis a parabola - gradient of tangent =v

Displacement—time graph for uniform acceleration — the slope at any point equals the
instantaneous velocity

If a question asks "which equation can be found using only the gradient of a velocity—
time graph?”, the answer is v = u + at (the gradient is the acceleration).

”Show that” questions. When the question gives the answer (“show that the height
is 3.2 km”), the marks are for the method. State the equation, substitute every value
with its unit, and give the result to one more significant figure than the value quoted
(3.24 km, which rounds to 3.2 km). Reaching the quoted value proves nothing on its
own.

Choosing a positive direction

Pick a positive direction at the start and keep it. Anything pointing the other way gets
a minus sign. For a ball thrown straight up, if "up” is positive: u is positive, a = —g
(gravity pulls down), and at the highest point the displacement is positive but
the velocity is zero.

Free fall under gravity

When air resistance can be ignored, an object in free fall has
a constant acceleration g ~ 9.81 m s~2 downwards. This is the same for every mass.

For a ball dropped from rest and falling a distance h:

h = %gtz, v = gt, v* = 2gh.
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For a ball thrown straight up with speed u:

o greatest height: put v = 0 in v = u? — 2gh, giving h = u?/(2g).
« time to reach the top: put v =0 in v = u — gt, giving t = u/g.
« total time to fall back to the start height: 2u/g (the motion is symmetric ).

Worked example. A ball is thrown straight up at 20 m s~!. Find the greatest height
it reaches (take g = 9.81 m s72).

At the highest point v = 0, so from h = u?/(2g):

20400
2% 981 19.62

h ~ 20.4 m.

When air resistance is not negligible

The equations above assume the only force is the weight. With air resistance, the
resultant force on a falling object is smaller than its weight, so the acceleration is less
than g; and because air resistance grows with speed, the acceleration keeps decreasing
as the object speeds up. On a velocity—time graph the line curves, its gradient falling
towards zero as the object approaches terminal velocity (topic 3). For
a projectile, air resistance shortens the range and lowers the maximum height, and
the path is no longer a symmetrical parabola : the object comes down more
steeply than it went up. A "state and explain” question wants the force first, then its
effect on the acceleration, then the effect on the motion.

Experiment to find ¢

A common method: drop an object from rest, then measure the distance h it falls and
the time ¢ it takes. Then

2h
g:t—Q-

Repeat for several heights and plot h against t2. The gradient of the best straight
line is g/2, so g is twice the gradient. Repeating reduces random error .
An electronic timer — using light gates , or a switch the ball hits — removes
reaction-time erTor.
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_- electromagnet

release switch A

start ~ steel ball

L ——

electronic timer
0.00 s

|
|
|
|
|
|
|
|
:
|
stop o
|
|
|
|
|
|
|
|
|
|
|

trapdoor

Experimental set-up for measuring the acceleration due to free fall

Motion in two directions

each jet follows a parabola

60° . .
45° .
{ ] 300 ®

T
nozzle |
|
|

greatest range at 45°

Water jets from a sprinkler trace parabola paths — a real example of projectile motion

When an object moves at constant velocity in one direction (say horizontal )
and speeds up in a direction at right angles to it (say vertical , under gravity),
the two motions do not affect each other. Treat each direction on its own, with its
own SUVAT equation.
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Horizontal throw

An object thrown horizontally with speed uy from height h, with air resistance ignored:

e horizontal: constant velocity uy. After time ¢, the horizontal distance is x = ugt.

o vertical: starts from rest and speeds up downwards at g. After time ¢, it has fallen
y = 2gt* and has vertical velocity vy = gt.

The time to reach the ground depends only on the height h, not on uy. Solve h = % gt?
for ¢; then the horizontal range is ugt.

Worked example. A ball is thrown horizontally at 15 m s=! from the top of a cliff
20 m high. Find the time it takes to land and how far from the base it lands (take
g=19.81ms?).

Vertical motion gives the time: from h = $gt?,

2 2
b= _h:,/ X2 90
g 9.81

Horizontal motion then gives the range: © = uyt = 15 x 2.0 = 30 m.

The horizontal-velocity graph is a flat line at uy. The vertical-velocity graph is a
straight line from the origin with gradient g.

Comparing two objects. If object A is dropped and object B is thrown horizontally
from the same height at the same moment, both reach the ground at the same time:
their vertical motions are identical. If instead B is thrown with an upward component,
it takes longer, because it must first rise and come back to the start height before it
falls the same distance. Its speed on landing is still found from energy: the kinetic
energy gained equals the potential energy lost, whatever the direction of the throw, so
a ball launched at any angle with the same speed from the same height lands at the
same speed (topic 5).

Projectile at an angle

A projectile thrown at speed u at angle 6 above the horizontal:
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at the top: vy =0, vy = ucosf launch velocity

u sin @

> T ucos

Projectile launched at angle & — horizontal and vertical motions are independent

e horizontal component of the starting velocity: uy = wcosf (stays constant
during the flight).

 vertical component of the starting velocity: uy = wusinf (gets smaller, becomes
zero at the top, then grows downwards).

At the highest point, vy = 0, but vy is still wcosf. The time to the top is t,, =
usinf/g; the total flight time (back to the start height) is 2¢,,.

Sketching the velocity graphs. Examiners often ask you to sketch vy and vy
against time on the same axes, taking upwards as positive. The horizontal component
is a flat line at wcos @ for the whole flight. The vertical component is a straight line
of gradient —g: it starts at +wusin @, crosses zero at the top of the flight, and reaches
—wusinf on landing at the start height. Label each line, mark the times where the
lines start and stop, and make the crossing sit exactly at t,p.

horizontal component vertical component (up is positive)
v v
A A
+usin6
VH = ucosb
gradient = —g
. Pt . Pt
triight top of flight triight
—usin®

Velocity—time sketches for a projectile: the horizontal component stays constant; the
vertical component falls in a straight line through zero at the top
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Worked example. A ball leaves the ground at 18 m s™! at 60° to the horizontal.
Show that it reaches its maximum height at ¢ = 1.6 s.

uy = 18sin60° = 15.6 m s~!. At the top vy = 0, so from v = u + at with a =
—981 ms™2: t=15.6/9.81=159s~1.6s.

u

0
|
|
|

>

< R

Range R of a projectile launched from and landing on level ground

Bouncing ball

When a ball bounces, its velocity—time graph is a set of straight sloping lines (constant
g) with a sudden jump at each bounce (the velocity flips direction, and gets smaller if

some energy is lost). Add up the times and the distances across the bounces.

AV (down +)

gradient =g every time

bounce: v flips sign
and gets smaller

A bouncing ball: every sloping line has gradient g; the velocity flips sign and shrinks
at each bounce

Read such a graph carefully: the gradient of every sloping line is the same g; the ball
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is at its highest point wherever the line crosses the time axis; and the height of each
bounce comes from the area of the triangle above (or below) the axis for that flight.

Two objects meeting

When two objects move along the same line in different ways, write a displacement
equation for each. Use the same start time and the same positive direction. Then set
the two displacements equal (or set their difference to a given gap).

For a goods train at constant velocity ug and an express train starting from rest with
acceleration a, both passing the same point at ¢t = 0:

Sg = ugt, Sg = %at2.

They are level again when sg = sg, giving t = 2ug/a.

A
300 4 — 90ods: s=12¢ they meet here:
c — = express: s=0.75t> t=16s, s=192m
; \ //
g 200 +
”
5 e
U] -~
o //
o 100 + -~
@ -
o -
-
-— - -
_——
0 —_— T T T T >
0 4 8 12 16
time t/s

Meet where the displacement—time graphs cross (same s at same t)

Tips for solving problems

1. Draw a diagram and mark the positive direction.

2. List the SUVAT symbols with their known and unknown values, including
signs.

3. Choose the SUVAT equation with exactly the four symbols you have, plus the
one you want.

4. For projectile motion, split into horizontal and vertical SUVAT problems,
linked only by the time t.
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5. Always check the units of your answer, and that its size is sensible.

Definitions the examiner accepts

A definition question is marked against fixed wording. Learn these exactly, and give
one answer only.

Term Definition
distance the total length of the path travelled (a scalar)
displacement the distance moved in a stated direction, from start to

finish (a vector)

speed the rate of change of distance with time

velocity the rate of change of displacement with time
acceleration the rate of change of velocity with time

uniform acceleration acceleration that is constant in magnitude and direction

acceleration of free fall ~ the acceleration of an object falling freely under gravity

alone, with air resistance negligible

Exam tips

Use the SUVAT equations only for constant acceleration; list s, u,v,a,t and
pick the equation missing your unknown.

Choose one direction as positive and keep signs consistent (usually g =
—9.81 m s72).
On a velocity-time graph, gradient = acceleration and area = displacement.

For projectiles, treat horizontal (constant velocity) and vertical (a = g)
motion separately, linked by the same time.

Common mistakes

Saying the heavier ball hits the ground first, or faster, when air resistance is ignored.
Both fall with the same acceleration and land at the same speed.

Taking the gradient of a v—t graph when the question wants the area, or the area
when it wants the gradient. Gradient is acceleration; area is displacement.
Drawing a curve on a v—t graph for a body under constant acceleration. Constant
acceleration is a straight line; only the sign of v changes at a bounce.

Using ¢ = +9.81 for a ball thrown upwards with "up” as positive. Once up is
positive, a = —9.81 m s~2 for the whole flight, on the way down too.
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» Using a SUVAT equation when the acceleration is changing (air resistance, a curved
graph). Then only the graph methods work.
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Dynamics
A-Level Physics

Mass, momentum and force

Mass
Mass tells you how hard it is to change an object’s motion. The larger the
mass, the larger the force  needed to give it a certain acceleration . Mass

is measured in kilograms (kg) and is a scalar

Momentum
Linear momentum is the product of mass and velocity:
p = mu.
Momentum is a vector — it points the same way as the velocity . Its unit
is kg m s~*, which is the same as N s.

Force as the rate of change of momentum

Newton’s second law, in its general form: the resultant force on an object
equals the rate of change of its momentum.

area
= impulse

» time

Impulse is the area under a force-time graph, equal to the change in momentum

_Ap

F=—.
At
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When the mass is constant this becomes F' = ma, because Ap = m Av and Av/At = a.
Cambridge questions often want you to use F' = Ap/At directly for a collision

or an impulse : the average force equals the change in momentum divided by
the contact time.

A ball hits a wall with momentum p; and bounces back with momentum p, in the
opposite direction. The change in momentum is Ap = py — p; (give each direction the
correct sign). The average force is Ap/At, where At is the contact time.

Worked example. A 0.20 kg ball hits a wall at 8.0 m s~ and bounces straight back
at 6.0 m s~!. The contact lasts 0.050 s. Find the average force on the ball.

Take the rebound direction as positive, so v = —8.0 m s™! and v = +6.0 m s
Ap=m(v—u)=0.20 x (6.0 — (—8.0)) =2.8kgms ',

_Ap 28

= — = = N
At 0.050 o0

When you know the momentum but not the speed, the change in kinetic energy
is

2 .2
AEk:p2 p1'
2m

This comes from Ey = imuv? = p?/(2m).

Momentum—time graphs

Because F' = Ap/At, the gradient of a momentum—time graph is the resultant force,
just as the gradient of a velocity—time graph is the acceleration. A straight line means
a constant resultant force; a horizontal line means zero resultant force; a line sloping
down means a force acting against the motion.
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Ap/kgms‘1

5000 +

braking
4000

3000 o

Ap =5000 kg m s~}
2000 A
gradient
=F=500N
1000 -

At=10s

The gradient of a momentum—time graph is the resultant force: 500 N while
accelerating, zero while the momentum is constant, negative while braking

Worked example. The graph shows the momentum of a motorcycle. Find the
resultant force on it during the first 10 s.

Gradient = Ap/At = 5000/10 = 500 N. Between 10 s and 16 s the momentum is
constant, so the resultant force is zero: the driving force just balances the resistive
forces. From 16 s to 20 s the momentum falls by 2000 kg m s, so the resultant force
is —500 N, acting backwards.

If a question tells you the speed is changing while the resultant force stays constant,
that force cannot be air resistance: drag depends on speed, so it would change as the
speed changes, and drag always acts against the motion.

Newton’s three laws of motion
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A rocket pushes gas down; by Newton’s third law the gas pushes the rocket up.

First law
An object stays at rest, or keeps moving at constant velocity in a straight line, unless
a resultant external force acts on it. In short: zero resultant force means zero
acceleration.

Second law
The resultant force on an object equals its rate of change of momentum, and acts in

the same direction as that change. In SI units,

_Ap

F==t_
AN

ma (for constant mass).

Acceleration and resultant force always point the same way.
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Free-body diagram showing all forces on a block being pulled at an angle

normal contact force R
A

\)
weight W

Weight and normal contact force on a book resting on a table

Third law

When body A pushes on body B, body B pushes back on body A with an equal and
opposite force. The two forces:

« act on different objects,

o are of the same type (both gravitational, both contact, both electrostatic ,
and so on),
e have the same size and opposite direction.
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A common trap: the weight of a block on a table and the normal contact
force from the table are not a third-law pair (they act on the same object and
are different types). The third-law partner of the block’s weight is the pull the block
makes on the Earth. The third-law partner of the table’s contact force is the push the
block makes on the table.

To name a third-law partner, swap the two bodies in the sentence. “The back wheel
of a bicycle pushes backwards on the road” pairs with “the road pushes forwards on
the back wheel”, and that forward push is what drives the bicycle. “The Earth pulls
the Moon” pairs with “the Moon pulls the Earth”, with the same size of force.

For a rocket: the thrust on the rocket and the force on the gases are a third-law
pair (the engine pushes the gas down, the gas pushes the engine up). Weight and air
resistance are not part of this pair.

A
R
R: table pushes the
| book up
R R’: book pushes the
l table down

Newton’s third-law pair: R on the book (up) and R' on the table (down)

Weight

Weight is the force on an object from a gravitational field . Near the Earth’s
surface,

W = mg,

where g ~ 9.81 m s™2 is the acceleration of free fall. Weight is a vector that points
towards the centre of the Earth. Do not mix it up with mass: mass is the same
everywhere, but weight changes with place.

On the Moon ¢ is about 1.6 m s™2, so an astronaut’s mass is unchanged but their

weight is about one sixth of its value on Earth. When a multiple-choice question
asks which statement describes weight, the answer is the one that says "the force on
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the object due to a gravitational field”, not "mass times acceleration” and not "the
resultant force”.

Non-uniform motion: friction, drag and terminal
velocity

Friction and drag forces

A friction force between two solid surfaces acts along the surface and opposes
the sliding. A viscous or drag force is the resistive force from a fluid

(a liquid or gas) on an object moving through it; air resistance is the case for air.
You do not need to use any coefficient of friction or viscosity.

A simple model: the drag gets bigger as the speed gets bigger. At zero speed, the drag
is zero. Drag also grows with the cross-sectional area of the object and
with the density of the fluid; a parachute works by making the area, and so the drag,
much larger. These frictional forces and drag forces are all resistive forces: they act
against the direction of motion and transfer kinetic energy to thermal energy.

normal contact force
A

frictional _ _ pulling
force I force P

v
weight of book

Free-body diagram of a book being pulled on a table

An object falling through air
For an object dropped from rest and falling through air:

1. At first, only weight acts, so the object speeds up downwards at g.

2. As the speed grows, the upward drag grows. The resultant force gets smaller, so
the acceleration gets smaller.

3. In the end, the drag equals the weight. The resultant force is zero, the acceleration
is zero, and the speed stays constant — the terminal velocity
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On a velocity—time graph, the line starts straight with gradient g, then bends and
flattens at the terminal velocity. This shape (fast start, then slowing acceleration,
then constant speed) is how "falling with air resistance” differs from "free fall in a
vacuum” in a uniform gravitational field . On an acceleration—time
graph the acceleration starts at g and decreases, curving down to zero.

Two spheres of the same size but different density have different terminal velocities:
the denser sphere has the larger weight, so it needs a larger drag to balance it, and
drag only reaches that value at a higher speed. That is also why a parachute changes
everything: when it opens, the drag suddenly exceeds the weight, the resultant force is
upwards, and the skydiver decelerates (the acceleration is upwards while the velocity
is still downwards) until the drag has fallen back to equal the weight at a new, much
lower terminal velocity.

parachute opens

1
drag = weight i
1

drag > weight:
deceleration

gradient falls
fromgto 0

lower terminal
velocity

2

A skydiver’s velocity—time graph: the acceleration falls from g to zero at the first
terminal velocity; opening the parachute makes the drag exceed the weight, so the
velocity falls to a new, lower terminal velocity
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terminal velocity v;

)/ atve: mg= drag =a=0

4 initial gradient =g

Velocity—time graph for an object falling through air

drag (viscous force)
+ upthrust
A
velocity - - falling
of object object
v - fluid
weight W

Forces on a falling object in a fluid

Falling through a liquid: three forces

A ball falling through a liquid has three forces on it: its weight downwards, the
upthrust upwards, and the viscous drag upwards. The upthrust comes from
hydrostatic pressure . the pressure in a liquid increases with depth, so
the liquid pushes harder on the bottom of the ball than on the top, and the resultant
of these pushes is upwards. Its size is the weight of the liquid the ball displaces,
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U = pliquiaV g (topic 4). The drag grows with speed. When weight = upthrust + drag,
the resultant force is zero and the ball falls at its terminal speed. A "draw labelled
arrows” question wants exactly these three, with the upthrust and drag both up and
the weight down.

Worked example. A steel ball of radius 2.0 mm and weight 2.56 x 1072 N falls
through oil of density 850 kg m~2. The viscous drag on it is F = 6wnrv, where 7 is
the viscosity of the oil and v the speed. (a) Find the SI base units of 1. (b)
Show that the upthrust on the ball is 2.8 x 107* N. (c¢) Taking 7 = 0.20 in SI units,
find the terminal speed.

a) n = F/(6mxrv), so its units are N/(m-m s ) =kem s 2/(m2s ) =kem™ ' s
(a) n = F/(6mrv), /( g g

(b) V = 3mr® = 3m(2.0 x 107%)* = 3.35 x 107® m?, so U = 850 x 3.35 x 107% x 9.81 =

279 x 107 N~ 2.8 x 107* N.

(c) At the terminal speed, drag = W —U = 2.56 x 1072 — 2.8 x 107* = 2.28 x 1073 N.
So v = F/(6mnr) =2.28 x 1073 /(67 x 0.20 x 2.0 x 1073) = 0.30 m s~

drag balances weight they fall at a steady terminal velocity)

Why the spread-eagle pose? Spreading out gives the largest area, so the most drag.
The bigger the drag, the sooner drag balances weight — and the lower the steady
terminal velocity they fall at

Energy during a terminal-velocity fall

At terminal velocity, a parachutist has constant kinetic energy. But the
gravitational potential energy keeps falling as they go down. Where
does it go? Almost all of it turns into thermal energy of the air around them.

It does not become kinetic energy of the parachutist — that stays constant.
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Cyclist or car at constant speed

A vehicle at constant speed on a flat road has zero resultant force. The forward
driving force is equal and opposite to the total resistive force (friction, air
resistance, and rolling resistance). At higher speed the drag is larger, so the driving
force must be larger too — and so the power must be larger.

On a slope the weight has a component along the road. Going up at constant speed,
the driving force must balance the resistive force and the part of the weight that pulls
down the slope, W sin #; going down, that same component helps the motion.

W sin 0
v -

A car climbing a slope at constant speed: along the slope the driving force balances
the resistive force plus the weight’s component W sin

Worked example. A car of mass 1500 kg climbs a road inclined at 12° to the
horizontal at a constant 30 m s™'. The total resistive force is 1600 N. Find the
driving force and the useful output power of the engine.

Constant speed means zero resultant force along the slope: D = 1600 + 1500 x 9.81 x
sin 12° = 1600 + 3060 = 4660 N ~ 4700 N. Power is force times velocity (topic 5):
P = Dv = 4660 x 30 = 1.4 x 10° W.

Conservation of linear momentum
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In a crash, a large force acts over a very short time to change momentum.

The principle

For a system with no resultant external force, the total momentum stays constant. This
is conservation of momentum . Stated for the two marks the examiner
gives: the total momentum of a system of objects remains constant provided
no resultant external force acts on the system. Both halves are needed: “total
momentum is constant” alone scores one.

It always holds when there is no outside resultant force — in collisions, explosions
, and recoil . In two dimensions, momentum is conserved along each direction
on its own.

Worked example. A 2.0 kg trolley and a 3.0 kg trolley are held together against a

compressed spring, then released from rest. The 2.0 kg trolley flies off at 6.0 m s™*.

Find the speed of the other trolley.

The total momentum stays zero (it started at rest), so

0= (2.0)(6.0) + (3.0)(—v) = v= % —40ms!

in the opposite direction.

O—— ——20

A B

equal size, opposite direction
(forces act on different objects)

Newton’s third law in an isolated two-particle system: equal and opposite forces
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Elastic and inelastic collisions
In every collision, momentum is conserved (if there is no outside resultant force).

An elastic collision is one where the total kinetic energy is also conserved.
A quick test: in an elastic collision, the relative speed of approach equals
the relative speed of separation.

In an inelastic collision , momentum is conserved but kinetic energy
goes down — some becomes thermal, sound, or deformation energy. If the two
objects stick together, the collision is perfectly inelastic.

Solving collision problems (one dimension)

U1 U2
—) (—
before: Q O
A B
U1 ]
— E ———
after: Q O
A B

Head-on collision: wvelocities before and after

For two objects with masses my, ms and starting velocities u, uo that hit head-on
, write

MU + Moo = M1V1 + MaVs.
Use signed velocities (positive in one chosen direction). If the collision is elastic, add
the relative-speed equation
Uy — Uz = —(Ul - U?);

or, the same thing, miu? + 1moud = Imyv? + Imov3. That gives two equations for
two unknowns.

Worked example. A 1500 kg car moving at 12 m s~! runs into a stationary 1000 kg
car and they lock together. Find their common velocity just after the collision.
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Momentum is conserved (the cars stick, so v; = vy = v):

18000
1500 % 1241000 x 0 = (1500 + 1000) v = v=" = =72ms "

Questions often go on to ask what fraction of the kinetic energy is transferred to other
forms. Before: Ey = $x1500x12% = 1.08x10° J. After: 1 x2500%7.2% = 6.48x10* J.
So 4.3 x 10* J, which is 40% of the original kinetic energy, becomes thermal energy,
sound and deformation of the cars. Momentum is conserved; kinetic energy is not.

Worked example. A stationary nucleus of mass 222 u decays by emitting an alpha
particle « of mass 4u at 1.6 x 10" m s~'. Find the speed of the remaining

nucleus.

Before the decay the total momentum is zero, so afterwards the two momenta are equal
and opposite: 218 u x v = 4u x 1.6 x 107, giving v = 2.9 x 10° m s~! in the opposite
direction to the alpha particle. The unit u cancels, so its value is never needed. In a
decay the momentum, the charge (proton number), the nucleon number and the total
mass—energy are all conserved (topic 11).

A useful result for a head-on elastic collision of mass m with a stationary mass
M:
m— M 2m
U = u, vy = u.
m+ M M= m+M

Collisions in two dimensions

If the objects move in two dimensions, split the velocities into perpendicular

components and apply conservation of momentum along each direction on its
own. For a collision where the objects hit at an angle, choose one axis along the first
object’s motion and one across it. The total momentum is conserved along each axis.

Worked example. On a frictionless surface, ball A has momentum 4.0 N s due east
and ball B has momentum 3.0 N s due north. They collide and stick together. Find
the momentum of the combined object.

Momentum is conserved along each axis: 4.0 N s east and 3.0 N s north after the
collision, exactly as before. The total momentum is the vector sum, 1/4.0% 4+ 3.0% =
5.0 N s at tan™!(3.0/4.0) = 37° north of east; the combined object moves that way
at 5.0 N s divided by the total mass. A multiple-choice diagram of two momentum
arrows is asking exactly this: add the arrows tip to tail.

A-Level Physics ¢ 3 Dynamics



m

A glancing collision resolved along two perpendicular axes

Rocket / pushing out mass

A rocket pushes out gas at velocity u (relative to itself) at a mass-flow rate
m (kg per second). It feels a thrust

F=m-u,

which comes from F' = Ap/At. The momentum given to the gas each second equals
the thrust on the rocket (Newton’s third law: the rocket pushes the gas one way, the
gas pushes the rocket the other way). An engine ejecting 90 kg of gas per second at
190 m s~! produces a thrust of 90 x 190 = 1.7 x 10* N.

Worked example. A rocket of weight W leaves the ground with an initial acceleration
a. What thrust does its engine produce?

Take upwards as positive. The resultant force is thrust minus weight, so T'— W = ma.
With m = W/g, T = W + Wa/g = W(1+ a/g). A rocket of weight 2.0 x 10° N
accelerating at 4.0 m s™2 needs a thrust of 2.0 x 10% x (1 4+ 4.0/9.81) = 2.8 x 105 N.
The thrust must exceed the weight before the rocket moves at all.

Definitions the examiner accepts

A definition question is marked against fixed wording. Learn these exactly, and give
one answer only.
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Term

Definition

mass
linear momentum
force

Newton'’s first law

Newton’s second
law

Newton’s third law

weight

principle of
conservation of
momentum

elastic collision

inelastic collision

terminal velocity

the property of an object that resists a change in its motion
the product of an object’s mass and its velocity
the rate of change of momentum

an object remains at rest or moves at constant velocity unless
acted on by a resultant force

the resultant force on an object is proportional to the rate of
change of its momentum, and acts in the direction of the
change

when two bodies interact, the force on one is equal in
magnitude and opposite in direction to the force on the other

the force on an object due to a gravitational field; equal to
the product of its mass and the acceleration of free fall

the total momentum of a system of objects remains constant
provided no resultant external force acts on the system

a collision in which total kinetic energy is conserved (and the
relative speed of approach equals the relative speed of
separation)

a collision in which momentum is conserved but some kinetic
energy is transferred to other forms

the constant velocity reached when the resistive force on a
moving object equals the force driving it, so the resultant
force is zero

Exam tips

« Newton’s second law is F' = Ap/At (rate of change of momentum); F' = ma is
the special case for constant mass.

o Identify third-law pairs correctly: the same type of force, acting on two different
bodies — not the balanced forces on one body.

e Momentum is conserved in every collision; kinetic energy is conserved only in
an elastic collision.

o For terminal velocity, explain that drag rises with speed until drag = weight, so
the acceleration becomes zero.
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Common mistakes

Writing “the forces are balanced” or “the forces cancel out”. Say “the resultant
force on the object is zero”.

Adding both speeds in a head-on collision because momentum is “total”. Choose a
positive direction, give the opposing velocity a minus sign, then add.

Calculating kinetic energy from a component of the velocity. Kinetic energy uses
the full speed of each body.

Calling the weight and the normal contact force on one object a third-law pair. A
pair acts on two different objects and is one type of force.

Stating conservation of momentum without the condition. It holds only when no
resultant external force acts on the system.
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Forces, density and pressure
A-Level Physics

Turning effects of forces

Centre of gravity

The weight of a large object can be treated as acting at one single point, called
the centre of gravity (the same as the centre of mass in a uniform
gravitational field). For a uniform, regular shape — a rectangle, a sphere, a uniform
rod — the centre of gravity is at the middle.

When you draw a free-body diagram , always put the weight arrow at the
centre of gravity.

For an irregular shape, find the centre of gravity by experiment. Hang the object freely
from a pin: in equilibrium it settles with its centre of gravity vertically below the
pin, because only then does the weight have no moment about the pin. A plumb line

hung from the same pin marks that vertical. Hang the object from a second
point and draw the second line; the centre of gravity is where the two lines cross. The
same fact answers the exam’s “explain why the sheet hangs like this”: its centre of
gravity is directly below the support, so the weight’s line of action passes through the
pivot and there is no resultant torque.

pin

hanging freely, the sheet settles
with its centre of gravity vertically
below the pin

hang it from a second point:
second pin the two plumb lines cross at
the centre of gravity

Finding a centre of gravity: hung freely, an object settles with its centre of gravity
vertically below the pin, so two plumb lines from two pins cross at it

For a non-uniform bar, the centre of gravity is not at the middle. Find it by
balancing the bar on a pivot, or by taking moments: if the bar’s weight W balances a
known weight, the distance of its centre of gravity from the pivot is the one moment
that makes the two sides equal.
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Moment of a force

The moment of a force about a point is

M=F-d

where F' is the size of the force  and d is the perpendicular distance

from the point to the line of action of the force. Unit: N m.
If the force acts at angle 0 to a lever arm of length r from the pivot , then
d =rsinf, so M = Frsinf. Only the part of the force perpendicular to the

lever arm makes it turn.

Worked example. A force of 50 N is applied to the end of a spanner 0.40 m long,
at 30° to the spanner. Find the moment of the force about the nut.

M = Frsin@ = 50 x 0.40 x sin 30° = 50 x 0.40 x 0.50 = 10 N m.

pivot

The moment depends on the perpendicular distance d from the pivot to the line of
action of the force

A moment is either clockwise or anticlockwise about the chosen
point.
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Couple and torque
A couple is a pair of forces that are:

e equal in size,
e opposite in direction,
o with their lines of action a perpendicular distance apart.

A couple makes the body turn only — its resultant force is zero, so it gives no
straight-line acceleration.

The torque of a couple is the turning effect it makes:

T=F-d,

where F' is the size of one force and d is the perpendicular distance between the two
lines of action. Unit: N m. The torque is the same about any point — a special
property of couples.

F =

A couple: two equal and opposite forces, a distance apart, producing a torque

A common multiple-choice trap: two equal forces in the same direction are not a
couple (they have a resultant force and cause translation ). A couple needs
equal size and opposite direction.

Watch the distance in the formula. For a couple of two forces F' each acting a distance
d from a central pivot, on opposite sides, the perpendicular distance between the two
lines of action is 2d, so the torque is F' x 2d = 2Fd. Taking moments about the pivot
gives the same answer, F'd + Fd. The two-mark definition wants both parts: the
product of one of the forces and the perpendicular distance between the
lines of action of the forces.
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Equilibrium of forces

Conditions for equilibrium
A body is in equilibrium when:

1. the resultant force is zero (no straight-line acceleration), AND
2. the resultant moment about any point is zero (no angular acceleration

).

Both must hold. A body with no resultant force can still be turning; a body with no
resultant moment can still be moving in a straight line.

The classic multiple-choice case: four forces, two equal pairs pointing in opposite
directions but not along the same lines. The resultant force is zero, so the centre of
mass does not accelerate, but the pairs form couples with a resultant torque, so the
object spins faster and faster while its centre of mass moves at constant velocity. Only
when both conditions hold is the body in equilibrium.

Principle of moments

For a body that is not turning, the total clockwise moment about any point
equals the total anticlockwise moment about the same point. This is the
principle of moments

To solve a balance problem:

1. Choose a pivot — usually where an unknown force acts, so that force drops out
(its distance is zero).

2. List every force and its perpendicular distance from the pivot.

3. Set Z Mclockwise = Z Manticlockwise'
4. Use > F =0 if you need a second equation.

A ruler balanced on a pivot with masses on each side is solved this way. For a heavy
uniform rod, remember to include its weight acting at its centre of gravity. Stated
for the marks: for a body in equilibrium, the sum of the clockwise moments
about any point equals the sum of the anticlockwise moments about that
same point.

Worked example. A uniform beam of length 4.0 m is pivoted at its centre. A 40 N
weight hangs 1.5 m from the pivot on one side. How far from the pivot, on the other
side, must a 30 N weight hang to balance the beam?

The beam’s own weight acts at the centre (the pivot), so it has no moment. Setting
clockwise = anticlockwise moments:
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40x15=30xd = d:%:ZOm.

anticlockwise clockwise
k—\ . | . /—‘

da

ds

| ___Y

Wi

W3

Wy W,

Weights on a rule balanced at a pivot — used to test the principle of moments

A tower crane is a moments problem: the counterweight’s moment about the mast
balances the moment of the load

Worked example. A uniform rod of length L and weight W = 28 N is hinged to a
wall at one end and held horizontal by a wire from its other end. The wire makes 40°
with the rod. Find the tension 7" in the wire.
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hingé’

=

L2 L/2

A hinged rod held by a wire: taking moments about the hinge removes the unknown
hinge force

Take moments about the hinge, so the unknown hinge force drops out. The weight
acts at the centre, a distance L/2 from the hinge: its moment is W x L/2, clockwise.
The tension acts at the end, but not at right angles to the rod, so its moment is
T sin40° x L, anticlockwise (only the component of T' perpendicular to the rod turns
it). Equate them:

28

T=——7-—=22N.
2 sin 40°

L
Tsin40°><L:W><§ =
The length L cancels, which is why the question need not give it. If a load hangs
from the rod as well, add its moment on the clockwise side. This is the shape of
almost every moments question: choose the pivot where the unknown force acts, use
the perpendicular component of any angled force, and let unknown lengths cancel.

Worked example. A uniform beam of weight 200 N and length 9.0 m rests on two
supports, X at 1.0 m from the left end and Y at 6.5 m. A person of weight 700 N
stands 1.7 m from Y, beyond it. Find the force from each support.
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Ry

A

Rx
|
X
Wbeam I’/I"/vperson

3.5m 2.0m 1.7m

A beam on two supports: moments about one support give the other support’s force;
the sum of forces then gives the first

Two unknown forces, Rx and Ry, so take moments about X to remove Rx. The beam’s
weight acts at its centre, 3.5 m from X; Y is 5.5 m from X; the person is 7.2 m from
X:

700 4+ 5040
Ry x55=200x35+700x72 = Ry= % = 1040 N.

Then the resultant force is zero: Rx + Ry = 200+ 700, so Rx = 900 — 1040 = —140 N.
A negative answer means the beam would lift off X: with the person that far past Y,

X must hold the beam down, not up. Questions often ask where a person can stand
before the beam tips; that is the position at which Rx becomes zero.

Vector triangle

Three forces in the same plane that are in equilibrium can be drawn as a closed
vector triangle — drawn tip-to-tail, the three arrows come back to the
start. This is a drawing method instead of splitting into components

T

the three forces
W form a closed
triangle — equilibrium

1>

Three forces in equilibrium form a closed vector triangle

A-Level Physics ¢ 4 Forces, density and pressure @



Use the sine rule or the cosine rule on the triangle to find
unknown sizes or directions, or draw the triangle to scale on graph paper.

You can also split each force into horizontal and vertical components and
set > F,=0and ) F,=0.

To draw the triangle for the marks: draw the weight first (vertical, to scale), then add
the other two forces tip to tail in their real directions, so the third arrow closes the
triangle; label every side with its force and mark the angles. For a block resting on a
slope the three forces are the weight (vertical), the normal contact force (perpendicular
to the slope) and friction (along the slope), so the triangle is right-angled with the
weight as the hypotenuse. For a picture hanging from a string over a pin, the two
equal tensions make an isosceles triangle with the weight. The test of any answer is
that the triangle closes; if it does not, the object is not in equilibrium.

Worked example. A pulley of negligible weight is held by a spring. A single cable
passes under the pulley, and each side of the cable makes 30° with the vertical. The
tension in the cable is 7' = 60 N. Find the force from the spring and the extension of
the spring, given its spring constant is 2000 N m~'.

spring

Fspring

cable
A pulley held by a spring: the two tensions in the one cable are equal, and the spring
force balances their vertical components

Because it is one continuous cable, the tension is the same on both sides. The two
tensions pull down and outwards; their horizontal components cancel and their vertical
components add, so the spring must pull up with F' = 27 cos 30° = 2 x 60 x 0.866 =
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104 N. From Hooke’s law (topic 6), x = F/k = 104/2000 = 0.052 m. If the angle
to the vertical grows, cos@ falls, so the spring force and extension fall: the cable is
pulling more sideways and less upwards.

Density

An iceberg floats with most of its volume hidden: ice is slightly less dense than water.

Density is the mass per unit volume:

m
Unit: kg m™ (or g cm™3; 1 g em™ = 1000 kg m™?). Density is a scalar
Some useful densities to know:

+ water: 1000 kg m™>
e air at room conditions: ~ 1.2 kg m™
« iron / steel: ~ 7800 kg m™*

3

Measuring density is a practical question in disguise. For a cuboid, measure the mass
on a balance and the three side lengths with a rule or calipers, then p = m/(zyz).
Because density is a product and quotient, the percentage uncertainty in p is the sum
of the percentage uncertainties in m, x, y and z (topic 1). A zero error on the balance,
or a rule whose end is worn, is a systematic error; repeating the readings does not
remove it, but subtracting the zero reading does.

Worked example. A block has mass (120+1) g and sides (4.04+0.1) cm, (3.04£0.1) cm
and (2.0 £0.1) cm. Find its density and the percentage uncertainty.

p=120/(4.0 x 3.0 x 2.0) = 5.0 g cm~* = 5000 kg m . The percentage uncertainties
are 0.8%, 2.5%, 3.3% and 5.0%, so the density is uncertain by 12%, about +600 kg m .
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The shortest side contributes most, which is why a question asks which measurement
to improve first.

Pressure

Pressure is the force per unit area, where the force acts at right angles to the
surface:

_r

Unit: Pa = N m~2. Pressure is a scalar.

The force is the one pressing at right angles to the surface, and the area is the area of
contact. A tree trunk of weight 9.0 kN standing on a post of diameter 0.28 m presses
with p = F'/A = 9000/(7 x 0.14%) = 1.5 x 10° Pa; the same weight on a wider post
gives a smaller pressure. Convert diameters to radii, and centimetres to metres, before
squaring.

A precision aneroid barometer measures atmospheric pressure

Hydrostatic pressure

Take a column of fluid with density p, cross-sectional area A and
height Ah. Its weight is

W=mg=(p-A-Ah)-g.

This weight presses down on the area A at the bottom, so the extra pressure at the
bottom compared with the top is

W
Ap = 0= pgAh.
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This is the hydrostatic pressure equation. It depends only on the
density of the fluid and the depth — the shape of the container does not matter.

Worked example. Find the extra pressure due to the water at the bottom of a
swimming pool 2.5 m deep. (Water density 1000 kg m™>, g = 9.81 m s72.)

Ap = pgAh = 1000 x 9.81 x 2.5 ~ 2.5 x 10* Pa.

_area A

W

A column of liquid of area A: its weight sets the extra pressure at the depth below

For a submarine at depth h below the surface, the pressure from the water is
Pseawater § 1. For the total pressure, add the atmospheric pressure at the
surface (about 1.0 x 10° Pa).

Upthrust and Archimedes’ principle

When an object is submerged in a fluid, the pressure at the bottom of the
object is greater than the pressure at the top (by pgAh, where Ah is the object’s
height). This difference gives a net upward force called the upthrust
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Fup liquid

Upthrust arises because the pressure on the bottom of the object is greater than on the
top

For an object of volume V' (the volume of fluid displaced ), the upthrust is

Fupthrust = Pfluid 9 V.

This is Archimedes’ principle : the upthrust on a body in a fluid
equals the weight of the fluid it pushes aside.

Worked example. A metal block of volume 2.0 x 1072 m? is fully submerged in
water. Find the upthrust on it. (Water density 1000 kg m™*, g = 9.81 m s~2.)

Flpthrust = Puid ¢V = 1000 x 9.81 x 2.0 x 107 ~ 20 N.

For a fully submerged object, V' is its full volume. For a floating object, V is
only the volume below the surface — the object floats when the upthrust on the part
below the surface equals its weight.

Whether an object floats at all depends on densities: for a fully submerged object the
ratio of upthrust to weight is pauwiaV g/ Pobject Vg = Panid/ Pobject, S0 it floats if it is less
dense than the fluid and sinks if it is denser. Halving the object’s density doubles that
ratio; changing its volume or the depth changes nothing.

Worked example. A cylinder of mass 11 kg and diameter 0.78 m floats upright in
water of density 990 kg m ™. Find the depth y of its base below the surface.

Floating means upthrust = weight. The submerged volume is the base area times the
depth, Ay, with A = 7 x 0.39% = 0.478 m?:
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m 11

= _0023m.
Y= 54T 990 x 0.478 w

pgAy =mg =

Each extra newton of load on the cylinder needs an extra 1/(pgA) of depth, so the
depth rises in a straight line with the added weight, wherever on the cylinder it is
placed.

floats when U = W

water line

T

upthrust U

A floating object sinks until the upthrust on the submerged part equals its weight

Force balance with upthrust

A block held under water by a string tied to the bottom of the container is in equilib-
rium under three vertical forces: weight (down), tension (down), upthrust (up).
Set Fupthrust = W + T to find the tension.

A submerged block hanging from a newton meter reads less than its
weight in air, because of the upthrust: reading = W — Fpthrust-

Worked example. A cylinder of weight 25.0 N hangs from a newton meter fully
submerged in water, and the meter reads 10.0 N. Find the volume of the cylinder.

The upthrust is the missing 15.0 N, and upthrust = pgV’, so V' = 15.0/(1000 x 9.81) =
1.53 x 1072 m3. The same method finds the density of the cylinder: 25.0/(9.81 x 1.53 x
1073) = 1670 kg m >,

The upthrust depends on the fluid density and the displaced volume, not on the
object’s material or depth (for an incompressible fluid). On a planet with
smaller g, the upthrust is smaller in the same ratio as the weight, so a floating object
still floats with the same fraction below the surface.
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Definitions the examiner accepts

A definition question is marked against fixed wording. Learn these exactly, and give

one answer only.

Term

Definition

centre of gravity

moment of a force

couple

torque of a couple

principle of moments

equilibrium

density

pressure

upthrust

Archimedes’ principle

the point at which the whole weight of an object may be
considered to act

the product of the force and the perpendicular distance
from the point to the line of action of the force

a pair of equal and opposite forces whose lines of action
do not coincide, which produces rotation only

the product of one of the forces and the perpendicular
distance between the lines of action of the forces

for a body in equilibrium, the sum of the clockwise
moments about any point equals the sum of the
anticlockwise moments about that point

the state of a body on which the resultant force and the
resultant torque are both zero

mass per unit volume

force per unit area, where the force acts at right angles to
the surface

the upward force on a body in a fluid caused by the
pressure being greater on its lower surface than on its
upper surface

the upthrust on a body in a fluid is equal to the weight of
the fluid displaced by the body

Exam tips

Take moments about a chosen pivot; for equilibrium, total clockwise = total

anticlockwise moments and the resultant force is zero.

A body in equilibrium under three forces gives a closed triangle of forces.
Fluid pressure = pgh; upthrust = weight of fluid displaced (Archimedes).
Distinguish mass, weight and density, and give the base unit each time.
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Common mistakes

A-Level Physics e 4 Forces, density and pressure

Resolving with cosf where the geometry needs sinf. Draw the triangle and check
which side the angle is next to before choosing.

Substituting the weight of the object where the question is about the upthrust on
it. Upthrust is the weight of the fluid displaced, pguaV g-

Leaving out the weight of a uniform beam. It acts at the centre, and it has a
moment about any pivot that is not at the centre.

Using the distance along the rod for an angled force. The moment needs the
perpendicular distance, or the perpendicular component of the force.

Taking the torque of a couple as F'd with d measured from the pivot. The distance
is between the two lines of action, so a symmetric couple gives 2Fd.



Work, energy and power
A-Level Physics

Work, energy and power

Wind turbines transfer the kinetic energy of the wind into electrical energy.

Work done by a force

Work  is done when a force moves its point of contact along the line of the force.
For the one-mark definition write: work done is the product of the force and
the distance moved in the direction of the force. The work done by a constant
force F' that causes a displacement s is

W =F-s-cosb,

where 6 is the angle between the force and the displacement. Only the component
of the force along the displacement does work.

Fsinf

vl

Fcost

B AN

AT
»

Only the component of the force along the displacement (F cosf) does work
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Worked example. A child pulls a sledge 5.0 m across the snow with a rope, using a
force of 20 N at 60° to the ground. Find the work done by the rope.

W = Fscosf =20 x 5.0 x cos60° =20 x 5.0 x 0.50 = 50 J.

Unit: J =N m. Work is a scalar

Special cases:

« force in the same direction as the motion (8 = 0): W = F's, positive work, energy
given to the object.

« force at right angles to the motion (6 = 90°): W = 0. The normal contact force
on a car on a flat road does no work.

o force opposite to the motion (6 = 180°): W = —F's, negative work, energy taken

from the object (for example friction ).
P force along motion
—
positive work: W = +F's
‘ |
| |
! ! energy given to the object
< S >
Ia force opposite to motion
(—
negative work: W = —F's
‘ |
| |
! ! energy taken from the object
< S >

Positive work (W = +Fs): force along the motion (top). Negative work (W = —Fs):
force opposite to the motion, e.g. friction (bottom)

For an object moving up a slope at angle a to the horizontal , the work done
against gravity in rising a height A is mgh, while the work done by a horizontal push
over the slope length L uses cosa.

Two multiple-choice tests of the definition: no work is done on an object that slides
at constant velocity along a frictionless surface (no force along the motion), or on one
that is simply held still (no distance moved); work is done when a force lifts it. And
when a box is pushed at constant velocity across a rough floor, the work done by the
push is F' x d for the whole distance, however the path is split into stages.

Worked example. A block of mass 4.9 kg is pushed at constant velocity up a rough
slope of length 8.0 m that rises 1.5 m, by a force of 12 N acting along the slope. Find
the work done against friction.
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W =mg

A box pushed up a rough slope at constant velocity: the work done by the push pays
for the gain in GPE, which needs only the vertical rise h, and for the work against
friction along the whole length L

Constant velocity means no change in kinetic energy, so the work done by the push is
shared between the gain in gravitational potential energy and the work done against
friction. Work by the push: 12 x 8.0 = 96 J. Gain in GPE, using the vertical rise:
4.9 x 9.81 x 1.5 =72 J. So the work done against friction is 96 — 72 = 24 J, and the
friction force is 24/8.0 = 3.0 N. Using the slope length in mgh is the commonest error
on this question.

Conservation of energy

Energy is never made or destroyed — it only changes from one form to another,
or moves from one object to another. In a closed system , the total energy
stays constant. This is conservation of energy , stated for the marks as:
energy cannot be created or destroyed; it can only be transferred from one
form to another (so the total energy of a closed system is constant).

When you write an energy equation, list every form the energy starts as and ends as.
Common forms in this syllabus: kinetic, gravitational potential, elastic potential
energy , electrical , thermal, sound, chemical energy

A ball rolling down a frictionless ramp turns gravitational potential
energy into kinetic energy . mgh = fmuv?, so v = /2gh. With
friction, some of this energy becomes thermal energy of the ramp and the air.
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GPE KE total energy stays the same

top middle bottom

On a frictionless ramp, GPE turns into KE while the total energy stays constant

Worked example. A ball is released from rest at the top of a smooth ramp 1.2 m
high. Find its speed at the bottom (take g = 9.81 m s72).

All the gravitational potential energy becomes kinetic energy, so v = y/2gh (the mass
cancels):

v=v2x981 x1.2~49m s "

The same idea reads a graph. For a ball falling from height H with air resistance
negligible, the GPE falls in a straight line with height (mgh), the KE rises in a straight
line (mg(H — h)), and the two add to the constant mgH at every height.

energy

total = constant
mgH T e — -

KE =mg(H — h) GPE =mgh

0 Y >

0 H
height h above the ground

A falling ball: GPE and KE both change in a straight line with height, and their sum
s constant
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The energy chain can pass through a spring. A block that hits a spring with kinetic
energy 110 J while sliding a little downhill, so that its GPE falls by a further 20 J
before the spring stops it, stores 110 + 20 = 130 J of elastic potential energy at the
greatest compression, if nothing is lost to friction. The spring’s force-compression
graph then gives the compression: the energy stored is the area under the line, %Foxo
for a spring that obeys Hooke’s law (topic 6), so a maximum force of 2600 N means
xo = 2 x 130/2600 = 0.10 m. At that instant the resultant force on the block is the
spring force minus the component of the weight down the slope, and its acceleration
follows from F' = ma (topic 3).

F/N

A
gradient =k
Fo mmmmmmmmmmmmmmmmmmmmmm oo s s m oo !
i
i
i
!
100 A !
area =3FoXo i
= elastic PE ]
1
0 . f >
0 0.05 Xo

compression x / m

The enerqy stored in a spring is the area under its force—compression graph.: %Foxo,
which equals 3k

Efficiency

The efficiency of a system is

useful energy output

efficiency = - x 100%.
total energy input
The same idea with power:
useful power output
efficiency = DOW P 100%.

total power input
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Efficiency is always less than 100% in a real system, because some input energy be-
comes "useless” forms — usually thermal energy. If a total energy E is supplied and
an amount () is wasted, the useful output is F — @ and the efficiency is (E — Q)/E;
a motor rated at 1.7 kW input with efficiency 53% delivers 0.53 x 1.7 = 0.90 kW of
useful output.

useful output

total energy
input

wasted (heat)

. useful output
efficiency = ——————— x 100%
total input

Efficiency: only part of the energy input leaves as useful output; the rest is wasted,
usually as heat

For an electric motor lifting a load with efficiency n at voltage V' and current
1, the useful output power is nV' 1. From this you can find a force, a lifting speed,
or a tension

1

Worked example. An electric motor lifts a 50 kg load at a steady 0.40 m s™" while

drawing 250 W of electrical power. Find its efficiency (take g = 9.81 m s72).
The useful output power is P = mgv = 50 x 9.81 x 0.40 = 196 W, so

196
efficiency = 350 * 100% ~ 78%.

Worked example. A motor raises a block with a force of 240 N through a vertical
distance of 12 m in 60 s. The input power to the motor is 900 W. Find the useful
output power and the efficiency.

Work done on the block: W = Fd = 240 x 12 = 2880 J. Useful output power:
P =W/t = 2880/60 = 48 W. Efficiency: 48/900 x 100% = 5.3%. Most of the
input goes into thermal energy in the motor and its cable. Turned round, a lift
motor of useful output 20 kW raising 1500 kg through 20 m takes t = mgh/P =
1500 x 9.81 x 20/20000 = 15 s.
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Power

Power is the rate of doing work, or the rate of transferring energy:

in time ¢
= power P

same work

W done

in time t/2
= power 2P

w .
P = - = less time, more power

The same work done in less time means more power

W AFE
P=—=—.
t At
Unit: W = J s !. Power is a scalar.
Power, force and velocity
For an object moving at velocity v with a force F' along the direction of motion,

in a short time At the displacement is v At and the work done is F'v At. Dividing by
At:

P = Fwo.

This is one of the most useful results in mechanics. A ”derive P = Fv” answer needs
exactly those three lines: P = W /t, W = F's for a force along the motion, and s/t = v;
then use it to solve problems in which a vehicle or a load moves at constant speed.

Worked example. A car travels at a steady 25 m s~! against a total resistive force
of 600 N. Find the output power of its engine.

At constant speed the driving force equals the resistive force, so

P = Fv =600 x 25=15000 W = 15 kW.
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o For a car at constant velocity v on a flat road, the engine power must balance the
total resistive force: P = Flet - v. If the drag grows with v2, doubling the
speed roughly quadruples the power needed.

o For lifting a weight mg straight up at constant speed v, the useful output
power is P =mg - v.

o For an aircraft hovering at a fixed height, the lift force equals the weight, and a

large power is needed because air must be pushed downwards all the time.

e A crane raising 600 kg at a steady 12 m per minute lifts at v = 0.20 m s}, so its

useful output power is mgv = 600 x 9.81 x 0.20 = 1.2 kW. Convert the speed to
m st first.

o A sailboat pushed by a constant wind force at constant velocity must also feel an
equal resistive force from the water: constant velocity means zero resultant force,
so the wind’s power F'v is all going into work against the water.

A hydroelectric station is rated in megawatts: the energy of the stored water, divided
by the time it takes to release it

Gravitational potential energy

In a uniform gravitational field (close to a planet’s surface), the change in gravita-
tional potential energy of mass m rising or falling through a height Ah is

AEp = mgAh.

A-Level Physics ¢ 5 Work, energy and power



Where it comes from

The work done against gravity to raise a mass m slowly (no change in kinetic energy)
through height Ah equals the gravitational potential energy gained:

o the gravitational force on the mass is mg downwards,
o the force needed to lift it slowly is mg upwards,

o the work done by this force is W = F'- s = mg - Ah,
e this work becomes AFEp.

So AEp = mgAh. To use it you need m and Ah (and g). You do not need speed or
time. The two-mark derivation wants the same four lines, with the condition stated:
the block is raised at constant speed, so the lifting force equals the weight mg, and
the work done by that force over the vertical distance Ah is mgAh, which is the gain
in gravitational potential energy. A 100 g object falling 10 m loses 0.100 x 9.81 x 10 =
9.8 J, about 10 J; the mass must be in kilograms.

same AEp = mgh — only the height A matters

steep path

gentle path

Gravitational PE depends only on the height risen, not the path taken

A coaster train hauled up the lift hill: the work done against gravity is stored as
gravitational potential energy

A-Level Physics ¢ 5 Work, energy and power @



Kinetic energy

The kinetic energy of an object of mass m moving at speed v is

2

Eyx = -mv°.

1
2
Where it comes from

Apply a resultant force F' to a mass m that starts at rest. It speeds up evenly from 0
to v over a displacement s. From v? = u? + 2as with u = 0,

v
§ = —.
2a
The work done on the mass is
2
v
W:F~s:ma~—:%mv2.
2a

All this work becomes kinetic energy, so Fx = %mvz. In the exam, state the assump-
tions as you go: the object starts from rest, the force is constant, so the acceleration
is uniform, and F' = ma is Newton’s second law.

Because Fx o v?, quadrupling the speed multiplies the kinetic energy by sixteen: an
object with 1500 J at 10 m s~! has 24000 J at 40 m s~!. The same square is why a
stopping force is found from energy: a ball of mass 1.2 kg moving at 3.0 m s~! that is
stopped by a cushion over 0.020 m loses % x 1.2 x 3.02 = 5.4 J, so the average force on
it is 5.4/0.020 = 270 N: the work done by the cushion equals the kinetic energy lost.

Kinetic energy and momentum

Combining p = mv and Fx = %va:

This is handy when the momentum is given but not the velocity. For a
momentum change from p; to p, at constant mass, the change in kinetic energy is

(p3 —p7)/(2m).
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A pole vaulter: kinetic energy from the run-up is stored in the bent pole, then given

back as height

Using energy methods

A useful plan for problems that mix forces and energy:

1.
2.

3.

Find the start and end states. Write the kinetic and potential energies in each.

List any work done by outside forces (friction, a push). Friction usually takes
energy out; a push can add it.

COI’ISGI‘V&tiOH Of energy: Estart + VVin = Lrend + m/lost as heat etc.-

Examples:

A box pushed at constant velocity up a ramp of length L rising by h: Ex does
not change, so the work done by the push goes into A Ep plus the work done against
friction.

A block sliding into a spring with kinetic energy Ex on a frictionless surface:
at greatest compression x, all the kinetic energy has become elastic potential
energy 1ka? (where k is the spring constant ).

A ball dropped from height h; that bounces to height hy: the ratio hy/hy is the
fraction of mechanical energy kept, ha/h1 = (Vup/Vdown)>-

A projectile thrown to the same height at different angles: the final speed
is the same (only the height matters); use components to get its direction.

A bungee jumper : from the platform to the point where the cord goes
taut, GPE becomes KE; from there the cord stretches and takes energy as elastic
potential energy, so the KE reaches its maximum where the cord’s pull first equals
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the weight, then falls to zero at the lowest point, where GPE lost = elastic PE
stored (plus any thermal energy).

before

greatest compression

xr
<>

0

KE = 1

E
e

elastic PE = %k::rQ

A block’s kinetic energy becomes elastic potential energy as it compresses the spring

Definitions the examiner accepts

A definition question is marked against fixed wording. Learn these exactly, and give

one answer only.

Term

Definition

work done by a
force

principle of
conservation of
energy

efficiency

power

gravitational
potential energy

kinetic energy

elastic potential
energy

the product of the force and the distance moved in the
direction of the force

energy cannot be created or destroyed, only transferred from
one form to another, so the total energy of a closed system is
constant

the ratio of useful energy (or power) output from a system to
the total energy (or power) input, usually as a percentage

the work done per unit time, or the rate at which energy is
transferred

the energy an object has because of its position in a
gravitational field

the energy an object has because of its motion

the energy stored in an object that has been stretched or
compressed
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Exam tips

Work = force x distance moved in the direction of the force — use F'scos0
when they are at an angle.

Use conservation of energy: loss in GPE = gain in KE (+ work done against
resistance).

Power = work / time = Fv; efficiency = useful output =+ total input.
GPE uses the vertical height gained, not the distance along a slope.

Common mistakes

Giving the change in height as the answer to a change-in-energy question. Finish
the calculation: AFp = mgAh.

Using the distance along a slope as the height in mgAh, or using mass where weight
is needed. Use the vertical height gained, and check whether the quantity wanted
is m in kg or W in N.

Putting the resistive force into P = Fv for a car that is accelerating. F' is the
driving force; only at constant speed does it equal the resistive force.

Efficiency above 100%, or efficiency as output divided by wasted. It is useful output
divided by total input, and the total input is always the larger number.

Reading a force-extension graph’s gradient when the question wants the energy.
Energy stored is the area under the line, not its slope.
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Deformation of solids
A-Level Physics

Forces that cause deformation

When a force acts on a solid along its length, the object changes shape (deformation
). Two cases (treated as one-dimensional here):

» a tensile force stretches the object — it makes an extension x,

« a compressive force squeezes the object — it makes a compression , treated
as a negative extension.

The applied force is the load . The change from the natural length is the extension
(or compression).

Both are measured from the natural, unstretched length, never from the loaded length:
on a diagram of a spring under a box, the distance the spring has shortened is its
compression. A spring’s own mass is usually said to be negligible , so the
only forces on it are the load and the tension it provides.

Hooke’s law and the spring constant

A spring obeys Hooke’s law: extension is proportional to the force applied.

For many materials at small extensions, the extension is proportional to the
load — this is Hooke’s law . The constant that links them is the spring
constant k:
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Unit of k2 N m™%.

Worked example. A spring stretches by 4.0 cm when a 2.0 N load is hung from it.
Find its spring constant.

Converting the extension to metres (4.0 cm = 0.040 m):

F 2.0 1
h= o Tooa0 VN
For the one-mark "state Hooke’s law”, write it in words: the extension is directly
proportional to the applied force (load), provided the limit of proportion-
ality is not exceeded. The spring constant is the force per unit extension; the
multiple-choice distractors are “extension per unit force” (that is 1/k) and Fz (the
energy stored).

A

limit of
proportionality, P

load, F

gradient k—M

straight line
(F = kx)

extension, x
A load—extension graph: straight up to the limit of proportionality P, then it curves
Reading a graph:

» A force-extension (F' against x) graph has gradient &k in the Hooke’s-law region.
« An extension—force (z against F') graph has gradient 1/k in the Hooke’s-law region.
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A common trap: if a graph plots length L against force, you can still find the spring
constant from the gradient (since L = Lo + F'/k, the gradient is 1/k — read it off
carefully).

Worked example. A spring has length 90 mm under a force of 0.80 N and 115 mm
under 1.30 N. Find the spring constant and the unstretched length.

The extra force 0.50 N produces the extra extension 25 mm = 0.025 m, so k =
0.50/0.025 = 20 N m~*. At 0.80 N the extension is = F'/k = 0.80/20 = 0.040 m, so
the unstretched length is 90 — 40 = 50 mm. On a graph of length against force the
intercept on the length axis is Lo, the gradient is 1/k, and the work done in stretching
the spring is the triangle between the line and the level L = L, not the whole
area down to the force axis: the rectangle below Ly is the unstretched length multiplied
by the force, which means nothing.

I th L
eng A

e gradient =17k -~

not work

e 1
i

>

force F

Length against force: the intercept is Ly, the gradient is 1/k, and only the triangle
above Ly is the work done

Limit of proportionality

Hooke’s law only holds up to the limit of proportionality . Past this point
the F' against x line curves and is no longer straight. The material may still be elastic

(it returns to its first length when you remove the load) a little further, then it
becomes plastic
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Springs in series and parallel

You may need to combine spring constants:

o Series (one spring hangs from another): the same load passes through both,
1 1 1
the total extension is the sum, so = — 4+ —.
ktotal kl kQ
o Parallel (two springs side by side holding the same load): each takes half the

load (if they are identical), the extensions are equal, S0 kit = k1 + ko.

series parallel
k1
k1 ko
ko
L + ! k=k k
K = = k1 + k2

Combining spring constants: series gives a softer spring, parallel a stiffer one

Worked example. Springs of spring constant 6.0 N cm™! and 4.0 N cm™! are joined
end to end and a load of 80 N hangs from them. Find the total extension.

Each spring carries the full 80 N, so the extensions are 80/6.0 = 13.3 cm and 80/4.0 =
20 cm: a total of 33 cm (the same as k = 2.4 N cm ™" from 1/k = 1/6.0+1/4.0). Three
identical springs give the largest combined constant when all three are in parallel (3k)
and the smallest when all are in series (k/3). When a load is shared by two identical
springs in parallel, each carries half the force and so stores a quarter of the energy
of one spring holding the whole load; the pair together stores half as much as the single
spring did. A spring constant in N em™ is 100 times smaller than the same constant
in N m™!; give the unit the question asks for.

Stress, strain and the Young modulus

For a wire of uniform cross-section under a tensile load:
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F
e Stress o= T where [ is the load and A is the cross-sectional area
. Unit: Pa.

x
e Strain ¢ = —, where x is the extension and L is the original length. Strain

0
has no unit (it is a ratio of lengths).

For the one-mark definitions: stress is the force per unit cross-sectional area
(the force acting normally to the area); strain is the extension per unit original
length. The unit of stress, Pa = N m™2, is kg m~' s~2 in base units. The area of a
round wire comes from its diameter d: A = wd?/4 = 7r?, and using d in place of r
makes the area four times too big. Convert mm? to m? with 1076,

Worked example. A tensile force of 18 N acts on a wire of cross-sectional area
3.2 mm?. Find the stress.

oc=F/A=18/(3.2x107%) = 5.6 x 10° Pa. The same force acts along the whole wire,
so a bolt whose diameter is 2d at one end and d at the other has four times the stress
at the narrow end (¢ o 1/d?), and a wire of three times the radius carries one ninth
of the stress.

NNNAN

length L, area A
g 0 stress o =

strain € =

Sl ==

(x = extension)

load F'

Stress is the load per cross-sectional area; strain is the extension per original length

The Young modulus is the ratio of stress to strain in the Hooke’s-law
region:

Lo _F/A_FL
e wx/Ly Ax’

Unit: Pa (about 10! for metals; e.g. steel & 2.0 x 10" Pa).

Worked example. A steel wire of length 2.0 m and cross-sectional area 1.5x 10~7 m?

stretches by 1.0 mm under a load of 15 N. Find the Young modulus.
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FLq 15 x 2.0 .
Ar (L5 x 10-7)(1.0 x 10-2) 8 °

limit of
proportionality, P

stress, o

\

straight line:
gradient=E

|
Ll

strain, €

E=¢ =% (Hooke's law region only)

A stress—strain graph, straight up to the limit of proportionality P

The Young modulus is a property of the material — it does not depend on the wire’s
shape or size. The spring constant k£ depends on both the material and the size:

For the one-mark definition: the Young modulus is the ratio of stress to strain
(for a material deformed within its limit of proportionality). Because it belongs to the
material, a thicker wire of the same metal has the same Young modulus: it stretches
less under the same load because its area is larger, not because the metal is stiffer.
A 7show that k = EA/Ly” question wants two lines: k = F/x and E = FLy/(Ax),
so B = kLy/A. Two things follow: a wire’s spring constant stays constant while
Hooke’s law holds, whatever the force, and a wire of the same metal with twice the
diameter has four times the spring constant.

Worked example. A copper wire of length 1.7 m and diameter 0.64 mm has Young
modulus 1.2 x 10! Pa. Find its spring constant.

A=7m(032x10"%)2=32x10"m? so k= EA/Ly=12x 10" x3.2x 1077/1.7 =
23 x 104 N m™.

On a stress—strain graph the gradient of the straight part is E, so of two materials
drawn on the same axes the steeper line is the stiffer material, and a wire with double
the Young modulus is drawn as a line through the origin with twice the gradient. On
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a force—extension graph the gradient is £A/Ly and the Young modulus is the gradient
multiplied by Ly/A; only a stress—strain graph has a gradient equal to E itself.

stress A

steel: larger E
(steeper line)

limit of
proportionality

brass: smaller E

>

strain

Two metals on one stress—strain graph: the steeper line has the larger Young modulus

Experiment to find the Young modulus of a metal wire

A standard setup:

1.

Clamp one end of a long, thin wire to a fixed support. Pass the wire over a pulley
at the edge of the bench so it hangs straight down.

Measure the original length Ly between the clamp and a marker near the pulley,

using a metre rule.

Measure the diameter d of the wire at several places with a micrometer

and take the average. Work out A = md?/4.
Hang weights one at a time. Record the load F' and the extension x (how far the
marker moves against a fixed scale).

Plot F' against x. In the straight region the gradient is FA/Lg, so E = gradient X
Lo/ A.

Why a long, thin wire? To make the extension big enough to measure well. Why
repeat readings and measure d at several places? To reduce random error
and check the wire is uniform.

A 7describe an experiment” answer earns its marks for the quantities measured
and how (L, with a metre rule; d with a micrometer at several points; the load from
the masses or a newton meter; the extension from a marker read against a fixed scale,
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or a vernier scale), the graph (F against x, gradient EA/Lg, or stress against strain,
gradient F') and the precautions: safety goggles in case the wire snaps, a small load
first to straighten kinks, and readings taken on unloading as well as loading to check
the wire stayed elastic.

original length L

<= =

|
clamp paper-flag | |- fixed scale
wire marker \\\\\H—E
—~
': Q pulley

masses (load F)

Apparatus for measuring the Young modulus of a wire

Elastic and plastic behaviour

As the load grows:

1. Elastic and straight (Hooke obeyed) — up to the limit of proportionality.
Removing the load returns the object to its first length.

2. Elastic but curved — between the limit of proportionality and the elastic limit
. The extension is no longer straight in the load, but on unloading the
object still returns to its first length.

3. Plastic — past the elastic limit. On unloading, the object does not return to its
first length; a permanent extension stays.

Hooke’s law only holds in the straight, elastic region.

In words: elastic deformation means the object returns to its original length (or
shape) when the load is removed; plastic deformation means it does not, and a
permanent extension remains; the elastic limit is the maximum load (or extension)
for which the deformation is still elastic; the limit of proportionality is the point
beyond which the extension is no longer proportional to the load. On a graph the limit
of proportionality is where the line stops being straight. The elastic limit lies a little
beyond it and cannot be read from a loading line alone. So in a “which statement
must be correct” item, the end of the straight part is the limit of proportionality, but
whether a later point is the elastic limit or the breaking point cannot be told from the
shape of the loading line.
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w .
¢ elastic
) L limit, E
5 limit of
4= proportionality, P //
7
PR
7
7
7 .
< unloading
loading /
permanent i
extension, B P
N //
PR
7

extension, x

Hooke up to limit of proportionality - plastic beyond yield

Force—extension past the elastic limit: P and E marked, with a permanent extension
B left after unloading

22 ™

R .

A modern universal (tensile) testing machine stretches a sample and records the force
and extension

On a force—extension graph for a material taken into the plastic region and then
unloaded, the loading line and the unloading line are different. The unloading line is
parallel to the first Hooke line but shifted to the right (the permanent extension left
when the load reaches zero). The area between the loading and unloading lines is the
energy turned into thermal energy in the material.
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A rubber band also has different loading and unloading curves, but it returns
to its original length: its deformation is elastic. The area between the two curves
is again energy dissipated as thermal energy (elastic hysteresis ), and
the energy recovered on unloading is the area under the lower curve. The two-mark
“explain why the work done in stretching the wire is not equal to the energy recovered
when the force is removed” answer says that the wire was taken past its elastic limit,
so part of the deformation is plastic and a permanent extension remains, and that part
of the work done became thermal energy in the wire.

force F A

loading

unloading

area between the curves
= thermal energy

0 >

extension x

A rubber band returns to its original length, but the area between loading and
unloading is enerqy lost as thermal energy

Energy stored in a stretched material

The work done in stretching a material from 0 to extension z, as the load grows from
0 to F, is the area under the force—extension graph.
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force

work done = energy stored
=1Fx

|
Ll

extension

_lp, 1
E=3Fx=3kx? (area under F-x graph)

The work done stretching a material is the area under the force—extension graph

Why the area: work done is force multiplied by the distance moved, but here the
force grows as the material stretches, so the work is the sum of F' Az over many small
extensions, which is the area under the line. Within the limit of proportionality the
force rises uniformly from 0 to F', so the average force is %F and the work is %F z. On
a force—extension graph the gradient is the spring constant.

Hooke’s-law material

When Hooke’s law holds, the F' against x graph is a straight line through the origin.
The area under it from 0 to z is a triangle:

Fr = Lka?

Ep = L

N

This is the elastic potential energy stored in a spring or wire stretched
within its limit of proportionality. An equal form:

F2

Ep = —.
P ok

Worked example. A spring of spring constant 50 N m~" is stretched by 0.20 m,
within its limit of proportionality. Find the elastic potential energy stored.

tha® =1 x50 x 0.20° = 1.0 J.

A-Level Physics ¢ 6 Deformation of solids @



Worked example. A wire of spring constant 2.0 x 10* N m™! is already extended
by 2.0 mm. Find the work done to increase its extension to 3.0 mm.

The stored energy rises from $ka? to skaj: W = $x2.0x10*x[(3.0 x 107%) — (2.0 x 107%)?] =
0.050 J. This is the trapezium under the line between the two extensions, not

tk(zo — 21)?. Because Ep ox 2? at fixed k, doubling the extension of a wire stores

four times the energy (0.65 J becomes 2.6 J), and a stored energy gives the extension

as ¢ = +/2Ep/k: a spring of k = 400 N m™' storing 0.32 J is compressed by

/2 % 0.32/400 = 0.040 m. For two wires joined end to end the tension is the same in

both, so the total energy stored is %F xr1+ %F ro with each wire’s own extension.

Non-Hooke material

For a graph that is not a straight line (a stretched rubber band, or a spring past its
limit of proportionality), find the area by counting grid squares or by using trapezia
. The same idea holds: the area under the force—extension graph is the
work done on the material. To estimate the work done up to the breaking point,
count the squares under the whole curve (part squares as halves) and multiply by the
energy one square represents, the force step multiplied by the extension step; saying
that the area was found by counting squares is the “explain your reasoning” mark.

Comparing stored energy

A common multiple-choice case: two materials are stretched by the same force, or by
the same extension. Using Ep = S Fu:

o same F', smaller k£ (less stiff) — larger z — more energy stored.

« same x, larger k (stiffer) — larger F' — more energy stored.

A sketch of Fp against extension or compression is a curve through the origin that
gets steeper (Ep o< £2), not a straight line. Of two wires of the same length and area
under the same load, the one with the smaller Young modulus extends more and so
stores more energy.

When a stretched spring is released onto a mass, the elastic potential energy becomes
kinetic energy (and gravitational potential energy if the mass rises). Set %k‘xQ
equal to smv? (plus any mgh) to find the speed or height.

Definitions the examiner accepts

A definition question is marked against fixed wording. Learn these exactly, and give
one answer only.

A-Level Physics ¢ 6 Deformation of solids @



Term

Definition

Hooke’s law

spring constant

limit of proportionality

elastic limit

elastic deformation

plastic deformation

stress
strain

Young modulus

elastic potential energy

the extension is directly proportional to the applied
force, provided the limit of proportionality is not
exceeded

the force per unit extension

the point beyond which the extension is no longer
proportional to the applied force

the maximum force (or extension) for which the
material returns to its original length when the force is
removed

the material returns to its original length (shape) when
the force is removed

the material does not return to its original length when
the force is removed; a permanent extension remains

the force per unit cross-sectional area
the extension per unit original length

the ratio of stress to strain (within the limit of
proportionality)

the energy stored in an object because it has been
stretched or compressed

Exam tips

« Hooke’s law (F = kx) holds only up to the limit of proportionality.

o Stress = F'/A, strain = z/L, Young modulus = stress/strain (gradient of
the straight part of the stress-strain graph) — watch the units (Pa).

e Energy stored = area under the force-extension graph = %F x in the elastic

region.

« Distinguish elastic (returns to shape) from plastic (permanent) deformation.

Common mistakes

« Using the diameter as the radius in A = 772, or leaving an area in mm?. Halve the
diameter first; 1 mm? = 107% m?.

» Reading the work done off a length—force graph as the whole area down to the axis.
Only the triangle above Lg is work.
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o Treating stored energy as proportional to extension. It goes as z%: double the
extension, four times the energy; and the work done between two extensions is the
difference of two %kxz values.

» Stating Hooke’s law without its condition. “Provided the limit of proportionality
is not exceeded” is part of the law.

« Swapping the limit of proportionality (the end of the straight line) and the elastic
limit (the end of elastic behaviour, a little beyond it).

e Saying a thicker wire has a larger Young modulus. The modulus is the material’s;
the thicker wire has a larger spring constant.
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Waves
A-Level Physics

Progressive waves
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Two waves of the same frequency, shifted by a phase difference

A wave carries energy from one place to another without moving matter
overall. The particles of the medium oscillate about fixed rest positions;
only the disturbance (and its energy) propagates . Examples: a transverse
wave on a rope, a longitudinal wave on a slinky spring, ripples on water,
and sound in air. A wave that travels and carries energy is a progressive wave

Wave motion is a series of oscillations of the particles of a medium, each
passing the disturbance on to the next: shake one end of a rope, push one end of a
spring, or touch the surface of the water in a ripple tank , and the oscillation

travels away from where it started. For the one-mark definition, a progressive wave
transfers energy from one place to another without transferring matter; the particles
only oscillate about their rest positions.
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Key terms

displacement y — how far a particle has moved from its rest position at a
moment. A vector

amplitude A — the largest displacement from the rest position.
wavelength A — the shortest distance along the wave between two points
that move in phase (for example, two next-door crests ).

period T — the time for one full oscillation of a particle.

frequency f — the number of full oscillations per second; f = 1/T. Unit:
hertz , Hz.

speed v — how fast a crest travels along the medium.

phase difference — the fraction of a cycle by which one oscillation leads
or lags another. Given in radians (a full cycle is 27) or degrees (a full cycle
is 360°).

Two points one wavelength apart are in phase (phase difference 0 or 27). Two points
half a wavelength apart are exactly out of phase (phase difference ).

To find the phase difference between two points from a displacement—distance graph,
divide their separation by the wavelength and multiply by 360° (or 27): two points
0.50 m apart on a wave of wavelength 2.0 m (v = 600 m s, f = 300 Hz) differ
in phase by 0.25 x 360° = 90°. Only the fraction of a cycle matters, so 450° is the
same as 90°. From two displacement—time graphs, read the time shift between the
peaks as a fraction of the period. Which way is a point moving at the instant a graph
shows? The whole profile moves along, so each point takes up the displacement that
its neighbour on the side the wave comes from has now; a point at a crest or a trough
is momentarily at rest.

displacement y

dashed: a moment later

wave direction
—_—

\
)/ \ R moves up
\

S momentarily
at rest

distance x

Which way each point moves: towards the displacement its neighbour on the
incoming sitde has now; a crest or trough is momentarily at rest
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Worked example. Points R and T on a string are 0.62 cm apart and a quarter of a
cycle out of phase. The wave speed is 0.27 m s~!. Find the frequency.

A quarter of a cycle is a quarter of a wavelength, so A = 4 x 0.62 = 2.5 ¢m and
f=v/A=0.27/0.025 = 11 Hz.

The wave equation

In one period T, the wave moves forward by one wavelength A. So speed
= distance/time = \/T = \f:

v=fA\

This comes straight from the definitions of speed, frequency and wavelength, and
works for every progressive wave. For the two-mark derivation write both steps: in
one period T the wave travels one wavelength A, so v = A\/T; and f = 1/T,s0v = fA.
Because v is fixed by the medium, a higher frequency means a shorter wavelength. A
period question is the same equation the other way round: light of wavelength 460 nm
has f =¢/A=65x 10" Hzand T =1/f =15 x 107" s.

Reading a CRO trace

A cathode-ray oscilloscope (CRO) draws a voltage signal — for sound, the
output of a microphone — against time. Two controls matter:

« time-base (seconds per division across): turns horizontal distance on the
screen into time. Read the period 71" as the distance between two next-door peaks,
then f=1/T.

e y-gain (volts per division up): turns vertical distance into voltage. The
amplitude in volts is the peak height from the centre line.

If the time-base is 5 ms/div and one full cycle takes 4 divisions, then T'=4 x 5 ms =
20 ms and f = 50 Hz.

The time-base is the time represented by one division (or one centimetre) across the
screen, in s div''. To set it for a given signal, work backwards: a 2000 Hz sound
has T = 0.50 ms, so for one cycle to span 2.5 cm the time-base must be 0.50/2.5 =
0.20 ms cm™!. For the amplitude, multiply the peak height in divisions by the y-gain:
2.0 divisions at 3.5 mV ecm ™" is 7.0 mV. When the intensity of the sound is reduced
to a quarter at the same frequency, the trace keeps its period and its peaks halve in

height, because I oc A2,
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1 division

!

1 division

period =n x timebase - peak voltage =n x Y-gain

Reading the period T from a CRO trace using the grid and time-base

A real oscilloscope: the grid lets you read off the period and the amplitude

Intensity of a wave

A wave carries energy. The intensity at a point is the power passing
through unit area at right angles to the direction of travel:

P
I =—.
A

Unit: W m~2.

Intensity is proportional to the square of the amplitude:
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I o A2

For a point source sending out energy equally in all directions, the wavefronts
are spheres; the surface area at distance r is 47?2, so

P 1

A2’ r

Doubling the distance cuts the intensity to a quarter, which means the amplitude is
halved (since I oc A?).

Worked example. A lamp emits 60 W of light equally in all directions. Find the
intensity of the light 2.0 m away.

J2 60
I = = ~12Wm2
amr?  4m(2.0)2 o

Worked example. Light of power 750 W falls at right angles on a square solar panel
of side 1.2 m. Find the intensity.

I =P/A=750/1.22 = 520 W m™2. A smaller panel in the same light receives the
same intensity but less power, in proportion to its area. The other way round, a
magnifying glass of radius 7 collects a power I x 7r? and concentrates it on a small
spot.

Two rules the multiple-choice questions turn on. Because I o< A2, the ratio of two
intensities is the square of the ratio of the amplitudes: waves of amplitude 3.0 cm
and 2.0 cm have intensities in the ratio 2.25, and when an amplitude falls to a half
the intensity falls to a quarter. For a point source, I o 1/r* means A < 1/r, so a
sketch of A/Aq against d/xq is a curve falling as 1/d, not a straight line. The one-line
statement the scheme wants: intensity is proportional to the amplitude squared.

Transverse and longitudinal waves

Transverse waves

The particles oscillate perpendicular to the direction the energy travels. A
wave on a rope, all electromagnetic waves, and S-waves in the Earth are transverse.
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movement

of energy
e

vibration
of rope

Transverse wave on a rope

Longitudinal waves

The particles oscillate parallel to the direction the energy travels. Sound in any
medium, P-waves in the Earth, and the squashes on a slinky are longitudinal. The

wave is made of compressions (higher pressure, particles close together) and
rarefactions (lower pressure, particles spread out).
movement
of energy
>

compression

|
I
|
|
>

rarefaction

B

vibration
of coils

Longitudinal wave on a slinky spring

Graphs of waves

A graph of particle displacement against position at one moment looks like a
sine curve for both kinds of wave. The difference: for a transverse wave
the displacement axis is the real sideways displacement; for a longitudinal wave it is
the small back-and-forth displacement along the direction of travel (positive one way,
negative the other).

For a longitudinal wave take displacement to the right as positive. Where the graph
crosses zero going from positive to negative, the particles on either side have moved
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towards that point, so it is a compression; where it crosses from negative to positive
they have moved apart, a rarefaction. Two neighbouring compressions are one wave-
length apart, and a compression and the next rarefaction are half a wavelength apart.
The direction of motion of a particle follows the same rule as for a transverse wave: it
moves towards the displacement of its neighbour on the side the wave comes from.

C R C R

. particles at one instant
displacement s

A
displacement to the right = positive
0
+ to —: particles move — to +: particles move
together: compression apart: rarefaction
0
distance x

The same longitudinal wave as particles and as a graph: a compression where the
displacement changes from positive to negative, a rarefaction where it changes from
negative to positive

Ad|splacement

pdistance

A = crest-to-crest - A = max displacement

A displacement—distance graph shows the wave’s amplitude and wavelength
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A graph of particle displacement against time at one point in space is also a sine
curve for both kinds. Read the period T from this graph.

Adlsplacement

IA

ptime

amplitude A = peak displacement - period T = time for one full cycle

A displacement—time graph shows the wave’s amplitude and period

The two-mark comparison, with reference to the direction of energy transfer: in a
transverse wave the oscillations are perpendicular to the direction of energy transfer;
in a longitudinal wave they are parallel to it. Both kinds transfer energy without
transferring matter, both can be reflected, refracted and diffracted, and both can
form stationary waves (topic 8). Only transverse waves can be polarised, and only
electromagnetic waves, which are all transverse, can travel through a vacuum; sound
needs a medium. Reading the two graphs together: the displacement—distance graph
gives A, the displacement—time graph gives 7', and v = \/T.

Doppler effect (moving source, stationary observer)

When the source of a sound moves relative to a stationary observer
, the heard frequency is different from the source frequency. This is the Doppler
effect

» source moving towards the observer: the wavefronts in front are squashed, so the
wavelength is shorter and the heard frequency is higher.

e source moving away from the observer: the wavefronts behind are spread out, so
the wavelength is longer and the heard frequency is lower.
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movmg
source

N

wavefronts

stationary
observer

wavefronts bunched (front)
spread (back)

A moving source squashes the wavefronts ahead of it, raising the observed frequency

The formula (source moving at speed v along the line to the observer; wave speed v,
source frequency f;, heard frequency f,):

v fs

vEvg

f0:

Choose the sign to match the physics:

« minus sign on the bottom when the source moves towards the observer (f, > f;),
o plus sign when the source moves away (f, < fs).

You only need the case of a stationary observer.

Worked example. A car horn at f; = 800 Hz moves at 30 m s~! towards a still
listener. Speed of sound v = 340 m s~

340 x 800 272000

- = =~ Hz.
°~ 340 — 30 310 7T Hz

Moving away at the same speed, the listener hears 340 x 800/(340 + 30) = 735 Hz:
the frequency is constant while the car approaches, drops as it passes, and is constant
again, lower, as it recedes. A sketch of observed frequency against time for a source
passing at constant speed is two level lines joined by a fall. Working backwards, a

source of 1200 Hz heard as 960 Hz is moving away (f, < fs): 960 = 1200 x 340/(340 +
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vg) gives vy = 85 m s~ A buzzer swung in a horizontal circle at 25 m s~ while
emitting 846 Hz is heard between 846 x 330/355 = 786 Hz (moving directly away)
and 846 x 330/305 = 915 Hz (moving directly towards), once each per revolution. If
the period of a CRO trace of the sound rises continuously, the observed frequency is
falling: the source is moving away with increasing speed. The Doppler effect happens
for all waves, light included (topic 25); only the sound formula is examined here.

Electromagnetic spectrum

All electromagnetic waves (EM waves) are transverse and travel in a
vacuum at the same speed:

c=3.00x%x 10 ms'.

The electromagnetic spectrum includes radio waves, microwaves
infrared , visible light, ultraviolet , X-rays X and y-rays y

Y

frequency / Hz

104 109 1011 1014 101° 1016 1019 1022

10* 101 103 106 10-7 108 10— 11 10~

wavelength / m

radio microwaves infrared visible uv X-rays y-rays

The electromagnetic spectrum
Approximate wavelength ranges in free space (learn the orders of magnitude):

o radio waves: > 107! m (up to many km).

+ microwaves: 1072 m to 107! m.

o infrared: ~ 7 x 107" m to 1073 m.

« visible light: 400 nm (violet) to 700 nm (red), i.e. 4 X 107" m to 7 x 1077 m.
o ultraviolet: ~ 107% m to 4 x 1077 m.

o X-rays: ~ 107 m to 107® m.

o ~-rays: < 1071 m.

The boundaries between regions are not sharp. Use ¢ = f\ to change between wave-
length and frequency. Only light with wavelengths 400-700 nm can be seen.
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To identify a region, convert to a wavelength with A = ¢/f and compare with the
ranges: 2.1 cm is a microwave; 138 pm = 1.4 x 1071 m is an X-ray; 30 THz gives
A = 1.0 x 107 m, infrared; 3.0 x 10'® Hz gives 1.0 x 1078 m, ultraviolet. Visible light
spans frequencies of about 4.3 x 10'* to 7.5 x 10 Hz, so a wave of 5.0 x 10'* Hz can
be seen and one of wavelength 5.0 x 107¢ m (infrared) cannot. Red light has a longer
wavelength and a lower frequency than green. A list ”in order of increasing wavelength”
runs y-rays, X-rays, ultraviolet, visible, infrared, microwaves, radio waves. A pulse of
light reflected from a wall 150 m away returns after 2 x 150/(3.00 x 10%) = 1.0 pus.

Polarisation

Polarisation means making a transverse wave oscillate in one plane only.

e Only transverse waves can be polarised — the oscillation is perpendicular to the
direction of travel, so different perpendicular planes are real choices.

« Longitudinal waves (sound) cannot be polarised — the oscillation is along the
direction of travel, so there is no other plane.

So polarisation is a test: if a wave can be polarised, it must be transverse.

unpolarised wave

direction of

/ wave energy

vibrations in
many planes

polarised wave

direction of

/ wave energy

vibration in
one plane

Unpolarised waves vibrate in many planes; a polarised wave vibrates in one plane
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A see-through plastic protractor placed between two crossed polarising filters. Light
only reaches your eye because the stressed plastic rotates its plane of polarisation —
the colours map where the plastic is squeezed most. With ordinary light it would just

look clear
Malus’s law
Plane-polarised light of intensity [, passes through a polarising filter
whose transmission axis is at angle # to the plane of polarisation.

The transmitted intensity is given by Malus’s law :

I = Icos®é.

e 6 =0° filter lined up with the polarisation, I = I, all passes through.
o 6 =90 filter at right angles, I = 0, all blocked.
e 0 =060 I=1Iycos’60°=1,-0.25 = I,/4.

Worked example. Plane-polarised light of intensity 12 W m™2 meets a polarising
filter whose axis is at 30° to the plane of polarisation. Find the transmitted intensity.

I=1Tycos?0 =12 x cos?30° =12 x 0.75 = 9.0 W m 2.
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analyser

(a) polariser (crossed)
T T T no light
l l l passes
unpolarised plane
light polarised
analyser
(b) polariser (parallel)
11 {11 vign |
Vi P pases
unpolarised plane
light polarised

Crossed filters (a) block the light; parallel filters (b) let it pass

For two filters in a row, use Malus’s law twice with the angle between each pair. Be
careful with the angle each time — after the first filter the polarisation is along that
filter’s axis, and the second filter’s angle is measured from there.

(You do not need to work out the effect of a polarising filter on an unpolarised wave.)

When a filter is rotated through 360° in front of plane-polarised light, the transmitted
intensity varies as cos?f: it is a maximum when the transmission axis is parallel to
the plane of polarisation (0° and 180°), zero when perpendicular (90° and 270°), and
never negative. Because I o< A?, the transmitted amplitude is Aycosd: at 45° the
intensity halves and the amplitude falls to 0.71 of its value. For two filters, the first
sets the plane of polarisation along its own axis, so the second filter’s angle is measured
from that: vertically polarised light through filters at 50° and then 80° to the vertical
keeps cos? 50° x cos? 30° = 0.31 of its intensity. The one-mark definitions: polarisation
is the oscillation of a transverse wave in a single plane, which contains the direction
of travel; sound cannot be polarised because its oscillations are along the direction of
travel, so there is no plane to select.

Definitions the examiner accepts

A definition question is marked against fixed wording. Learn these exactly, and give
one answer only.
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Term

Definition

progressive wave

transverse wave

longitudinal wave

displacement

amplitude

wavelength

period

frequency

phase difference

intensity

Doppler effect

polarisation

time-base

a wave that transfers energy from one place to another
without transferring matter

a wave whose oscillations are perpendicular to the direction
of energy transfer

a wave whose oscillations are parallel to the direction of
energy transfer

the distance of a particle from its equilibrium (rest) position,
in a stated direction

the maximum displacement of a particle from its equilibrium
position
the minimum distance between two points on the wave that

are in phase (for example, adjacent crests)

the time for one complete oscillation of a particle (or for the
wave to travel one wavelength)

the number of oscillations per unit time (or the number of
wavefronts passing a point per unit time)

the fraction of a cycle, as an angle, by which one oscillation
leads or lags another

the power per unit area, at right angles to the direction of
travel

the change in the observed frequency of a wave when the
source moves relative to the observer

the oscillations of a transverse wave are in one plane only,
containing the direction of travel

the time represented by one division across the screen of a

CRO

Exam tips

o Define terms precisely (displacement, amplitude, wavelength, period, frequency)
and use v = fA.

» Distinguish transverse (vibration perpendicular to travel) from longitudinal
(parallel); only transverse waves can be polarised.

« For the Doppler effect, the observed frequency rises as the source approaches
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and falls as it recedes.

o Learn the electromagnetic spectrum order; all its waves travel at ¢ in a vacuum.

Common mistakes

A phase difference bigger than one cycle, or degrees where radians were asked.
Only the fraction of a cycle matters: 450° is 90°, and 90° is 7/2.

o Reading the wavelength from a displacement-time graph. That graph gives the
period; the wavelength comes from the displacement—distance graph.

e Doubling the amplitude and “doubling” the intensity. Intensity goes as the ampli-
tude squared: four times.

» Choosing the Doppler sign by feel. Towards means minus on the bottom (frequency

up); away means plus (frequency down). Check that the answer lies on the right
side of f.

» Using the first filter’s angle for the second. After a filter the light is polarised along
that filter’s axis, and the next angle is measured from there.

e Saying that sound can be polarised. Only transverse waves can.
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Superposition
A-Level Physics

Principle of superposition

When two or more waves  overlap at a point, the displacement there is the
vector sum of the displacements each wave would make on its own. This is
the principle of superposition

The waves pass through each other and come out unchanged. Superposition is the
base of everything in this topic.

For the two-mark statement: when two or more waves meet at a point, the
resultant displacement is the sum of the displacements of the individual
waves. [t is the displacements that add, not the amplitudes or the intensities, and
the principle applies whenever waves of the same type overlap; the waves do not have
to be coherent or of equal amplitude.

If two waves of amplitude A; and Ay meet:

 in phase (crest meets crest): the amplitude is A; + Ay (constructive
interference ).

« exactly out of phase (crest meets trough , phase difference 7): the
amplitude is |A; — Ay| (destructive interference ).

e any other phase difference ¢: the amplitude is somewhere between these two.

wave 1

PN

W

)

(
)
(

(
(

resultant

PRI

)

(

constructive (in phase): amplitudes add - 2A
Two waves arriving in phase add to give double the amplitude (constructive)
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wave 1

I N

wave 2 (antiphase

N N

~__~ ~__~
PN TN

resultant = 0 everywhere

destructive (out of phase by A/2): cancel if equal A

Two waves arriving exactly out of phase cancel to zero (destructive)

For intensity , I oc A% Two equal waves meeting in phase give intensity (24)? =
4A? — four times the intensity of one wave alone.

Because I o< A%, work in amplitudes first. Two waves of intensities I and 47 have
amplitudes A and 2A: superposing in phase gives amplitude 3A and intensity 97, in
antiphase amplitude A and intensity /. So two coherent waves of different intensities
never cancel completely: the minima have intensity (A;— A;)?, not zero. A wave of am-
plitude 2A meeting one of amplitude A/2 travelling the opposite way gives a resultant
that varies between 2.5A4 and 1.5A, a stationary pattern with no true nodes. Doubling
the amplitude of one of two equal waves that meet in phase takes the resultant from
2A to 3A, so the intensity rises from 442 to 9A42: 2.25 times.

Stationary (standing) waves

When two identical progressive waves travel in opposite directions and
overlap, they make a stationary wave . Examples: a wave on a string reflected

from a fixed end overlapping the incoming wave; sound in an air column reflected
from a closed end; microwaves between an emitter and a metal sheet.

Explain how the stationary wave is formed (three or four marks, asked for a
string, an air column and microwaves alike): the wave from the source travels to the
far end (the wall, the closed end, the metal plate) and is reflected; the incident and
reflected waves have the same frequency, wavelength and speed and travel in opposite
directions; they superpose where they overlap; at the points where they always meet
in phase the displacements add to give the maximum amplitude, an antinode, and at
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the points where they always meet in antiphase they cancel, a node. For “state the
conditions”: two waves of the same type, with the same frequency (and wavelength)
and speed, travelling in opposite directions along the same line; equal amplitudes are
needed only for the nodes to have zero amplitude. The metal plate in the microwave
experiment is there to reflect the waves back along their own path.

N A N A N A N A N

AWAWt=O

____________________________________________________________ t— 1_,_
..................................... =z
R C— P ¥
~— = i
------------------------------------------- t= éT
____________ - S~ —_ 4

—
———

— = moving right ---- moving left = resultant

stationary wave: nodes and antinodes from two opposite waves

A stationary wave forms where two opposite waves overlap (N marks a node, A an

antinode)
Nodes and antinodes
In a stationary wave:
e node — a point that is always at zero displacement (the two waves always

cancel). The distance between next-door nodes is /2.

« antinode — a point of largest amplitude (the two waves always add). The
distance between next-door antinodes is \/2.

« anode and the next antinode are \/4 apart.

Particles between two nodes oscillate in phase with each other, but with different
amplitudes (largest at the antinode, zero at the nodes). Particles on opposite sides of
a node oscillate in antiphase (phase difference 7).

So the phase difference between two points on the same loop (between adjacent nodes)
is 0% between points on neighbouring loops it is 180°; and between points on loops
separated by one whole loop it is 0° again. Every point reaches its maximum displace-
ment at the same instant and passes through zero at the same instant. A sketch of the
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string a quarter of a cycle after the instant of maximum displacement is a straight line
along the rest position; half a cycle later it is the mirror image of the first sketch. In
one period a particle at an antinode travels four amplitudes, so a particle that moves
72 mm in one and a half periods has an amplitude of 12 mm.

Fundamental mode on a stretched string — one loop, with L equal to half a
wavelength

Worked example. A string of length 0.80 m is fixed at both ends and vibrates in
its fundamental mode, where the wave speed is 240 m s~!. Find the fundamental
frequency.

One loop fits the string, so A = 2L = 1.60 m. Then

v 240

f= Sy =160~ 150 Hz.

How a stationary wave differs from a progressive wave: it does not carry energy
along its length, the pattern does not move along, and the nodes stay fixed; a

progressive wave has the same amplitude everywhere and carries energy. The three

differences the scheme lists: a progressive wave transfers energy and a stationary wave

does not; in a progressive wave every point has the same amplitude, in a stationary

wave the amplitude varies from zero at a node to a maximum at an antinode; in a

progressive wave neighbouring points differ in phase, in a stationary wave all the points

between two nodes are in phase.

Measuring wavelength from node spacing

Drive a string with a vibrator at frequency f until a stationary pattern appears.
Measure the distance between two well-separated nodes and divide by the number of

half-wavelengths between them. Then A is known, and v = f\ gives the wave
speed.
For a tube closed at one end and open at the other (a resonance tube ), the

closed end is a displacement node and the open end is a displacement antinode. The
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fundamental has L = A\/4; the next resonance is at L = 3\/4; and so on. For
a tube open at both ends, both ends are antinodes; the fundamental is at L = \/2.

The general rule: a closed end is a node and an open end an antinode, and a string
fixed at both ends has a node at each end. So a closed pipe fits an odd number of
quarter-wavelengths (L = A/4,3\/4,5\/4,...), while an open pipe and a fixed string
fit whole half-wavelengths (L = A\/2,A,3)\/2,...); a pipe open at both ends with n
nodes has n + 1 antinodes. Frequencies follow from f = v/A: a closed pipe whose
lowest note is 820 Hz has A = 4L, and a corridor 13.2 m long with a reflecting door at
each end resonates lowest at f = v/2L = 330/26.4 = 12.5 Hz.

closed at one end open at both ends
A A A A A
N N
N
A
N A
N
A
A N
N N N A A
L=X4 L=3\4 L=5)\/4 L=2)\/2 L=2)\

Modes of an air column: a closed end is a node, an open end an antinode

Worked example. A loudspeaker at the open end of a tube 0.51 m long, closed at
the other end, sets up a stationary wave with two nodes and two antinodes. Find the
wavelength and, with v = 340 m s™!, the frequency.

Two nodes and two antinodes is the second mode of a closed pipe, L = 3\/4, so
A =4x0.51/3 =0.68 mand f = 340/0.68 = 500 Hz. The longest wavelength that
can resonate in this tube is 4L = 2.0 m.

The experiments the syllabus names all measure A from node or antinode spacing. In
the resonance tube, a tube is raised out of water while a loudspeaker or tuning fork
sounds at its open end; the sound is suddenly loud at the first resonance, when the
air column is A\/4 long, and again at 3\/4, so the tube moves \/2 between the two
(a student needs no equipment to detect the resonance: the note becomes loud). In a
dust tube, fine powder settles into heaps at the displacement nodes, A/2 apart. With
microwaves, a receiver moved along the line between the transmitter and a metal
reflecting plate reads a minimum every A\/2: a receiver that starts at a minimum
and passes six more minima in 1.05 m has crossed 3\, so A = 0.35 m and, with
v = 340 m s~! for the equivalent sound experiment, f = 970 Hz. A stationary wave
in a microwave oven melts chocolate at the antinodes, A/2 apart, so the spot spacing
and the oven’s frequency (2.45 GHz) give the speed of light from ¢ = f.
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displacement antinode A (open end)

L=M\/4

displacement node N (closed end)

Fundamental mode in a closed pipe — a node at the closed end, an antinode at the

open end
Diffraction
Diffraction is the spreading of a wave after it passes through a gap or around
an obstacle . All waves diffract — water, sound, light, microwaves.

For the two-mark “state what is meant by diffraction”: the spreading of a wave
as it passes through a gap (an aperture) or around the edge of an obstacle,
into the region behind it. Diffraction changes the direction the wave travels in, but
not its speed, frequency or wavelength.

The amount of spreading depends on the ratio of wavelength to gap width:

e gap much wider than A\: very little spreading; the wave goes nearly straight
through.

o gap about the size of \: a lot of spreading; the wave fans out.
o gap smaller than \: very strong spreading; the gap acts almost like a point source.

Show this with water waves in a ripple tank . straight waves meet a barrier
with a gap, and the waves curve more as the gap is made narrower. The same idea is
why you can hear someone around a corner (speech has A near 1 m, close to the gap
size) but cannot see them (visible light has A ~ 500 nm, far smaller than the gap).

For the strongest spreading the gap should be about one wavelength wide. So to
increase the diffraction of a given wave, make the gap narrower; for a given gap, use a
longer wavelength, which means a lower frequency. Radio waves of wavelength 1.5 km
diffract around a mountain and reach an aerial behind it; microwaves of 1.5 cm do
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not. Sound of 0.44 kHz in air has A = 330/440 = 0.75 m, so features of about 0.75 m
diffract it most, and of the sounds passing through a doorway 0.80 m wide the low
frequencies spread out most. Making the gap many wavelengths wide, or raising the
frequency, reduces the spreading.

(a) wide gap (b) narrow gap
gap > A: little spreading gap ~ \: strong spreading

Diffraction in a ripple tank — a wide gap (a) spreads the waves little, a narrow gap
(b) much more

Interference

The shifting colours on a soap bubble come from the interference of light.

Interference is the superposition of two coherent waves to give a steady
pattern of high-amplitude regions (constructive) and low-amplitude regions (destruc-
tive).
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Two coherent sources give lines of maxzimum displacement where crests meet crests

The same effect in a real ripple tank — two coherent sources give a steady
interference pattern

Coherence

Two sources are coherent when they emit waves with a constant phase difference
(which also needs the same frequency). Two separate lamps are not coherent — their
phase changes randomly, so any pattern flickers too fast to see and you get only an
average.
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The one-mark definition: coherent waves have a constant phase difference, which
requires the same frequency. They need not be in phase with each other: two coherent
sources emitting 180° apart give a pattern whose central line is a minimum. Two
separate lasers, or a lamp and a laser, are not coherent even when their frequencies
happen to match, so no steady pattern forms.

To make coherent light from one source, pass it through two slits in a double-
slit setup. Both slits are lit by the same wavefront, so the two beams keep a
fixed phase relationship.

Conditions for a clear pattern

To see two-source fringes you need:

two coherent sources (constant phase difference).
roughly equal amplitudes (or the dark regions are not very dark).
the waves overlap where you look.

= W D=

for light (a transverse wave), the same plane of polarisation

In practice, for light: a single slit (or a laser) makes the two slits coherent; the slits
are narrow, so each diffracts the light into the region where the two beams overlap;
and the slits are close together with the screen far away, so that the fringes are wide
enough to see.

Path difference

For two coherent sources, what happens at a point depends on the path difference
Ax between the two waves arriving there:

 constructive: Az = nA (for whole numbers n =0,1,2,...).
o destructive: Az = (n+ 3)A\.

The path difference fixes the phase difference: one wavelength of path is 360°.
Waves that have travelled 100 cm and 80 cm from two in-phase sources of wavelength
8.0 cm arrive with a path difference of 2.5\, a phase difference of 180°, and cancel,
microwaves of wavelength 4 cm whose paths differ by 6 cm (1.5)) give a minimum, of
zero intensity only if the two amplitudes are equal. Lowering both source frequencies
equally lengthens the wavelength, so the same path difference is a smaller number of
wavelengths and the point is no longer a minimum.
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YZ path difference = XZ — YZ
coherent = nA: in phase, maximum

sources 7
= (n+ 3)A: antiphase, minimum

X XZ

What happens at Z depends on the path difference XZ — YZ, measured in wavelengths

Double-slit (Young’s) experiment

For two slits a distance a apart, with a screen a distance D away (assume D > a),
light of wavelength A\ makes fringes on the screen.

screen

monochromatic
source
® a

-—>
8

bright fringe
(maximum)

single double
slit slit
* D >

Young’s double-slit experiment — the single slit makes the two slits coherent sources

The fringe spacing z (one fringe to the next) is
ax AD
A= _
D’ T
Bright fringes (maximum ) are where the path difference is a whole number of
A; dark fringes (minimum ) where it is (n+3)A. The fringes are equally spaced.

To make the fringe spacing smaller: increase a (slits further apart), reduce D (screen
closer), or use a shorter A (bluer light).
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Explain how the pattern of bright and dark fringes is formed (three marks):
the light diffracts at each slit; the two diffracted beams overlap and superpose; where
the path difference from the two slits is a whole number of wavelengths the waves arrive
in phase and interfere constructively, giving a bright fringe, and where it is an odd
number of half-wavelengths they arrive in antiphase and interfere destructively, giving
a dark fringe. A brighter source makes the bright fringes brighter but does not change
their spacing; changing to blue light makes the spacing smaller, so to keep the same
spacing the slits must be moved closer together; making each slit narrower increases
the diffraction, so fringes appear across a wider region, with the spacing unchanged.

Worked example. In a double-slit experiment the slits are 0.50 mm apart and lit
by light of wavelength 600 nm. The screen is 2.0 m away. Find the fringe spacing.

-9
T = )‘_D — (600 x 10 )(2'0) =24x107°% m = 2.4 mm.
a 0.50 x 103

Worked example. Red light of wavelength 680 nm falls on slits 0.16 mm apart. The
distance between the centres of the first and ninth dark fringes is 3.2 cm. Find the
distance D to the screen.

Eight fringe spacings make 3.2 cm, so x = 4.0 mm and D = ax/\ = (0.16 x 1073)(4.0 x
1073)/(680 x 107%) = 0.94 m. On a screen 5.0 cm wide centred on the pattern, with
x = 2.4 mm, ten bright fringes fit on each side of the central one: 21 in all. A graph of
x against a is a curve falling as 1/a; a graph of x against A (or against D) is a straight
line through the origin with gradient D/a (or A/a), from which a can be found.

Diffraction grating

A diffraction grating has many equally spaced slits — often hundreds or
thousands per millimetre. Each slit is a coherent source. A maximum is seen at angle
6 from the normal to the grating when

dsinf = nA,
where d is the slit spacing (centre to centre), n = 0,+1,+2,... is the order
, and A is the wavelength.

Worked example. A diffraction grating has 500 lines per mm. Light of wavelength
600 nm is shone normally on it. Find the angle of the first-order (n = 1) maximum.

1
The slit spacing is d = T 2.0 x 107% m, so

nA 600 x 1077
inf =—=———=0. ~ 17°.
sin 0 7 50 x 10-6 030 = 0=17
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Compared with the double slit, a grating gives much sharper maxima, because more
slits add together — every other direction is cancelled by many slits.

To describe the diffraction at the grating: the light spreads out (diffracts) at
every slit, and the waves from all the slits superpose; in the directions where the path
difference between neighbouring slits is a whole number of wavelengths they are all
in phase, so sharp maxima form there and almost nothing in between. A graph of
intensity against angle is a set of narrow peaks at § = 0 and at £6,,+60,, ..., where
sinf, = nA/d: equally spaced in sinf, so slightly further apart in 6 at the higher
orders.

intensity /

Jlt Jll J.\ J.t pangle 6

—62 —61 0 61 92
maxima whefe dsin 6 = nA

Intensity against angle for a grating: sharp maxima where dsin = n\

Worked example. Light of wavelength 680 nm is incident normally on a grating
with 450 lines per mm. Find the angle between the two second-order maxima.

d=1/450 mm = 2.22 x 107% m, so sinfy = 2 x 680 x 1072/(2.22 x 107%) = 0.612 and
0y = 37.7°; the two second-order beams are 26, = 75° apart.
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parallel beam of o
monochromatic light

diffraction
grating

uL3.42s

A diffraction grating splits monochromatic light into sharp maxima on a screen

Slit spacing from “lines per mm?”

If a grating has N lines per millimetre, then d = 1/N millimetres = 1073/ N metres.
For 450 lines per mm, d = 1/450 mm ~ 2.22 pm.

Highest order

For a given grating and wavelength, sinf = n\/d cannot be more than 1, so the
highest order seen is
d
Nmax = | 7| -
A

If d/X\ = 3.27, orders up to n = 3 exist; n = 4 would need sinf > 1 and is not seen.

So the total number of maxima on a wide screen is 2n,., + 1: for 700 nm light and
400 lines per mm, d/A = 3.57, S0 Nyax = 3 and seven beams are seen. A shorter
wavelength gives more orders at smaller angles. With white light every order except
the zero order is a spectrum, violet nearest the centre and red furthest out, because
0 grows with \; the zero order stays white. Two wavelengths give a maximum at the
same angle when ni\; = ngAy: the third order of 400 nm coincides with the second
order of 600 nm.
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Finding A\ with a grating

Shine parallel light of unknown wavelength straight at the grating. Measure the angle
6 of the first-order maximum from the centre. Then A\ = dsin 6;. Repeating for higher
orders and averaging reduces error.

Measure the angle between the first-order maxima on the two sides and halve it, which
cancels any error in setting the zero; higher orders give larger angles and so a smaller
percentage uncertainty; and plotting sin # against n for several orders gives a straight
line through the origin of gradient A\/d, so A = Gd (or, for a known wavelength,
d = \/G). Two things must be right: 0 is measured from the normal to the grating,
not from its surface, and d is the distance between adjacent lines, so 400 lines per mm
means d = 2.5 pm, never 400.

Definitions the examiner accepts

A definition question is marked against fixed wording. Learn these exactly, and give
one answer only.

Term Definition

principle of superposition  when two or more waves meet at a point, the
resultant displacement is the sum of the
displacements of the individual waves

stationary wave the pattern formed when two progressive waves of the
same frequency and speed travel in opposite
directions and superpose, with nodes and antinodes
that do not move

node a point on a stationary wave where the displacement
is always zero

antinode a point on a stationary wave where the amplitude is a
maximum
diffraction the spreading of a wave as it passes through a gap or

around the edge of an obstacle

interference the superposition of waves from coherent sources,
giving a steady pattern of maxima and minima

coherence waves that have a constant phase difference (and so
the same frequency)

path difference the difference between the distances travelled by two
waves from their sources to a point
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Term Definition

fringe spacing the distance between the centres of two adjacent

bright (or dark) fringes

order of a maximum the whole number n in dsinf = n\, the number of

wavelengths of path difference between adjacent slits

Exam tips

Two-source interference: constructive when path difference = n\, destructive
when = (n + %))\; the sources must be coherent.

Double slit: A = ax/D; diffraction grating: dsinf = n\ — know every symbol.
On a stationary wave mark nodes and antinodes; adjacent nodes are \/2 apart;
it stores energy but does not transfer it.

A stationary wave needs two waves of the same frequency travelling in oppo-
site directions.

Common mistakes

A-Level Physics ¢ 8 Superposition

Adding amplitudes or intensities in the principle of superposition. Displacements
add; the intensity then follows from the resultant amplitude squared.

“Adjacent nodes are one wavelength apart.” Half a wavelength; a node to the next
antinode is a quarter.

Using d = lines per millimetre in dsin§ = n\. Invert: d = 1073/N metres.
Measuring # from the grating surface, or forgetting that the angle between the two
first-order beams is 26;.

Writing “in phase” for coherent. Coherent means a constant phase difference; the
sources may be permanently out of step.

Saying the fringe spacing changes when the source is made brighter, or that nar-
rower slits change the spacing. Brightness and slit width change the contrast and
the number of visible fringes, not x = AD/a.



Electricity
A-Level Physics

Electric current

An electric current is a flow of charge carriers . In a metal the
carriers are negative conduction electrons ; in an electrolyte they are
positive and negative ions ; in a semiconductor they may be electrons
or “holes” . The conventional current direction is the way positive
charge would flow — opposite to the real flow of electrons in a wire.

Charge

Charge is quantised : the smallest free unit of charge is the elementary
charge

e=1.60x10"" C.

Every free charge in this syllabus is a whole-number multiple of e. The unit of charge
is the coulomb , C.

So a particle can carry 4.8 x 107 C (three electrons’ worth) or —2.4x107'® C (fifteen),
but never 1.1 x 107 C or 6.4 x 1072° C; a set of measurements that gives a charge
carrier 2.5 x 1071 C cannot be right, because that is not a multiple of e. For the one-
mark definitions: an electric current is a flow of charge carriers; the coulomb
is the charge that passes a point in one second when the current is one ampere (an
ampere multiplied by a second); a charge carrier can be an electron, a proton, an
ion or an a-particle, but never a neutron.

Current as the rate of flow of charge

If charge @) passes a point in time ¢, the current is

=9

= It.
S0

Unit of current: ampere, A (= C s_l). For a changing current, the charge that has
flowed in a time is the area under an /-t graph.

Worked example. A current of 0.50 A flows for 2.0 minutes. Find the charge that
passes, and how many electrons this represents. (e = 1.60 x 1071 C.)
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Q 60

— ~ 20
e T 160 x 100 O80T

Q=1t=050x120=60C, N =

The same two lines answer "how many electrons pass in 10 hours at 4.0 mA” (convert
the time to seconds: N = It/e = 4.0 x 1073 x 36 000/(1.60 x 107?) = 9.0 x 10?°) and,
the other way round, "the average current when 6.0 x 10% electrons pass in 24 hours”
(I = Ne/t = 1.1 A). A beam of a-particles carries a current too: each carries 2e, so
a beam current of 6.9 x 107 A is 6.9 x 107%/(2 x 1.60 x 1071?) = 2.2 x 10" particles
per second. A lightning strike that transfers 1 x 10?° electrons in 30 ps is a current of
Ne/t =5.3 x 10° A.

Drift velocity equation

For a uniform conductor of cross-section area A, with n charge carriers per unit volume
(the number density ), each carrying charge ¢, moving with average drift
velocity v:

I = Anuvg.

o +q o +q . o +q o +q
-
e +(q e +(q e +q e +q
area A
(a) positive carriers drift with I
] >
°o—q o—q 4 °o—q
-—
°e—q *—q *—q *—q
area A

(b) electrons drift against I

Charge carriers drifting inside a conductor: positive carriers drift with I, electrons
against it

Worked example. A copper wire of cross-sectional area 1.0 x 1075 m? carries a

current of 5.0 A. Copper has n = 8.5 x 10?® free electrons per m?. Find the drift
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velocity. (e =1.60 x 1071 C.)

I
Rearranging I = Anvq gives v = ——:
Ang
v = o ~37x 107 ms™h

(1.0 x 10-6)(8.5 x 1028)(1.60 x 10-19)

The electrons drift very slowly — less than a millimetre per second.

Two ”show that” steps that often precede this calculation. The number density of

density x Ny

a metal with one free electron per atom is n = . for copper, 8.9 x 103 x

molar mass
6.02 x 10%3/0.0635 = 8.5 x 10?® m™3. And the time for an electron to drift the length

of a wireist = L/v: at 3.7x 107 m s7! a 2.0 m wire takes 5400 s, an hour and a half,
even though the current is established almost instantly. Between them, the equation
I = Anwq is used as a ratio far more often than as a calculation:

o two wires in series carry the same current; if wire Y has twice the diameter of
X (four times the area) and the same metal, its electrons drift at a quarter of the
speed. Two wires of the same length and diameter but different metals have drift
speeds in the inverse ratio of their number densities.

« a wire that narrows (a wedge, a tapered rod, a cable of thick and thin strands)
carries the same current at every cross-section, so the drift speed rises where the
area falls: v oc 1/A o< 1/r%. A sketch of v against distance along a tapering wire
is a curve that rises more and more steeply towards the narrow end, not a straight
line.

o the p.d. across a uniform wire is proportional to its length at fixed current, because
V =IR=1IpL/A with I, p and A constant.

I . 1
v:n—Aq,sowithI,nandqﬁxed,vocZocT—Q

same Current I everywirere

small area A:
large area A: fast drift v
slow drift v

The same current everywhere, so the electrons drift faster where the wire is thinner

Use this to compare currents:

o a thinner wire (smaller A) at the same I needs a faster drift v.
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« asemiconductor has far fewer free carriers than a metal (smaller n), so for the same
I the drift velocity is much larger.

e in series components, I is the same everywhere, so if A stays the same but
the material changes, nv changes the other way.

Potential difference

The potential difference (p.d.) across a component is the energy
transferred per unit charge as that charge passes through it:

Unit: volt ,Vi(=JC™).

If 1 J of electrical energy changes into other forms (thermal, light, kinetic, ..) when
1 C of charge passes through a component, the p.d. across it is 1 V.

The electromotive force (e.m.f.) of a source is the energy given per unit
charge by the source. The formula is the same as for p.d.; the difference is direction:
e.m.f. is energy given to the charge by the change; p.d. is energy given up by the
charge to the component.

The definitions the examiner accepts: the potential difference across a component is
the energy transferred (from electrical to other forms) per unit charge passing through
it; the e.m.f. of a source is the energy transferred from other forms (chemical, in
a cell) to electrical energy per unit charge in driving the charge round a complete
circuit; one volt is one joule per coulomb. A battery "marked 9.0 V” therefore gives
each coulomb 9.0 J of electrical energy for the whole circuit, and the product of charge
and p.d. is the energy transferred.

Electrical power

High-voltage power lines carry electrical energy across the country.
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Combining V =W /Q and I = Q/t:
P = ? =VI.

Using Ohm’s law V = [ R:

V2
P=VI=I'R=—.
R

Pick the form with the quantities you know. Examples:

» two heaters of equal resistance — the one with the larger current gives more power
(P =I’R).
« two resistors in parallel across the same voltage — the one with smaller
R gives more power (P = V?/R).
+ a kettle marked 72.4 kW,240 V" draws [ = P/V = 10 A and has resistance
R=V?/P=24Q.

Energy transferred in time ¢ is F = Pt.

Worked example. Two lamps, P rated 250 V, 50 W and Q rated 250 V, 200 W, are
connected in series to a 250 V supply. Which is brighter?

Their resistances at the rated p.d. are R = V?/P: 1250 Q for P and 313 Q for Q. In
series they carry the same current, so P = I2R makes the larger resistance, lamp P,
dissipate more power: the "weaker” lamp is the brighter one. In parallel the p.d. is
the same across both and P = V?/R favours the smaller resistance: Q. "State and
explain which resistor dissipates more power” is answered by naming the quantity the
two share (current in series, p.d. in parallel) and the form of the power equation that
uses it.

Worked example. A supply delivers 2.4 kW at 240 V to a kettle through two cables
of resistance 0.10 €2 each. Find the power lost in the cables.

The current is I = P/V = 10 A, so the cables dissipate I?’R = 10? x 0.20 = 20 W,
and the kettle receives 2380 W. The efficiency of a circuit that exists to power one
component is that component’s power divided by the total power from the supply:
with 6.0 V across a 0.86 2 series resistor and 4.5 V across the component at the
same current, the efficiency is 4.5/(6.0 + 4.5) = 43%. A thermistor across a fixed
p.d. dissipates P = V2/R, so as its temperature rises and R falls, the power rises. A
kettle draws about 10 A from a 250 V supply; a mobile phone charger a fraction of an
ampere.
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Resistance and Ohm’s law

The resistance R of a component is
v
R=—.
I
Unit: ohm , Q (= V A™"). Resistance depends on the conditions (such as tem-

perature) when it is measured.

\\

[ 3 |
| = ]
g £ 3

Real fized resistors — the coloured bands code the resistance in ohms

Ohm’s law

A conductor obeys Ohm’s law when the current through it is proportional
to the p.d. across it, as long as the conditions (especially temperature) stay constant.
For such a conductor R is constant and the I-V graph is a straight line through the
origin.

Ohm’s law is an experimental result, not a definition. The definition R = V' /I works
for any component; only ohmic ones have constant R.

For the marks: resistance is the ratio of the potential difference across a component
to the current in it; the ohm is the resistance of a component in which a p.d. of one
volt produces a current of one ampere (a volt per ampere); Ohm’s law states that the
current in a metallic conductor is directly proportional to the potential difference across
it, provided that its temperature (and other physical conditions) remains constant. Of
several -V graphs, only a straight line through the origin obeys Ohm’s law; a straight
line that misses the origin, or any curve, does not.
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[-V characteristics

You should be able to sketch these:

« metal wire at constant temperature — a straight line through the origin
(constant R). Reversing the p.d. drives the current the other way, giving a straight
line in both directions.

o filament lamp — through the origin, steep at first, then flatter as V
(and I) grow. Reason: more current heats the filament, so its resistance rises and
the gradient 1/R falls.

o semiconductor diode — almost no current for negative V' or small pos-
itive V. Above a "switch-on” voltage (about 0.7 V for silicon), the current rises
sharply.

Explain the shape of the filament lamp’s line (three marks): as the current
increases the filament’s temperature rises; the lattice ions vibrate with larger ampli-
tude, so the free electrons collide with them more often; each collision takes energy
from the electrons, so the resistance increases; on the graph the ratio V /I grows and
the gradient falls. Run backwards for "the current decreases”: the temperature falls,
so the resistance falls. Two things to read off any characteristic. The resistance at
a point is V'/I for that point, never the gradient of a curve, so a diode’s resistance
is very large (infinite, in practice) up to the switch-on p.d. and then falls steeply as
V rises further, and of four components at the same p.d. the one with the smallest
current has the greatest resistance. And when a lamp (or a diode) is in series with a
resistor, the two carry the same current and their p.d.s add: read the current from the
component’s curve at its own p.d., then use V = IR for the resistor, and the supply
p.d. is the sum.

rrent /
Acu e

ppotential difference V

ohmic: V=IR - gradient =1/R (fixed T)

I-V characteristic of an ohmic conductor (metal wire at constant temperature)
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Acurrentl

filament: R rises with T - gradient =1/R

1-V characteristic of a filament lamp

Acurrentl

switch-on voltage

=0.7V
\

Si diode: conducts above =0.7 V - reverse blocks

1-V characteristic of a semiconductor diode

Resistivity

For a uniform conductor of length L and cross-section area A,

ppotential difference V

otential difference V

pL
R=—.
A
p is the resistivity , a property of the material, with unit 2 m. Doubling the
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length doubles R; doubling the area halves it; halving the diameter quarters the area
and so makes R four times bigger.

Worked example. A copper wire of length 2.0 m and cross-sectional area 1.7 x
1077 m? has resistivity 1.7 x 107® Q m. Find its resistance.

_pL (L7 x107%)(2.0)

= 0.20 Q.
A 1.7 x 1077

R

Typical values: copper at room temperature p ~ 1.7 x 107% Q m; an insulator
p ~ 10 Q m or more.

_area A

resistance R

A
A

area A

-

resistance 2R

2L

twice the length = twice the resistance

A longer conductor has more resistance — doubling L doubles R

pL
A

R =

_area A

resistance R

L
twice the area
= half the resistance
_ area 2A
resistance %R
L

A wider conductor has less resistance — doubling A halves R
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The resistivity of a metal rises with temperature (more lattice vibration
scatters the electrons), which is why the filament lamp’s IV line curves.

Most resistivity questions are ratios. Stretching a wire keeps its volume (A x L)
constant, so if the length becomes £ times longer the area becomes k times smaller
and R = pL/A becomes k? times larger: a wire three times as long (same mass, same
metal) has nine times the resistance, and a wire whose diameter falls to 0.940 of its
value has its area multiplied by 0.884, its length divided by 0.884, and its resistance
multiplied by 1/0.884% = 1.28.

L
area fplL
U U w2
stretched 97,
v area A/22L
0 0 m- PAT — 4R

same volume, so A x L is fixed: R oc L?

Stretched at constant volume: twice the length, half the area, four times the resistance

Worked example. A copper lightning rod of resistance 9.6 2 and length 20 m has
resistivity 1.7 x 1078 Q m. Find its radius.

A=pL/R=17x10"%x%x20/9.6 =35x10"% m? and r = /A/7r = 1.1 x 107* m.
Doubling the radius (same length) quarters the resistance. The other standard ratios:
strands in parallel — seven identical strands share the current, so the cable’s re-
sistance is one seventh of one strand’s; two wires of the same resistance where one
metal has twice the resistivity need the second wire to have twice the area (a diameter
V2 times larger) for the same length; a wire’s resistance per unit length, 0.92 Q m™!,
multiplied by its area, 5.3 x 1077 m?, is its resistivity, 4.9 x 10~7 Q m; and a cylinder of
conducting putty 60 mm long and 20 mm across, or a cube of side a (R = pa/a® = p/a),
uses the same R = pL/A with the shape’s own length and end area. When the wire is
held under tension, Ry = pL/A still gives its resistance, and a stretch that lengthens it
and thins it raises R for both reasons. Because p = RA/L = Rnd?/(4L), the percent-
age uncertainty in a measured resistivity is the sum of the percentage uncertainties in
R and L plus twice that in d.

A-Level Physics ¢ 9 Electricity



Light-dependent resistor (LDR)

A light-dependent resistor (LDR) is a semiconductor whose resistance
falls as the light intensity rises. In bright light R may be a few hundred €2; in the
dark it can be in the megaohms. LDRs are used in light-sensing circuits (street lamps,

camera light meters). Here the light intensity controls the resistance.
1000
9 100
~
!
c 10
)
0
4 1
0.1+ T T T T T T T T T T T T T T T T T T
0.1 1 10 100 1000 10000

light intensity / lux

LDR: more light = lower R

Resistance of an LDR decreases as light intensity increases

Thermistor

In this syllabus a thermistor has a negative temperature coefficient
. its resistance falls as its temperature rises. This is useful for sensing

temperature — put it in a potential divider and the output voltage changes
with temperature.
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resistance / Q

1000 +

0 T T T
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temperature / °C

NTC: R falls as T rises

Resistance of a thermistor falls as temperature rises

This is the opposite of a metal: in a semiconductor, more thermal energy frees more
charge carriers, and this matters more than the extra scattering.

A sketch of a thermistor’s resistance against temperature starts at Ry at 0 °C and
falls along a curve that flattens: the fall is not linear, which is the disadvantage of a
thermistor as a thermometer (its scale is not uniform, so it needs calibrating). When
the light on an LDR is increased, or a thermistor is warmed, its resistance falls, the
current in its circuit rises, and the p.d. across it (in series with a fixed resistor) falls
while the p.d. across the resistor rises; a fixed resistor and a metal wire at constant
temperature keep their resistance, and a filament lamp’s rises with current.

Definitions the examiner accepts

A definition question is marked against fixed wording. Learn these exactly, and give
one answer only.

Term Definition
electric current a flow of charge carriers
coulomb the charge passing a point in one second when the

current is one ampere

potential difference the energy transferred from electrical to other forms
per unit charge passing through a component

electromotive force (e.m.f.)  the energy transferred from other forms to electrical
energy per unit charge, by a source driving charge
round a complete circuit
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Term Definition

volt one joule per coulomb

resistance the ratio of the potential difference across a

component to the current in it

ohm the resistance of a component in which a potential
difference of one volt produces a current of one
ampere

Ohm’s law the current in a metallic conductor is directly

proportional to the potential difference across it,
provided its temperature remains constant

resistivity the constant p in R = pL/A, a property of the
material with unit 2 m

number density the number of charge carriers per unit volume of the
conductor

Exam tips

Use [ = Q/t, V =W /Q (energy per unit charge) and P = VI = [?’R =V?/R.
Ohm’s law (V = I R) applies only to an ohmic conductor at constant temperature
— a filament lamp is non-ohmic.

Sketch and interpret the I-V characteristics of a resistor, filament lamp and
diode.

An LDR’s resistance falls with light; a thermistor’s falls as temperature rises.

Common mistakes

Taking the resistance from the gradient of a curved -V graph. Resistance is V' /1
at the point; only for a straight line through the origin is it the reciprocal of the
gradient.

Leaving a time in minutes or hours in @) = It. Convert to seconds first.

Saying the filament lamp’s resistance rises “because of the voltage” The chain is
current, temperature, ion vibration, more collisions, more resistance.

Forgetting that a stretched wire changes in two ways. At constant volume the area
falls as the length rises, so R oc L2,

Using the diameter as the radius in A = 772, or leaving mm? unconverted.

Comparing powers with the wrong form. Series components share the current, so
use I2R; parallel components share the p.d., so use V?/R.
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D.C. circuits
A-Level Physics

Practical circuits

e.m.f. and p.d.

The electromotive force (e.m.f.) e of a source is the energy given to
each unit of charge by the source as it drives the charge around a full circuit. Unit:
volt.

The potential difference (p.d.) across a component is the energy changed
from electrical to other forms by each unit of charge as it passes through that compo-
nent.

Both are in volts; they differ in energy direction:

o em.f. — energy put into the circuit by the source (chemical — electrical in a
battery, mechanical — electrical in a generator).

o p.d. — energy taken out of the electrical form (electrical — thermal in a resistor,
— light in a lamp, — kinetic in a motor).

The examiner’s wording is fixed. e.m.f. is "the energy transferred per unit charge
by the source in driving charge round a complete circuit”; p.d. is "the energy
transferred per unit charge from electrical to other forms”. Both are energy per charge,
so the volt is a joule per coulomb (1 V =1J C™'). Statements that are always true
of a source: the e.m.f. is the terminal p.d. when no current flows; the total energy it
gives to a charge () is Q). The name is a trap: an electromotive "force” is not a force
and is not measured in newtons.

Worked example. A cell of em.f. ¢ and internal resistance r drives a charge ()
round a circuit whose terminal p.d. is V. Compare the energy transferred by the cell
with the energy dissipated outside it.

The cell transfers € in total; the external circuit receives V). Since V =¢ — Ir < ¢
whenever a current flows, V@Q < e@Q) — the difference (¢ — V)@ = IrQ is the energy
turned to heat inside the cell.

In the lab you often build a circuit on a breadboard (a board with rows
of holes that connect components without soldering) and measure currents and p.d.s
with a multimeter
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The bare board: the two long rails carry power, and each short row of holes is joined
underneath

-
-
=
-
=

ol
-
-
2
o
-
o
-
w
o
o
-
“

FEEEE treee

A real circuit on a breadboard, being measured with a multimeter

Internal resistance

A real source has some internal resistance r — usually the resistance of the
electrolyte in a cell , or the wire windings in a generator. When current

I flows, an internal p.d. of Ir is "lost” inside the source, so the terminal p.d.

across the outside circuit is

‘/terminal =e—1Ir

So:
e no current (open circuit , I =0): the terminal p.d. equals the e.m.f.

©)
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o larger current: the terminal p.d. falls.

o short circuit (Rexternal — 0): [ = €/r, a large current, with all the energy
turned to heat inside the source.

To measure r, change the outside resistance and plot Vierminal against I: the line has
y-intercept € and gradient —r.

Worked example. A cell of e.m.f. 1.5 V and internal resistance 0.50 €2 is connected
to a 2.5 Q resistor. Find the current and the terminal p.d.

15 - 1.5 -
R+r 25+050

The e.m.f. drives the current through both resistances: I =
0.50 A. Then

Vierminal = € — Ir = 1.5 —0.50 x 0.50 = 1.25 V.

variable resistor

Circuit for measuring the e.m.f. and internal resistance of a cell
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VIV

AV _ _
Al

gradient = r

V=¢&—Ir - intercept & gradient = —r
0 > I/A

Terminal p.d. against current — the intercept is the e.m.f. and the gradient is minus
the internal resistance

The power given to the outside load is Py = (¢ — Ir)I; the power lost inside is
P, = I?r; the total power from the source is 1.
Pogw VIV R

S 20nirS iy -3 ~a large load resistance

The efficiency of the source is

wastes little energy inside the source.

Worked example. A cell of em.f. 2.0 V and internal resistance 0.40 €2 drives a
current of 1.5 A through a wire. Show that the terminal p.d. is 1.4 V and find the
percentage efficiency with which the cell supplies power to the wire.

V=ec—-Ir=20-15x040 = 2.0—-0.60 = 1.40 V. Power to the wire = VI =
1.4 x 1.5 = 2.1 W; total power from the cell = el = 2.0 x 1.5 = 3.0 W. Efficiency
= 2.1/3.0 = 0.70, i.e. 70%. In a ”show that” question, write every step and the
unrounded value (1.40 V) before the value you were given.

When the outside circuit changes, argue through the current. Closing a
switch that adds a second resistor in parallel lowers the total external resistance, so
the current in the cell rises, the internal "lost volts” Ir rise, and the terminal p.d. e—1Ir
falls; the p.d. across the original resistor (which is the terminal p.d.) therefore falls,
and so does its current, even though the cell’s current rose. This chain — resistance
— current in the cell — Ir — terminal p.d. — is the model answer for almost every
"state and explain the effect” question in this topic.
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terminal p.d. = E — Ir

©

Closing S adds a parallel branch: the current in the cell rises, so Ir rises and the
terminal p.d. read by the voltmeter falls

Cells joined together. In series, e.m.f.s add and internal resistances add: three cells
of em.f. € and internal resistance r give 3¢ and 3r. A cell connected the wrong way
round subtracts its e.m.f. (ten 1.5 V cells with one reversed give 8 x 1.5 = 12 V).
Identical cells in parallel give the same e.m.f. ¢ with a smaller internal resistance r/ N,
so they can supply a larger current.

Circuit symbols

You must recognise and draw the standard symbols in the syllabus: cell, battery,

switch, resistor, variable resistor, ammeter , voltmeter , lamp, diode
(and LED ), capacitor , inductor, thermistor, light-dependent
resistor, fuse , earth, junction. An ideal ammeter has zero resistance

and goes in series . An ideal voltmeter has infinite resistance and goes in parallel
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—— - al = l
cell battery switch (open) fuse -

—|1—

i

variable

e

—LC4—

earth

&

fixed resistor potentiometer thermistor light-dependent
resistor resistor
® M & e
lamp diode light-emitting capacitor inductor
diode (LED)
ammeter voltmeter galvanometer motor . .
junction of
conductors

The standard circuit symbols you need to recognise and draw

Drawing a circuit diagram. Marks are lost for symbols, not physics. Use ruler-
straight lines and the standard symbols; an ammeter goes in series with the compo-
nent whose current it measures and a voltmeter in parallel with (across) the compo-
nent whose p.d. it measures; a cell with internal resistance is drawn as an ideal cell in
series with a resistor r; and a variable resistor may be used in two ways, shown below.
A 7complete the circuit diagram” question usually wants exactly this measuring ar-
rangement: source, ammeter and variable resistor in one series loop, voltmeter across
the component under test.

A digital multimeter across a resistor bank: the voltmeter goes in parallel, the
ammeter in series
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rheostat: two connections potential divider: three connections
sets the current sets a p.d. from 0 to F/

slider at the top: Vour = F
E—— ® E— RI: slider at the bottom: Veut = 0

A wariable resistor as a rheostat (two connections, sets the current) and as a
potential divider (three connections, sets a p.d. from 0 to E)

Kirchhoff’s laws

First law (junction rule)

At any junction , the total current flowing in equals the total current
flowing out. This follows from conservation of charge — charge cannot
build up at a point in a steady circuit, so charge in per second equals charge out per
second.

For a junction with three wires: I; = I, + I3 if currents 2 and 3 flow out and current
1 flows in.

&

at each junction: 3A=2A+1A

Current divides at a junction in a parallel circuit (3 A in equals 2 A plus 1 A)

Two ways the examiner asks it: “state the law” (one mark: the sum of the currents
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into a junction equals the sum of the currents out of it) and “state the conservation
law behind it” (charge). Do not answer “energy” for the first law or “charge” for the
second — the pairing is tested in almost every Paper 1.

Second law (loop rule)

Around any closed loop , the total e.m.f. equals the total p.d. across the
components in that loop. This follows from conservation of energy

as a unit of charge goes once round a loop, the energy it gains from sources equals the
energy it gives up to components.

Pick a direction round the loop. Take an e.m.f. as positive when the loop direction
goes from — to + of the source, and a p.d. as positive when the loop direction is the
conventional current direction through the resistor.

In symbols, round any closed loop Y e = > ITR. A source you pass from + to —
counts as a negative e.m.f. (it is being charged, or opposes the other source), and a
resistor you pass against its current counts as a negative p.d.

Worked example. Two batteries are in one loop with their e.m.f.s opposed: 12.0 V
with internal resistance 1.0 2, and 8.0 V with internal resistance 0.50 2. Find the
current.

Going round the loop, the net e.m.f. is 12.0 — 8.0 = 4.0 V and the total resistance is
1.0+ 0.50 = 1.5 © (the internal resistances are in series), so I = 4.0/1.5 = 2.7 A. The
current flows in the direction driven by the larger e.m.f.

Combining resistors

Resistors in series. Derivation using Kirchhoff’s laws: there is no junction between
the resistors, so by the first law the same current [ passes through each. By the
second law the e.m.f. round the loop equals the sum of the p.d.s:

e=IR+IRy+...=I(Ri+ Ry +...),

SO Rseries = Rl + R2 + ..

— equivalent
——{ 1 I— —— _}—

to

Two resistors in series and their single equivalent resistor
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Resistors in parallel. Derivation: by the second law, each resistor forms its own
loop with the source, so each has the same p.d. V across it. By the first law the
current entering the junction equals the sum of the branch currents:

V V 1 1
I=—+4+—+...=V|[—+—+...
R1+R2+ (R1+R2+ ),
1 1 1
Rparallel Rl RQ

SO

I equivalent
| +— .

to

Two resistors in parallel and their single equivalent resistor

Two equal resistors R in parallel give R/2; N equal ones give R/N. A parallel com-
bination is always smaller than any of its resistors; a series combination is always
larger.

Worked example. A 4.0 €2 resistor and a 12 () resistor are connected in parallel.

Find their combined resistance.

1
R

1 3 1 4

W

1
40 12 12 12 12

Resistor networks and power

Reduce a mixed network one step at a time: replace each series chain by its sum and

RiR
each parallel pair by ﬁ (the "product over sum” form, valid for two resistors
1 2

only), redraw, and repeat until one resistor is left. Two rules decide which resistor
dissipates the most power without any arithmetic: components carrying the same
current dissipate more in the larger resistance (P = I?R); components with the
same p.d. dissipate more in the smaller resistance (P = V?/R). In a series—parallel
mix the single resistor that carries the whole current usually dissipates the most,
because a parallel branch carries only a share of it.
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Worked example. Three resistors, each of resistance R, are connected with two in
series and that pair in parallel with the third. The total resistance between the ends
is 8.0 2. Find R.

2Rx R 2R S 2R 80, givi

= —. So — = 8.0, givin
2R+ R, 3 3  BIVINE
R =12 Q. Check: the single resistor R carries twice the current of the pair (same

p.d., half the resistance), so it dissipates the most power.

The series pair is 2R; in parallel with R: Ry =

Solving a circuit

1. Label every current with a symbol and a chosen direction.
2. Use Kirchhoftf’s first law at each junction to link the currents.

3. Use Kirchhoff’s second law around each loop to get equa-
tions in the p.d.s.

4. Use V = IR for each resistor.
5. Solve the equations together.

For symmetric resistor networks, use the symmetry to spot branches with equal cur-
rents — the branch with the most current gives the most power (P = I*R).

5 R, junction

&=
I
'l
F
-
=
@
&
—
| M|
-
=~

The standard two-loop circuit: one junction equation and two loop equations fix all
three currents

Worked example. In the circuit above ¢ = 12 V (negligible internal resistance),
R =20, R, =6.0Q and R3 = 3.0 Q). Find the three currents.

Kirchhoff’s method. Junction: I; = Iy + I3. Loop 1 (through ¢, Ry, Ry): 12 =
2.0I1 + 6.015. Loop 2 (through Ry and Rg, no source): 0 = 6.0y — 3.013, so I3 = 21I5.
Then I, = 315 and 12 = 6.015 4+ 6.015, giving I, = 1.0 A, I3 =2.0 A and I; = 3.0 A.

Reduction check. 6.0 2 and 3.0 €2 in parallel give 2.0 €2; with R; the total is 4.0 €2, so
I, =12/4.0 = 3.0 A and the p.d. across the parallel pair is 3.0 x 2.0 = 6.0 V, giving
I, =6.0/6.0=1.0 A and I3 =6.0/3.0 = 2.0 A. Both methods must agree; a negative
answer for a current simply means you guessed its direction the wrong way.
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Potential dividers

A potential divider is two (or more) resistors in series across a source. The
p-d. across each resistor is in direct proportion to its resistance:

Rl RQ

VizVir oy Vo= Vi e
! Ry + Ry 2 Ry + Ry

The output (tapped between R; and Rs) can be set to any voltage between 0
and Vi, by choosing the resistances. A potentiometer used with all three
of its connections (a slider on a uniform-resistance track) gives a smoothly variable
divider; the same component with only two connections is a rheostat , which
just changes the current.

Worked example. A 6.0 V supply is connected across a 2.0 k€2 resistor in series with
a 4.0 kQ resistor. Find the output voltage tapped across the 4.0 k(2 resistor.

Ry

Vo=V ——— =
2 Ry + R,

6.0 4.0 V.

X — =
2.0+4.0

The same answer comes from the current-first route the mark scheme often lays out:
I =Vy/(Ri+ Ry) =6.0/6000 = 1.0 mA, then V5 = IRy = 1.0 x 1073 x 4000 = 4.0 V.
Two consequences worth remembering: the larger resistance takes the larger share
of the p.d.; and the ratio formula holds only while no current is drawn from the
output — a load (or a low-resistance voltmeter) in parallel with R, lowers the effective
resistance of Ry and so lowers V5.

output = V5

A potential divider — the p.d. splits between R1 and R2 in proportion to their
resistances
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Sensor circuits

Replace one fixed resistor with a sensor whose resistance changes with a
physical quantity:

o thermistor (NTC): R falls as temperature rises. In a divider, the output
voltage changes with temperature in a fixed direction.

o light-dependent resistor (LDR): R falls as light intensity rises,
giving a brightness-dependent output.

Connect the output to a transistor base or a comparator to switch
a load on or off when the temperature or light passes a threshold

output

° O

A thermistor in a potential divider gives an output voltage that changes with
temperature

Which way does the output go? The output can be taken across the sensor or
across the fixed resistor, and the two choices respond in opposite directions. Argue
through the current, in this order, and you have the full three-mark answer:

1. the light gets brighter (or the temperature rises), so the resistance of the LDR (or
thermistor) falls;

2. the total resistance of the series circuit falls, so the current rises (I = ¢/ Riotal);

3. the p.d. across the fixed resistor = IR rises, so the p.d. across the sensor
=¢ — IR falls.

So an output across the fixed resistor rises with light or temperature; an output across
the sensor falls. If the source has internal resistance, add one more link: the larger
current also increases Ir, so the terminal p.d. falls slightly.
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A: output across the fixed resistor B: output across the LDR

R Vout LDR Vout

o © o

brighter light = Vout rises brighter light = V¢ falls

Where you take the output decides the direction of the change: across the fized
resistor it rises with light, across the LDR it falls

Worked example. A battery of em.f. 9.0 V and negligible internal resistance is
connected in series with an LDR and a 1200 € resistor. In the light the LDR has a
resistance of 1800 €2. Calculate the p.d. across the LDR, and state and explain what
happens to it when the light intensity decreases.

1800
Vipr = 9.0 x 1800 + 1200 = 5.4 V. Less light — the resistance of the LDR increases

— the total resistance increases and the current decreases — the p.d. across the
1200 €2 resistor (I R) decreases — the p.d. across the LDR (9.0 — I R) increases.

Worked example. A thermistor in series with a 5800 €2 resistor across a 6.0 V supply
gives a p.d. of 2.9 V across the resistor. Find the resistance of the thermistor.

Current = 2.9/5800 = 5.0 x 10~* A. The thermistor takes the remaining 6.0 — 2.9 =
3.1V,s0 R=3.1/(5.0 x 107*) = 6200 Q (or, by ratio, R = 5800 x 3.1/2.9).

Potentiometer and the null method

A potentiometer is a uniform resistance wire of length Ly with a sliding contact
(jockey ). The resistance per unit length is uniform, so the p.d. from one
end to the jockey is proportional to the length:

x
Ve = Vil - —.
all * T

To compare two e.m.f.s (an unknown cell against a standard cell), connect each
in turn with the jockey through a galvanometer . Slide the jockey until the
galvanometer reads zero (a null — no current flows through the cell being measured,
because the potentiometer’s voltage there exactly opposes the cell’s e.m.f.). The bal-
ance length — the wire length from the end to the jockey at balance — is
proportional to the e.m.f. being measured, so the two lengths are in the ratio of the
e.m.f.s:
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€1 L

€2 B E
This is a null method : you find the balance (zero current) instead of mea-

suring a current’s value. Its advantage is that at balance the unknown cell gives no
current, so its internal resistance does not affect the result.

driver cell

la

uniform resistance wire B

A \
jockey (sliding contact)

two-way
switch N

(o)
\&/

A potentiometer comparing two cell e.m.f.s by the null method

Why the null method is better than a voltmeter. At balance no current is
drawn from the cell being measured, so there is no Ir drop inside it: the balance point
measures the e.m.f., not the terminal p.d. A voltmeter always draws some current,
so it reads slightly less than the e.m.f.

Reading the balance point. The p.d. per unit length of the wire is fixed by the
driver cell and the resistance of the wire. Anything that makes the p.d.
being balanced larger moves the balance point further along the wire; anything that
makes the p.d. per unit length larger (a driver cell of larger e.m.f., or a wire that takes a
larger share of the driver’s p.d.) makes the balance length shorter. Replacing the wire
by one of the same length but greater diameter lowers its resistance (R = pL/A):
if the driver cell has negligible internal resistance and nothing else is in series, the p.d.
across the wire is still the full e.m.f. and the balance length does not move; if the
driver has internal resistance or a series resistor, the wire’s share of the e.m.f. falls,
the p.d. per metre falls, and the balance length grows. Say which case you are in.

Worked example. A potentiometer wire XY of length 2.0 m carries a p.d. of 1.50 V.
A cell of em.f. F is balanced when the jockey is 1.6 m from X. Find E, and state
what happens to the balance length if the driver cell is replaced by one of larger e.m.f.
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1.6

E =150 x — = 1.2 V. A larger driver e.m.f. gives a larger p.d. per metre, so the

same 1.2 V is reached at a shorter length: the jockey must move towards X.

Definitions the examiner accepts

A definition question is marked against fixed wording. Learn these exactly, and give

one answer only.

Term

Definition

electromotive force (e.m.f.)
potential difference (p.d.)

internal resistance

terminal p.d.

Kirchhoff’s first law

Kirchhofl’s second law

potential divider

potentiometer

null method

balance length

the energy transferred per unit charge by a source in
driving charge round a complete circuit

the energy transferred per unit charge from
electrical energy to other forms of energy

the resistance to current inside a source of e.m.f.,
which causes a p.d. Ir across the source when a
current flows

the p.d. across the terminals of a source, equal to
em.f. —Ir

the sum of the currents into a junction is equal to
the sum of the currents out of the junction
(conservation of charge)

the sum of the e.m.f.s round a closed loop is equal
to the sum of the p.d.s round the loop (conservation
of energy)

two or more resistors in series across a supply,
giving a p.d. across one of them that is a fraction of
the supply p.d.

a uniform resistance wire with a sliding contact,
used to compare p.d.s by finding the length at
which a galvanometer reads zero

a measurement made by adjusting a circuit until a
meter reads zero, so no current is drawn from the
component being measured

the length of potentiometer wire between one end
and the sliding contact when the galvanometer
reads zero
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Exam tips

Apply Kirchhoff’s laws: current into a junction = current out (charge conserved);
> em.f. = ) p.d. round a loop (energy conserved). Name the law you are using
when a question says "use Kirchhoft’s laws”.

Combine resistors: series R = R + Ry; parallel 1/R = 1/R; + 1/Ry. A parallel
combination is always smaller than its smallest resistor.

A potential divider splits voltage in the ratio of the resistances; the larger resis-
tance takes the larger p.d.

Include internal resistance: e.m.f. = I(R + r) — the "lost volts” are Ir. When
a circuit changes, argue resistance — current in the cell — Ir — terminal p.d.

“Negligible internal resistance” means the terminal p.d. is the e.m.f., whatever the
current. Look for the phrase before you start.

Read a VI graph of a source as V' = ¢ — Ir: intercept ¢, gradient —r, and the
current at V' = 0 is the maximum (short-circuit) current ¢/r.

In Paper 5, rearrange the circuit relation into y = mx + ¢ before plotting: a cell

of em.f. ¢ and internal resistance r feeding n equal resistors R in parallel obeys

R 1 R 1
e=1 (— —1—7"), 80 7=~ “+l g graph of 1/I against 1/n has gradient R/e
n e n €

and intercept r/e.

Common mistakes

Writing V' = I R with the e.m.f. and the external resistance only, forgetting r. Use
e=I(R+r).

Saying e.m.f. is “the force that pushes the charge”. It is energy per unit charge;
the volt is a joule per coulomb.

Pairing the laws with the wrong conservation law. First law — charge; second law
— energy.

Using “product over sum” for three parallel resistors. It works for two only; other-
wise add the reciprocals.

Explaining a sensor circuit by "the resistance changes so the voltage changes”. The
marks are for the chain: resistance — total resistance — current — IR across the
fixed resistor — the rest across the sensor.

Claiming a potentiometer at balance “draws no current from the driver cell”. It
draws none from the cell being measured; the driver cell always supplies the
wire current.

Rounding a "show that” value before the last line — write 1.40 V, then say it is
1.4 V.
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Particle physics
A-Level Physics

The nuclear atom

Geiger—Marsden a-particle scattering
Alpha particles « fired at a thin gold foil were seen to:

o mostly pass straight through, with very little deflection ,
« sometimes deflect through small angles,
o rarely (about 1 in 8000) deflect through angles greater than 90°.

From this Rutherford worked out:

 the atom is mostly empty space (most a-particles pass straight through),

o there is a tiny, dense, positively charged nucleus at the centre (the rare
large deflections need a concentrated charge to push the a away),

o almost all of the atom’s mass is in this nucleus.

Order of magnitude: atom diameter ~ 107!% m, nucleus diameter ~ 107 m — the
nucleus is about 10° times smaller than the atom.

The three results and what each proves — the mark scheme pairs them exactly
like this:

Observation Conclusion

the vast majority pass straight through  most of the atom is empty space
with little or no deflection

a small number are deflected through there is a concentrated positive charge
small angles (the nucleus) that repels the positive
a-particles

a very small minority (about 1 in 8000)  the nucleus is very small compared
are deflected through more than 90°, with the atom, and contains almost all
some straight back of the atom’s mass

Three details of the experiment are also asked: the foil is thin so that each a-particle
meets at most one nucleus (and is not absorbed); the chamber is a vacuum so the
a-particles are not stopped or scattered by air; gold is used because it can be beaten
into a very thin sheet and has a heavy, highly charged nucleus.

Worked example. Explain why a very small minority of the a-particles are scattered
through angles greater than 90°.
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Only an a-particle that approaches a nucleus almost head-on is turned back. The
nucleus and the a-particle are both positive, so the electrostatic repulsion is
very large at small separation, and the nucleus is much more massive than the a-
particle, so it is the a-particle that is turned round. Because the nucleus is tiny,
very few a-particles get that close — hence the small minority. As the a-particle
approaches, its kinetic energy is converted to electric potential energy; at the point
of closest approach it is momentarily at rest and all of its kinetic energy has become
potential energy.

The deflection depends on how close the path passes to the nucleus: the smaller the
distance, the larger the angle, and the paths are symmetrical about the line through

the nucleus.
zinc sulfide detector

_~ on a microscope

vacuum

hi Id foil
thin gold foi detector can

be moved round

The a-scattering experiment — a-particles strike a thin gold foil in a vacuum

a-particles
p . ” >
4
pass nearly
scattered straight on
back

i O tiny dense
! nucleus (+)
|

|

|

closest
approach

Most a-particles pass nearly straight through; a few are deflected sharply by the tiny
nucleus
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Simple nuclear model

An atom has:

e a central nucleus of protons (positive, charge +e) and neutrons (no
charge),
 electrons (charge —e) around the nucleus.

The proton and neutron have almost the same mass (~ 1 u); the electron is about

1 )
Ta36 Of the proton’s mass.

a) helium b) lithium

@ nroton (charge -+¢) @ neutron (no charge)

@ celectron (charge —e)

Simple models of a helium atom and a lithium atom (not to scale)

Worked example. Describe the structure of an atom of uranium-238, 238U.

A nucleus containing 92 protons and 238 — 92 = 146 neutrons, with 92 electrons in
orbit around it. "Orbital electrons” is the syllabus phrase — the electrons are outside
the nucleus, and the neutral atom has as many electrons as protons.

Notation and key numbers

For a nuclide written 4X:
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P A = nucleon number (protons + neutrons)
A
7 X

T 7 = proton number

Nuclide notation: nucleon number on top, proton number below

« proton number Z (also the atomic number): the number of protons. It
fixes the element.

e nucleon number A (also the mass number): the total number of nucleons
(protons + neutrons).

o number of neutrons N = A — 7.

A neutral atom has the same number of electrons as protons.

Isotopes

Isotopes are atoms of the same element (same Z) with different numbers
of neutrons (different A). They behave the same chemically but differently in the
nucleus. Example: $2C and }*C are isotopes of carbon.

The examiner’s wording: isotopes are nuclei (or atoms) with the same number of
protons but different numbers of neutrons — equivalently the same proton num-
ber Z and different nucleon numbers A. Hydrogen has three:

same proton number Z = 1: the same element; different nucleon number A

d Q e Q .7 Q
/ \ / \ / \
/ \ / \ / \
1 \ 1 \ 1 \
I I I
. ® . O | G%g) ’n
! / ! / ! /
\ / \ / \ /
\ ’ N ’ N ’
\\\ // \\\ // \\\ //
hydrogen-1 hydrogen-2 (deuterium) hydrogen-3 (tritium)
IH: 1 proton, 0 neutrons 2H: 1 proton, 1 neutron 3H: 1 proton, 2 neutrons
1 electron 1 electron 1 electron

The three isotopes of hydrogen: the same one proton, different numbers of neutrons

Worked example. Tritium, $H, is an isotope of hydrogen. State the numbers of pro-
tons, neutrons and electrons in a neutral tritium atom, and give the quark composition
of its nucleus.
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Z = 1proton; A—Z = 3—1 = 2 neutrons; 1 electron (neutral, so electrons = protons).
The nucleus is one proton (uud) and two neutrons (udd, udd): 4 up quarks and 5
down quarks. Charge check: 4 x % — 5 X % = +1, the proton number. A "labelled
diagram” of the atom is the nucleus (1 p, 2 n) with one electron orbiting outside it.

Conservation laws in nuclear processes

In any nuclear process:

« nucleon number A is conserved (total A before = total A after),
 charge is conserved (this is conservation of charge ).

These two rules let you balance decay and reaction equations.

Unified atomic mass unit

The unified atomic mass unit , symbol u, is set so that an atom
of {2C has mass exactly 12 u. Numerically,

1 u=1.661x 107" kg.

A proton has mass ~ 1.007 u; a neutron ~ 1.009 u; an electron ~ 5.5 x 1074 u.

Worked example. A nucleus X has 14 nucleons and p protons. Its charge-to-mass
ratio is 4.1 x 10" C kg~'. Find p and identify X.

4.1 % 107 x 14 x 1.66 x 107
Charge = pe; mass ~ 14 u. So % =4.1x107, giving p = 60 < 10-19 =
5.96 ~ 6. Six protons and 14 nucleons: X is carbon-14, }*C. Keep every figure until

the end, then round to the nearest whole number of protons.

Radioactive emissions

An unstable nucleus rearranges itself and gives out one of three kinds of radiation
. This is radioactive decay. Each kind has its own properties.

a-radiation

« Made of: a helium-4 nucleus, 4o (two protons + two neutrons).
e Mass: =4 u.

e Charge: +2e.

« Range in air: a few cm. Stopped by a sheet of paper.

o Ionising power: strong — it is good at ionising
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o Energy spectrum: discrete (one decay gives a-particles at one or a few
sharp energies).

A cloud chamber makes the tracks visible: each a-particle leaves a short,
straight, thick trail of tiny droplets as it ionises the air. The short equal lengths show
the a-particles all carry about the same energy.

Alpha-particle tracks in a cloud chamber, fanning out from an americium-241 source

f-radiation
Two types of beta particle 5

o [7: a fast electron, given out when a neutron turns into a proton.

e [T: a positron (the electron’s antiparticle), given out when a proton in a
proton-rich nucleus turns into a neutron.

Properties (both types):

o Mass: ~ 1/1836 u (much less than «).
o Charge: —c¢ for 87, +e for 7.
« Range in air: about 1 m. Stopped by a few mm of aluminium.

o Energy spectrum: continuous up to a maximum (see below).
~v-radiation
o Made of: a high-energy photon — part of the electromagnetic spectrum

o Mass: zero (rest mass).
e Charge: zero.

« Range in air: large (follows the inverse-square law). Strongly attenuated
by several cm of lead or about a metre of concrete.

o Ionising power: weakest.
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o Energy spectrum: discrete (a gamma ray vy is given out as the nucleus
drops between two nuclear energy levels).

A nucleus often gives out a y-photon as a “tidy-up” step after an o or § decay leaves
the daughter nucleus in an excited state

paper

aluminium

B g
lead

Penetrating power: « is stopped by paper, B by aluminium, v only attenuated by lead

Mass and charge, side by side — a table question asks for exactly these, in units
of u and e:

Particle Mass Charge
proton 1 u (1.007 u) +e
neutron 1 u (1.009 u) 0
electron, 3~ 55 U (5.5 X 107 u) —e
positron, 8+ =5 U +e
a-particle 4 u +2e
~v-photon 0 0
neutrino, antineutrino  almost zero 0

Worked example. Compare an a-particle with a 8 particle in terms of their masses
and charges (3 marks).

Both are positively charged, but the a-particle’s charge (+2e) is twice that of the 5
(+e). The a-particle’s mass (4 u) is about 7300 times the mass of the 47 (5.5x 107 u).
Give a ratio, not just "heavier”: twice the charge and about 7000 times the mass are
the marking points.

Because they carry charge, a- and g-particles are deflected by electric and magnetic
fields — in opposite directions for opposite signs, the light g far more than the heavy
a — while v-rays, being uncharged, pass straight through.
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Antiparticles, neutrinos and antineutrinos

Every particle has an antiparticle with the same mass but opposite
charge. The positron is the antiparticle of the electron.

In B-decay, a third particle is always given out as well:

e [~ decay: an antineutrino Ue.
e (371 decay: a neutrino Ve.

Neutrinos and antineutrinos have zero charge, very small mass, and barely interact —
they are very hard to detect, but they must be there to balance energy, momentum
and other conserved quantities in -decay.

Why /5 has a continuous spectrum (and a does not)

In a-decay the energy released is shared between just two particles (the daughter
nucleus and the «). Conservation of momentum and energy then fixes the a’s energy
to one value (discrete).

In B-decay the energy is shared between three particles (the daughter nucleus, the f,
and the (anti)neutrino). The § can take any share from zero up to a maximum, so its
energy spectrum is continuous.

number of number of
particlesA particlesA

a: discrete energies B: continuous up to Enax

. >

Emax

kinetic energy

—— >
kinetic energy

a-particles from one decay have fized (discrete) energies; [5-particles share the energy
with an (anti)neutrino, so their spectrum is continuous up to a mazximum

Worked example. The energy spectrum of the S~ particles from a source is contin-
uous, from zero up to a maximum. Explain why (3 marks).

Each decay releases a fixed amount of energy. That energy is shared between the g~
particle, the antineutrino and the recoiling daughter nucleus. The antineutrino can
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take any share, so the 5~ particle is left with any energy from zero up to the maximum
— the maximum being when the antineutrino carries away almost none. (For an a-
particle there are only two bodies, so momentum conservation fixes the share and the
energy is discrete.)

Writing decay equations

A general a-decay:

X = 27aY +5a
(check: A=(A—4)+4,Z=(Z—-2)+2.)
A general 5~ decay:

éX — §+1Y + 915 + Ve.

A general 57 decay:

X =2 Y + 58+ e
Worked example. Uranium-238, 238U, decays by a-emission; carbon-14, 1*C, decays
by S~ -emission. Find each daughter nuclide.

a-decay lowers A by 4 and Z by 2; f~-decay leaves A unchanged and raises Z by 1:

ZU S BITh+la, MO MN+0,B+7,

Determine quantitatively the changes. a-emission: A decreases by 4, Z decreases
by 2. B~ -emission: A unchanged, Z increases by 1. ['-emission: A unchanged, Z
decreases by 1. y-emission: no change in either. A decay chain that ends at a known
nuclide is solved from these: the number of a-decays is (Agiars — Aend)/4, and then the
number of S~ -decays makes Z come out right.

Worked example. Thorium-230, 23°Th, decays in stages, by a- and ™ -emission, to
lead-206, 25°Pb. Find the number of each kind of decay.

a-decays: (230 —206)/4 = 6. Six a-decays alone would lower Z by 12, to 78; the final
Z is 82, so there are 82 — 78 = 4 S~ -decays.

A nucleus at rest recoils. When a stationary nucleus emits an a-particle, mo-
mentum is conserved: the daughter nucleus and the a-particle move off in opposite
directions with momenta of equal magnitude. Since p = muw, the lighter a-particle
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moves much faster, and since Ej = p*/2m it also takes most of the kinetic energy —
the shares are in inverse proportion to the masses.

Mvq = mvs SO =
vQ m

before: P at rest, momentum = 0 after: equal and opposite momenta
vQ « VA
- O
mass M +m mass M mass m
Vo M

A nucleus at rest decays: the daughter recoils with momentum equal and opposite to
the a-particle’s

Worked example. A stationary nucleus P of mass 243 u emits an a-particle of mass
4uat 1.5 x 10” m s~t. Find the speed of the daughter nucleus Q and the ratio of the
kinetic energy of the a-particle to that of Q.

Q has mass 243—4 = 239 u. Momentum: 239vq = 4x1.5x107, so vg = 2.5x10° m s},
Q Q

Eoz ?/2 o

in the opposite direction to the a-particle. Kinetic energies: — = p/—m _ e _
Eq  p*/2mg  m,

239

e ~ 60. The a-particle takes about 98% of the energy released.

Fundamental particles

9

Production and decay of neutral lambda and anti—lambda hyperons

A bubble chamber reveals the curved tracks of charged particles.
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Where the particles come from: a linear accelerator uses electric fields to drive
charged particles fast enough to probe the nucleus

Some particles are fundamental particles (point-like, with no smaller
parts as far as we know); others are built from fundamental ones.

The one-mark definition: a fundamental particle is one that cannot be broken down
into smaller particles (it has no internal structure). Electrons, neutrinos and quarks
are fundamental; protons and neutrons are not.

Quarks

A quark is a fundamental particle. There are six flavours

up (u), charge —i—%e,
down (d), charge —ze,
charm (c), charge +2e,
strange (s), charge —ze,
top (t), charge +§e,
bottom (b), charge —3e.

Each quark has an antiquark with the same size of charge but the opposite
sign: @ (charge —3e), d (charge +3e). No other quark property is tested.

A-Level Physics ¢ 11 Particle physics @



2 up charm top
charge +%
rge +3se u c +
each antiquark has
the opposite charge
charge —Le down strange bottom
3 d s b

The siz quarks: up/charm/top carry +§e, down/strange/bottom carry —%e

Written as the table a question asks you to complete:

Quark Charge Antiquark Charge
up (u), charm (c), +3e u,ct —2e
top (t)

down (d), strange —%e d, s, b —l—%e

(s), bottom (b)

Worked example. By reference to quark composition, show that the charge of a
proton is +1.6 x 10719 C.

A proton is uud: charge = 2e + fe — 3¢ = +e = +1.6 x 107 C. Write the three
fractions and their sum — the mark is for the arithmetic, not the answer.

Hadrons: baryons and mesons

Particles built from quarks are hadrons . Two types:

e baryons — three quarks. Examples: proton (u u d), neutron (ud d). Charge
check: % + % — % = +1 for the proton; % — % — % = 0 for the neutron.

e mesons — one quark and one antiquark (for example 7+ is ud).

Protons and neutrons are not fundamental — they are baryons made of quarks.

“Compare baryons and mesons in terms of their constituent particles” (2 marks):
both are hadrons made of quarks; a baryon is three quarks (or three antiquarks, for
an antibaryon), a meson is one quark and one antiquark. Any charge you are given
must come out of the quark charges:

Worked example. (a) A meson has charge —le. Give a possible quark composition.
(b) A meson Q has charge 0. Give a possible composition. (c¢) A baryon is made of
three quarks of different flavours, u, d and s. Find its charge. (d) Give the quark
composition of an antineutron and its charge.

(a) du: —£—2 = —1 (st also works). (b) ut: +2—2 =0 (or dd). (c) uds: 2—1—1 =

L 3 .
(d) The antineutron is the antiparticle of udd, so it is idd: —% + 3 + 3 = 0 — the
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same mass and charge as the neutron, since both have charge zero.

Quark changes in S-decay

In 8~ decay a neutron turns into a proton; in quark terms, one down quark turns
into an up quark:

d—=u+p8 +7.

In 8 decay a proton turns into a neutron; one up quark turns into a down quark:

u—d+ 8"+ ..

neutron proton

udd uud

Beta-minus decay: one down quark becomes an up quark, turning a neutron into a
proton

"Describe 8 decay in terms of the fundamental particles involved” (2 marks): an up
quark in a proton changes into a down quark, so the proton becomes a neutron, and a
positron and an electron neutrino are emitted — u — d + 8% + v,. For 3~ decay swap
the roles: a down quark becomes an up quark, emitting an electron and an electron
antineutrino. Name the (anti)neutrino: it is the "other lepton” the question asks for,
and it is what makes the 8 energy continuous.

Leptons

Leptons are fundamental particles that are not made of quarks. The leptons
you need are the electron and the electron neutrino, with their antiparticles the
positron and the electron antineutrino. (Heavier leptons — the muon and tau —
exist but are not tested.) Asked for “two different leptons”, give electron and neutrino.
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Classifying particles

To answer “which are fundamental?”: quarks and leptons (electrons, positrons,
neutrinos, antineutrinos) are fundamental; protons, neutrons, baryons, mesons and
hadrons are not — they are built from quarks.

particles

had
fundamental adrons ]

(made of quarks)

leptons: baryons:

electron, proton, mesons

neutrino neutron

Fundamental particles (quarks, leptons) versus hadrons (baryons, mesons)

Worked example. In the list — antineutrino, 8% particle, neutron, positron, proton
— underline the hadrons.

Neutron and proton (three quarks each). The antineutrino and the positron are lep-
tons; the 8T particle 4s a positron. The same list asked as "which are not fundamen-
tal?” has the same answer: neutron and proton.

Antimatter. Every particle has an antiparticle of the same mass and opposite charge;
a positron and an electron are alike in mass (and in the size of their charge) and differ
in the sign of their charge. An antihydrogen atom is an antiproton (charge —e, made
of iitid) with a positron in orbit.

Definitions the examiner accepts

A definition question is marked against fixed wording. Learn these exactly, and give
one answer only.

Term Definition

proton number  the number of protons in a nucleus

Z

nucleon number the total number of protons and neutrons in a nucleus

A
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Term Definition

isotopes nuclei of the same element (same number of protons) with
different numbers of neutrons

nuclide a nucleus with a particular number of protons and a particular

unified atomic

number of neutrons

one twelfth of the mass of an atom of carbon-12

mass unit

antiparticle a particle with the same mass as the corresponding particle but
the opposite charge

fundamental a particle that cannot be broken down into smaller particles

particle

hadron a particle made of quarks: a baryon (three quarks) or a meson
(a quark and an antiquark)

lepton a fundamental particle that is not made of quarks, such as the
electron or the neutrino

a-particle a helium-4 nucleus: two protons and two neutrons, charge +2e,
mass 4 u

6=/ Bt an electron / a positron emitted from a nucleus when a neutron

particle becomes a proton / a proton becomes a neutron

Exam tips

o Describe the nuclear atom (a small, dense, positive nucleus) using the alpha-

scattering evidence — pair each observation with its conclusion.

Compare «, § and v by charge, mass, ionising power and penetration; when
asked to compare two particles, give the ratio ("twice the charge”, "about 7000
times the mass”).

Use quark composition (proton wud, neutron udd) and check that charge and
nucleon number balance in every equation you write.

In = decay a neutron becomes a proton, an electron and an antineutrino; in
BT decay a proton becomes a neutron, a positron and a neutrino. Name the
(anti)neutrino every time.

A nucleus at rest that decays gives its two products equal and opposite mo-
mentum, so the lighter one is faster and carries most of the kinetic energy.

For a decay chain, count the a-decays from the change in A first, then fix Z with
[-decays.
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Common mistakes

e Concluding “the nucleus is positive” from the straight-through result. That re-
sult shows empty space; the large-angle deflections show the concentrated positive
charge.

o Defining isotopes by “different mass” only. The mark needs same number of pro-
tons, different number of neutrons.

« Writing %, 8 for AT decay. A positron is }, 3, and Z goes down by one.

« Forgetting the (anti)neutrino in a S-decay equation, or putting a neutrino with 5.
3~ goes with the antineutrino, 5% with the neutrino.

e Saying protons or neutrons are fundamental. Only quarks and leptons are.

o Giving a meson as “two quarks”. It is a quark and an antiquark.

o Treating an antiquark’s charge as the same sign as the quark’s. 1 is —%e, dis —l—%e.
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Motion in a circle
A-Level Physics

Angles in radians

The radian is the angle made at the centre of a circle by an arc ~ whose length
equals the radius. For an arc of length s on a circle of radius r, the angle in radians is

h=".
T

Radians have no unit (a ratio of lengths). A full circle has s = 27r, so § = 27 rad. A
half-circle is 7 rad; a quarter is 7/2 rad.

arc length s =r

One radian is the angle whose arc length equals the radius

To convert: 1 rad = 180°/7 & 57.3°. Set your calculator to radians for this topic;
"degree” mode will give wrong answers.

The one-mark definition. The radian is the angle subtended at the centre of a circle
by an arc equal in length to the radius of the circle. Give it in words — 6 = s/r on its
own is not a definition — and keep s = r# ready for turning a distance along the arc
into an angle, or back.

Uniform circular motion: angular speed

A-Level Physics ¢ 12 Motion in a circle @



A spinning fairground ride: every rider turns through the same angle each second.

An object moves in a circle of radius r at constant speed v. Define:

« angular displacement 0 — the angle (in radians) turned through by the
radius from a chosen start line.

o angular speed w — the rate of change of angular displacement.

For uniform motion w is constant and

~+ |

Unit: rad s~ 1.

What stays constant and what varies. In uniform circular motion the speed,
the angular speed, the period and the magnitude of the acceleration are constant;
the velocity, the displacement from the centre and the acceleration all change
continuously, because their direction changes. Asked to “state two quantities that
vary”, give two of velocity, acceleration, displacement and momentum — and say it is
the direction that varies.

Period and frequency

If the object goes once round (27 rad, one revolution ) in time 7" (the period
), then

2
w = % =27 f,
where f = 1/T is the frequency of turning (Hz).
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Linear and angular speed

In one period T' the object travels a distance 27r (the circumference ) at con-
stant speed, so

27r
V= =T
This links the linear (tangential ) speed v with the angular speed w. At a larger
radius (for the same angular speed) the linear speed is larger — a child on the edge of
a merry-go-round moves faster than one near the centre, even though both go round
once in the same time.

vp (large)

va (small)

same w, but v = rw —
the outer rider moves faster

Same angular speed, but the rider at the larger radius has the larger linear speed

(v=rw)

Worked example. A fairground ride of radius 4.0 m completes one turn every 8.0 s.
Find its angular speed and the linear speed of a rider on the edge.

2 2
= % = 8_76 =0.79 rad s,

= v=rw=40x079=31ms "
Worked example. The minute hand of a clock turns once every hour. A piece of
modelling clay on the hand moves a total distance of 0.44 m in 1400 s. Find the angular
speed of the hand, the angle the clay turns through in that time, and its distance from
the centre of the clock.
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w = 21/T = 27/3600 = 1.75 x 1073 rad s~'. Angular displacement § = wt =
1.75x 1073 x 1400 = 2.44 rad. Distance along the arc s =760, sor = s/0 = 0.44/2.44 =
0.18 m. Check: v = s/t = 3.1 x 107" ms™! and rw = 0.18 x 1.75 x 107% = 3.1 x
107* m s~! — the same. A common trap in these questions is a radius measured from
the rim: a lump 1.2 cm in from the edge of a 9.3 ¢cm disc moves in a circle of radius
8.1 cm.

every link of the chain moves at the same speed v

pedal cog: radius 71, rear cog: radius 7o,
angular speed w1 angular speed wo
w2 1
V= TriwWl = Trows = —_— = —
w1 T2

Two cogs joined by a chain share the chain’s speed, not its angular speed:
V =T1W1 = W2

Worked example. A bicycle chain passes round a pedal cog of radius 0.095 m and
a rear-wheel cog of radius 0.038 m. The pedals turn at 1.2 revolutions per second.
Find the speed of the chain and the angular speed of the rear cog. The chain is then
moved to a smaller rear cog while the bicycle’s speed stays the same; explain, without
calculation, what happens to the angular speed of the pedals.

Pedal angular speed w; = 2 x 1.2 = 7.5 rad s™'. Every link of the chain moves at

the speed of the rim of the pedal cog: v = rjw; = 0.095 x 7.5 = 0.72 m s~!. The rear
cog’s rim moves at the same speed, so wy = v/ry = 0.72/0.038 = 19 rad s~*. With the
bicycle’s speed unchanged, the rear wheel keeps the same angular speed; the smaller
cog’s rim therefore moves more slowly (v = rw with a smaller r), so the chain moves
more slowly, and the pedal cog, driven by the same chain, turns at a lower angular
speed.
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arc As

As the radius turns through A the object moves an arc As at speed v

Centripetal acceleration

An object moving in a circle at constant speed still has a changing velocity —
its direction keeps changing, even though its size stays the same. A changing velocity
needs an acceleration . This acceleration points towards the centre and is
the centripetal acceleration

The two-mark description. In uniform circular motion the speed is constant but
the velocity is continuously changing, because its direction changes; the acceleration
is constant in magnitude and is always directed towards the centre of the circle, per-
pendicular to the velocity. “State what is meant by centripetal acceleration”: the
acceleration of an object moving along a circular path, directed towards the centre of
the circle.

Size

The two forms are equal because v = rw. Pick the one with the quantities you have.

The centripetal acceleration is perpendicular to the velocity at every instant
— never along the direction of motion. (If part of it were along the motion, the speed
would change.) Unit: m s™2.
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velocity v

/
// force I path of ball
4 and acceleration a

/
¢

centre

The velocity points along the tangent; the force and acceleration point to the centre

Why the speed does not change. The centripetal force is perpendicular to the
displacement at every instant, so it does no work on the object; its kinetic energy,
and so its speed, stays constant. Only the direction of the velocity changes — which
is exactly what an acceleration perpendicular to the velocity does.

axis of rotation

P (latitude X)

€quator p goes round the small circle once a day:
w = 2m/(24 x 3600), v = rw, a = rw?,
directed towards the axis, not the centre

A point on the rotating Earth moves in a circle about the axis, of radius R cos A, not
about the Farth’s centre

Worked example. The Earth is a sphere of radius 6.37 x 106 m rotating once in 24
hours. Cambridge is at latitude 52.2° north. Find the radius of the circle in
which Cambridge moves, its speed, and its centripetal acceleration. A student of mass
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58.6 kg stands on bathroom scales there; state and explain the effect of the rotation
on the reading.

The circle is about the azis, so r = Rcos A = 6.37 x 10° x c0s52.2° = 3.90 x 10° m.
w = 2m/(24 x 3600) = 727 x 10™° rad s™', so v = rw = 284 m s7! and a = rw? =
3.90 x 10% x (7.27 x 1075)? = 2.1 x 1072 m s72. The student needs a resultant force
ma = 1.2 N towards the axis, which can only come from the weight exceeding the
upward contact force; so the scales read less than the weight mg = 575 N — by about
one newton (the acceleration has a component a cos A = 0.013 m s~2 along the vertical,
i.e. 0.7 N of the 1.2 N). Small, but the sign and the reason are the marks.

Centripetal force

A Ferris wheel: a centripetal force toward the centre keeps each car moving in a circle.

By Newton’s second law, the resultant force on a body in circular motion at
constant speed is

muv
F =ma=—— = mrw’
r
This is the centripetal force . It always points towards the centre —

perpendicular to the velocity.

The centripetal force is not a new kind of force — it is the net result of the real
forces acting (tension, gravity, friction, electric attraction, normal contact force, ...).
In a problem, work out which real force(s) provide it.

Worked example. A 0.20 kg ball on a string is whirled in a horizontal circle of radius
0.50 m at 3.0 m s™'. Find the centripetal force (the tension in the string).

mu? ~0.20 x 3.0%

F =
T 0.50

= 3.6 N.
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Where the centripetal force comes from

o Ball on a string in a horizontal circle: the tension in the string.

e Car turning a flat corner: the friction between tyres and road (F =
mu?/r). If the car goes too fast, friction is not enough and it skids outwards.

« Banked corner (no friction): the horizontal part of the normal contact
force : tan @ = v?/(rg) for the angle that needs no friction.

o A planet or satellite in orbit : the gravitational attraction ,
GMm/r? = mv?/r.

« Electron in a circular orbit (Bohr-style model): the electrostatic
attraction between the electron and the positive nucleus

kZe?  mev?

72 T

where k = 1/(4meg) and Z is the nuclear charge. Solve for v to get the orbital speed;
then T = 271 /v.

F (normal force)

‘ AF,
|
|
|
|
|
|
|
|

< to centre of circle
«—)
Fy

weight mg

On a banked track the horizontal part of the road’s force provides the centripetal force

The tilted force: conical pendulum, cone and swing-ride

A ball on a string swung in a horizontal circle (a conical pendulum ), a
ball rolling round the inside of a smooth cone, a chair on a fairground swing-ride
and a car on a banked track are all the same problem: one force (the tension or the
normal contact force) is tilted at an angle 6 to the vertical. Resolve it. Its vertical
component balances the weight; its horizontal component is the whole centripetal
force:
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m,UQ 2

Fcost =myg, Fsing = — = tanf =
r rg

Never add a separate “centripetal force” to the diagram: the two real forces are the
weight and the tilted force, and their resultant is horizontal, towards the centre.

vertical: T'cos§ = myg

2
) muv
horizontal: T'sin 6 =
,
2
v
so tanf = —
rg

ball inside a smooth cone: the normal
contact force N plays the part of T’

velocity along
the circle (out
of the page)

Resolve the tilted force: vertical component = mg, horizontal component = mv?/r

Worked example. A steel ball moves in a horizontal circle of radius 0.12 m on the
smooth inside surface of a cone whose surface makes 52° with the horizontal. Name
the two forces on the ball, state the direction of their resultant, and find the speed of
the ball and the period of its motion.

The forces are the weight (vertically down) and the normal contact force from the
cone’s surface (perpendicular to the surface, so at 52° to the vertical); their resultant
is horizontal, towards the centre of the circle. Vertically N cos 52° = mg; horizontally
Nsin52° = mo?/r. Dividing: v? = rgtan52° = 0.12 x 9.81 x 1.28 = 1.51, so v =
1.2ms ! and T = 27r/v = 27 x 0.12/1.23 = 0.61 s. The mass cancels — the speed
does not depend on it.

Worked example. A sphere of mass 0.29 kg hangs from a spring of spring constant
40 N m™' and unstretched length 6.0 cm. It is set moving in a horizontal circle so that
the spring makes 30° with the vertical. Find the tension, the radius of the circle and
the speed.

Vertically T cos30° = mg, so T = 0.29 x 9.81/0.866 = 3.3 N. The extension is
x = T/k = 3.28/40 = 0.082 m, so the spring’s length is 0.060 + 0.082 = 0.142 m
and r = 0.142sin 30° = 0.071 m. Horizontally T'sin 30° = mv?/r: v* = 3.28 x 0.5 x
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0.071/0.29 = 0.40, v = 0.63 m s~'. Hooke’s law supplies the length; the circle supplies
the rest.

Vertical circles

When the circle is upright, the speed is not constant (gravity does work) — but at
each instant the net force towards the centre still equals mv?/r:

o at the bottom of a loop: tension up, weight down, so T'— mg = mv?/r —
the tension is largest here.

« at the top of a loop: tension and weight both point down (towards the centre), so
T +mg = mv?/r — the tension is smallest. For the slowest speed at the top with
the string just tight, set 7' = 0: mg = muZ;,/r, gIVINg Vmin = /g7

X top of loop

e centre

/" bottom of loop

weight W

Forces on a person at the top and bottom of a vertical circle

Worked example. A car goes round a vertical loop of radius 2.0 m. Find the
minimum speed at the top for the car to keep contact with the track (take g =
9.81 m s72).

At the slowest speed the track force is zero, so gravity alone provides the centripetal
force: mg = mu2,,/r, giving vy, = /g7

Vmin = V9.81 X 2.0 ~ 4.4 m s~ L.
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The constant-speed result (v = rw, w constant) holds for horizontal circles, or where
the force only bends the path (orbits in gravity, charges in a magnetic field ).

Circles in fields

Worked example. A helium atom is modelled as a nucleus of charge +2e with two
electrons in the same circular orbit of radius 170 pm, always on opposite sides of the
nucleus. Find the resultant electric force on one electron and its speed.

Each electron is attracted by the nucleus, distance r away, and repelled by the other

lectron, distance 2 long th line: P (22 ¢ ¢
electron, distance 2r away, along the same line: F = — | — — =
’ W & dreg \ 12 (2r)? dmegr?
2.31 x 10728
1.75 = ———————— x 1.75 = 1.4 x 107® N. This is the centripetal force: v =

(1.7 x 10-10)2
VEr/m = /140 x 1078 x 1.7 x 10-10/(9.11 x 10-31) = 1.6 x 105 m ™1,

Worked example. A proton (mass 1.67 x 10727 kg) moving at 2.0 x 10° m s~! enters
a uniform magnetic field of flux density 0.50 T at right angles to the field. Find the
radius of its path and the time for one revolution.

The magnetic force Bgv is always perpendicular to the velocity, so it is a
. ) 5 , muv
centripetal force and the speed is constant: Bqu = muv?/r gives r = =

Bq
1.67 x 10727 x 2.0 x 10° 2 2
a XX 42X 102 m and T = 2L — T 3107 s
050 X 1.60 x 10-19 v Bg

independent of the speed, which is why a faster proton makes a larger circle in the

GMm

72

= mrw?,

same time. For a satellite the gravitational force plays the same part:

and the orbital speed and period follow from r alone.

How to structure a circular-motion answer

1. Find the radius r and choose v or w. Use v = rw to switch between them.
2. Find the centripetal acceleration with a = v?/r or rw?.

3. List the real forces and write Newton’s second law in the radial direction
(towards the centre is positive). Set the net inward force equal to mv?/r.

4. For period or frequency: use w = 2x /T, or T' = 2nr/v.

5. Check the directions: centripetal force and acceleration point to the centre; the
velocity is along the tangent.
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Definitions the examiner accepts

A definition question is marked against fixed wording. Learn these exactly, and give

one answer only.

Term

Definition

radian

angular displacement

angular speed

period

uniform circular motion

centripetal acceleration

centripetal force

the angle subtended at the centre of a circle by an arc
equal in length to the radius

the angle, in radians, through which the radius has
turned from its starting position

the angle swept out by the radius per unit time (the
rate of change of angular displacement)

the time taken for one complete revolution

motion in a circle at constant speed, with a velocity
that changes continuously in direction and an
acceleration of constant magnitude directed towards
the centre

the acceleration of an object moving in a circular path,
directed towards the centre of the circle and
perpendicular to the velocity

the resultant force on an object in circular motion,
directed towards the centre, of magnitude muv?/r

Exam tips

Work in radians; angular speed w = 27/T = v/r, and arc length s = rf turns a
distance along the circle into an angle.

Centripetal acceleration a = v?/r = w?r; the net force acts towards the
centre — it is provided by tension/gravity /friction/a contact force, not an extra
force.

Always state what provides the centripetal force in the situation given, and for
a tilted force resolve it: vertical component = mg, horizontal component = mv?/r.
Read the radius carefully: a point measured from the rim moves in a smaller circle;
a point on the rotating Earth moves in a circle about the axis, radius R cos .
Two cogs on one chain share the chain’s speed; two points on one rigid wheel share
its angular speed.
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Common mistakes

A-Level Physics ¢ 12 Motion in a circle

Defining the radian as "180/m degrees” or as § = s/r. The mark needs the arc
equal in length to the radius.

Saying the velocity is constant in uniform circular motion. The speed is constant;
the velocity changes direction, which is why there is an acceleration.

Drawing a “centripetal force” arrow as an extra force alongside the tension or
contact force. It is their resultant, not a third force.

Using degrees in wt or v = rw. Every formula in this topic assumes radians.
Forgetting that the force does no work: a force perpendicular to the motion changes
direction, not speed, so kinetic energy is constant.

Taking r as the Earth’s radius for a point at latitude A. The circle is about the
axis, so r = Rcos \.



Gravitational fields
A-Level Physics

Gravitational fields

Definition

A gravitational field is a region where a mass feels a force  from
other masses. The gravitational field strength g at a point is the
gravitational force per unit mass on a small test mass placed there:

F
g=—.
m

2

Unit: N kg™' (the same as m s™2 — the acceleration of free fall in the field). g is a
vector , pointing the way the force acts — towards the source mass.

The examiner’s wording. A gravitational field is a region of space in which a mass
experiences a force. Gravitational field strength at a point is the gravitational force
per unit mass acting on a small test mass placed at the point. The direction of a field
line at a point is the direction of the force on a (small test) mass placed there. All
three are one-mark definitions; “force per unit mass” is the phrase that scores, “the
force on 1 kg” is not.

Field lines

A gravitational field is drawn with field lines that point the way the force acts
on a test mass:

e around a point mass or a uniform sphere (treated as a point mass from
outside), the field lines are radial , pointing inwards.

o near the Earth’s surface over a small area, the field lines are nearly parallel and
equally spaced, pointing straight down — a uniform field

Closer lines mean a stronger field.
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constant decreasing increasing
strength strength strength

Field-line spacing shows the field strength — closer lines mean a stronger field

Why ¢ is constant near the surface, in terms of field lines (a two-mark ex-
planation): over a region whose size is small compared with the Earth’s radius, the
radial field lines are almost parallel and their spacing hardly changes with height, so
the field strength — which the spacing represents — is almost the same at the top of
the region as at the bottom. Over the whole planet the lines spread out with distance
and the field falls.

Worked example. A point P represents a point mass. Draw lines to represent the
gravitational field around P, and state what the direction of a line shows.

Straight radial lines, evenly spaced around P, with arrows pointing inwards towards
P. The direction of a line is the direction of the force on a small test mass placed there
— always towards the mass that produces the field, because gravity only attracts.

Newton’s law of gravitation

For two point masses m, mo a distance r apart, the force on each is

O- —0©

<« >
s

Two masses attract along the line joining them
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G
F— m;mz 7
r
pulling them together along the line joining them. This is Newton’s law of grav-
itation . The constant G = 6.67 x 10~'' N m? kg~? is the universal

gravitational constant

In words, as the mark scheme wants it: the gravitational force between two point
masses is proportional to the product of their masses and inversely proportional to
the square of their separation — both proportionalities, and ”"point masses”. Asked to
"state the equation and the meaning of any other symbols”, give F' = Gmymy/r* with
G the gravitational constant and r the distance between the centres.

Worked example. Two isolated uniform spheres, each of mass 1.0 x 103 kg, have
their centres 2.0 m apart. Find the gravitational force between them and comment on
its size.

_ 6.67 x 1071 x 1.0 x 10% x 1.0 x 10°

F = 02 = 1.7 x 107® N. This is about 10~ of each

2.
sphere’s weight (9.8 x 10® N): gravity between everyday objects is negligible, and only
a planet-sized mass produces a noticeable field. "Isolated” in a question means that
no other masses need be considered.

Spheres treated as point masses

For a uniform sphere (such as a planet or star), the field at any point outside is the
same as that of a point mass equal to the total mass at the centre. So from above the
surface, you can treat the Earth as a point mass at its centre. (Points inside a sphere
are different, and are not in the syllabus.)

/-

point mass uniform sphere

Outside a uniform sphere the field is radial, exactly like a point mass at the centre

A-Level Physics ¢ 13 Gravitational fields @



Between two masses the fields subtract and the potentials add. Field strength
is a vector: on the line joining two spheres the two fields point in opposite directions,
so there is a point where they cancel and the resultant field is zero. Potential is a
scalar: the two potentials simply add, and both are negative, so the potential is least
negative (a maximum) at the point where the field is zero.

Ag
; g =0 at the midpoint:
the two fields cancel
»
>
X Y
A¢ i
. pdistance from the centre of X
Lj2
¢ is a maximum (least negative)
at the midpoint: the potentials add

Along the line between two equal masses the field strength passes through zero at the
midpoint, where the potential has its maximum

Worked example. Two identical isolated uniform spheres X and Y, each of mass M
and radius R, have their centres a distance L apart. Point P lies on the line joining
the centres. State where on the line the resultant field strength is zero, and find the
gravitational potential there.

By symmetry the fields of X and Y are equal and opposite at the midpoint, L/2

from each centre, so the resultant field is zero there. The potential at P is the sum
= GM GM A4GM

L2 L)2 L
anywhere else on the line falls towards the nearer sphere.

. A mass released at P would stay there; a mass released

Field strength from a point mass

Put the gravitational force on a test mass m at distance r from a point mass M into
g=F/m:

B GMm GM

F , g=

r2
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So g falls off as 1/r? as you move away from the source.

The two-mark derivation. The force on a test mass m at distance r from a point
mass M is F = GMm/r?* (Newton’s law). Field strength is force per unit mass,
g = F/m, so g =GM/r*. Write both lines: the law and the definition are the two
marks. Because g o< 1/72, halving the distance makes the field four times stronger:
at distance /2 the field is 4¢, in the same direction, towards M.

>

g=GM/r? - «1/r? outside mass

Q
o

field strength g

>« J R

>
distance r

Field strength falls off as 1/r? with distance from a point mass

Worked example. Find the gravitational field strength at the Earth’s surface.
(Earth’s mass M = 6.0x 10** kg, radius R = 6.4x10°m, G = 6.67x 10~'' N m? kg™%.)

GM  (6.67 x 10711)(6.0 x 10%%) )
= = ~ 9.8 N kg™ .
9= R (6.4 x 105)2 8

Why g is nearly constant near the Earth’s surface

The Earth’s radius is R ~ 6.4 x 10° m. Rising to height h changes the distance from
the centre from R to R+ h. For h < R (any building or mountain), (R + h)/R ~ 1,
so g barely changes — going from 5 m to 10 m high changes r by about one part in a
million. In the laboratory, ¢ is effectively constant.
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Orbital motion in a gravitational field

The International Space Station orbits Earth, held in its path by gravity.

planet

mass m
Ff\\
Sun g v

mass M

Gravity provides the centripetal force that keeps a planet in a circular orbit

Saturn, its rings (countless small orbiting pieces) and its moons are all held in orbit
by gravity

For a satellite of mass m in a circular orbit of radius r around a body of
mass M, gravity provides the centripetal force
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GMm mu?

72 r
Cancel m (the orbital speed does not depend on the satellite’s mass):

GM

r

Worked example. A satellite orbits the Earth in a circular orbit of radius r =
7.0 x 10° m. Find its orbital speed. (For the Earth, GM = 4.0 x 10 m3 s72.)

M [10x 101
v_\/G X107 76 %10° ms .

7.0 x 106
The period follows from T' = 27r /v:
3 4 2
T =2m L SO TZ:GLM r?
This is Kepler’s third law for circular orbits: T2 oc 3. A plot of

T? against 73 is a straight line through the origin with gradient 472/(GM), so orbital
data gives the central mass.

A

T2

gradient _W

T2«r3 - gradient =4n%/GM

Kepler’s third law: T? o< 13, a straight line through the origin
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The two-mark derivation, as the exam sets it. For a satellite of mass m in a
circular orbit of radius R and period T around a planet of mass M: the gravitational

GM  An’R
?m_me and w = 27 /T; s0 —— 7 %,

. For an orbit at height h above a planet of radius R, the orbital

force provides the centripetal force,

AT’ R3

giving T2 =
radius is R, + h, so T? = 47*(R, + h)?/GM: a graph of T? against (R, + h)? is a
straight line through the origin whose gradient gives M.

Worked example. Satellite X, of mass M, orbits a planet at a distance 4R from
its centre; satellite Y, of mass 2Mj, orbits at 3R. Compare their speeds, periods and
kinetic energies.

4R

From v = /GM /r, ey = 1.15: Y moves faster, and the satellite masses do

T 3\*? GM
not enter. From T o< 7“3/2, X = (—) = 0.65. Kinetic energy = 1mu? = m) SO

TX 4 2r
By  2M./3R

Ex  M,/4R 3
the radii and masses that differ survive.

In ratio questions cancel G, M and the satellite mass first; only

Binary stars. Two stars of masses M and Mgy a distance d apart orbit their common
centre of mass , always on opposite sides of it, with the same period. The
centre of mass divides d in the inverse ratio of the masses, Mxrx = Mpgrg with
ra +rg = d, and the same gravitational force GMMg/d? is the centripetal force on
each star.

-7 S~ same period T" and angular speed w
7 AN
L7 N UB Mprpn = Mg g, ra+rg=d
/ \ G Ma M,
/ - ALVIB
/ 7 RN \\ F= Y = MATAU.)2 = ]\4;3’/“3&)2
/ 4 N d
’ \ \
/ \ \
| TA T8
| A e | B
\ e re—o
\ \ F /1 F /
\ N Y /
\ N o 7 /
\ === /
\ /
NUA C: centre of mass

A binary star: both stars circle the centre of mass with the same period, the heavier
one on the smaller circle

Worked example. A binary star consists of star A, mass 4.0 x 10%° kg, and star B,
mass 2.0 x 10%° kg, with centres 3.3 x 10! m apart. Find the distance of A from the
centre of mass and the period of the orbit.
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2.0
Mara = Mgrg with ra +rg = 3.3 x 10! gives rp, = 60 x 3.3 x 10" = 1.1 x
GMAMB ‘ GMB

10" m (and rg = 2.2 x 10! m). For star A: ——— = Maraw?, so w? =

& T Pry
6.67 x 1011 x 2.0 x 10 s o
(3.3 % 1002 x 1.1 x 107 =11x107" s w=106x10""rad s and T =27 /w =

6.0 x 107 s, about 1.9 years. Using d in the force but r, in the centripetal term is the
whole point of the question.

Geostationary orbit
A geostationary satellite:

« stays directly above the same point on the Earth (so a fixed dish always points at
i),

 has a period of 24 hours (the same as the Earth’s rotation),

« orbits west to east (the same way the Earth turns),

o must be directly above the equator

It must have the same angular speed as the Earth, in the same direction, in
the equatorial plane (or it would drift north-south during the day). From 7" = 24 h
and T? = 47?r3/(GM), the radius is r ~ 4.2 x 107 m (about 3.6 x 107 m above the
surface).

Worked example. Calculate the radius of a geostationary orbit around the Earth
(M = 5.98 x 10** kg), and explain why a satellite with the same orbital radius and
period may still not be geostationary.

T = 24%3600 = 8.64x 10 5: 1 — GMT? _ 6.67 x 1071 x 5.98 x 10%* x (8.64 x 10%)?

472 472

7.5 x 102 m?, so r = 4.2 x 10" m — a height of about 3.6 x 10" m above the surface.
A satellite with this period is geostationary only if its orbit is in the plane of the
equator and it travels from west to east; with the same period in a tilted orbit (over
the poles, say) it returns to the same point each day but is not always above it. Mars
turns once in about 25 hours, so a satellite that stays above one point on Mars has a
25-hour period and the same two other features.

Gravitational potential

Gravitational potential ¢ at a point is the work done per unit mass in
bringing a small test mass from infinity to that point:
w
6= —.
m
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Unit: J kg™

The potential is taken as zero at infinity. As the test mass falls in towards the
source, gravity does the work for you, so ¢ is negative everywhere except at infinity.
For a point mass M at distance r:

GM
b=—"".
r
¢ is a scalar . For several masses, add the potentials.

potential ¢
A
» distancer
¢p—-0asr-»o
¢ =-" (negative)
R
¢ =—GM/r - zero at infinity - escape: KE=—-m¢
The gravitational potential well: ¢ = —GM /r is negative, rising to zero at infinity

The two-mark definition, and why it is negative. Gravitational potential at a
point is the work done per unit mass in bringing a small test mass from infinity to
the point. Potential is defined as zero at infinity; gravity is attractive, so as the test
mass comes in from infinity the field does work on it and the mass gives out energy
— the work that an external agent must do is negative. Hence the potential at every
finite distance is below zero. (Electric potential near a positive charge is positive for
the opposite reason: that field repels, so work must be done to bring a positive test
charge in.)

Similarities and differences with electric potential. Both are defined as work
done per unit mass or per unit positive charge from infinity, both are scalars, both vary
as 1/r from a point source and both are zero at infinity. The difference: gravitational
potential is always negative, because gravity only attracts, whereas electric potential
can be positive or negative depending on the sign of the charge.
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Reading a potential graph. Two graphs appear in questions. On ¢ against r the
curve is —GM /r: the surface value ¢s = —GM /R gives the mass of the planet, and the

A
gradient at any point gives the field strength there, since g = _A_qb — field strength
r

is the negative of the potential gradient (this is the "relationship between potential
and field strength” a question may ask for). On ¢ against 1/r the graph is a straight
line through the origin with gradient —G M, which is the neater way to extract M.

Worked example. The Moon is an isolated uniform sphere of mass 7.3 x 10%? kg
and radius 1.7 x 10° m. Calculate the gravitational potential at its surface, and the
minimum speed with which a particle must leave the surface to escape.

GM 6.67 x 10711 x 7.3 x 102

6 = T 7% 100 = —29 x 10 Jkg™'. To escape, the

particle’s kinetic energy per unit mass must equal the depth of the potential well:
207 =29 x10% s0 v = V2 x 2.9 x 105 = 2.4 X 10* m s~*. The minus sign carries the
meaning: energy of 2.9 MJ per kilogram must be supplied to lift the particle out.

Gravitational potential energy of two point masses

If a test mass m sits where the potential is ¢, the gravitational potential energy
of the pair is

GM
Ep:mqb:— Tm.

Like the potential, Ep is negative and reaches zero only at infinite separation. Closer
masses have more negative potential energy (more tightly bound).

Link with AEp = mgAh

For small height changes near the surface, r barely changes, so AEp ~ mgAh. For
large changes (a satellite moving to a higher orbit) use —GMm/r at each radius and
take the difference:

AEp = GMm (— — i) (rg > 11),

(A1 ()

which is positive (energy must be supplied to raise the satellite).

Worked example. A satellite of mass 1200 kg is moved from a circular orbit of radius
7.0 x 10° m to one of radius 8.0 x 10° m around the Earth (GM = 4.0 x 10* m3 s72).
Find the changes in its gravitational potential energy, its kinetic energy and its total
energy.
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1 1 1 1
AFEp = GM — — — ) =4.0 x 10" x 1200 — = +8.6
P " (7’1 r2) AT 0x 108 8.0 106> ebx
GM GM 1 1
10?2 J. In a circular orbit Ex = %mv = m’ so AFk = et LU LR —4.3%x
2r 2 ro T

GMm

2r
rises by +4.3 x 10° J, which is the energy the rocket motor must supply. A satellite’s

total energy is negative — it is bound — and it becomes less negative as the orbit
widens.

10° J: the higher satellite moves more slowly. The total energy Ex + Ep = —

Escape velocity (from conservation of energy)

To escape from radius r to infinity, an object’s kinetic energy must equal the
size of its gravitational potential energy:

1 9 GMm 2GM
5 MUgge = ) Vesc =
r r
At the Earth’s surface, the escape velocity is ~ 11 km s™*. It does not

depend on the object’s mass.

Worked example. Find the escape velocity from the Earth’s surface. (For the Earth,
GM =4.0x 10" m®s72 R =6.4x 10° m.)

°5GM  [2(4.0 x 1014) R .,
UeSCZ\/ \/64><106 ~11x10"ms~ (=11 kms ).

Worked example. A particle is projected vertically upwards from the surface of an

isolated planet of radius R, where the gravitational potential is ¢5. Show that it just
R

reaches a distance r from the centre if its launch speed v satisfies %1)2 = — s (1 — —) ,
r

and deduce the escape speed.

Potential varies as 1/r, so at distance r it is ¢sR/r. When the particle stops, its kinetic

energy per unit mass has all become potential energy per unit mass: 102 = ¢(r) — ¢ =

R
Os— — s = — s (1 - —), which is positive because ¢g is negative. Letting r — oo
r r

gives 102 = —¢, = GM /R — the escape-speed result again, now read straight off

2 Yesc

the potential.
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Definitions the examiner accepts

A definition question is marked against fixed wording. Learn these exactly, and give

one answer only.

Term

Definition

gravitational field

gravitational field
strength

field line (direction)

Newton’s law of
gravitation

gravitational
potential

gravitational
potential energy
(two point masses)

geostationary orbit
escape speed

centre of mass
(binary star)

a region of space in which a mass experiences a force

the gravitational force per unit mass acting on a small test
mass placed at the point

the direction of the force on a small test mass placed at that
point

the gravitational force between two point masses is
proportional to the product of their masses and inversely
proportional to the square of their separation

the work done per unit mass in bringing a small test mass
from infinity to the point

the work done in bringing the two masses from infinity to
their separation, Ep = —GMm/r

an orbit with a period of 24 hours, from west to east,
directly above the equator, so the satellite stays above the
same point on the surface

the minimum speed at which an object must leave the
surface to reach infinity with zero kinetic energy

the point about which both stars orbit, dividing their
separation in the inverse ratio of their masses

Exam tips

« Newton’s law of gravitation F' = GMm/r? (inverse-square); field strength
g = GM /r* — and quote the derivation as two lines, the law and the definition of

g.

 Distinguish gravitational potential (¢ = —GM /r, always negative, zero at in-
finity) from field strength; g is the negative gradient of the ¢—r graph.

3.

« For an orbit set gravity = centripetal force to get T? o< r%; a geostationary orbit
has T' = 24 h plus two more features: above the equator, west to east.
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Use the orbital radius (centre to centre, R, + h), never the height, and for a
binary star the separation d in the force but the orbit radius r, in the centripetal
term.

Energy changes come from —GMm/r at each radius; for a circular orbit Fx =
GMm/2r and the total energy is —GMm/2r.

Common mistakes

Defining potential as “force per unit mass” or field strength as “work done per unit
mass”. Swap them and both marks go.

Saying the potential is negative “because gravity attracts” and stopping there. The
mark needs the work argument: zero at infinity, and the field does the work as the
mass comes in.

Using the height above the surface as r in GM /r? or T? « r®. Add the planet’s
radius first.

Writing Kepler’s law as T oc 7 or T? o< r2. It is T? o< r3: a straight line only on 72
against 3.

Making “geostationary” mean only “24-hour period”. Without the equatorial plane
and the west-to-east direction it is not geostationary.

Forgetting that a satellite’s kinetic energy falls when it is raised to a higher orbit,

even though energy had to be supplied.
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Temperature
A-Level Physics

Thermal equilibrium

Heat (thermal energy) flows from a higher temperature to a lower tem-
perature. When two bodies touch, energy moves until their temperatures are equal
— they reach thermal equilibrium . At equilibrium there is no net flow of
energy.

Two regions at the same temperature are in thermal equilibrium with each
other — no net energy flows, even though particles still exchange energy.

Temperature decides the direction of heat flow. It is not a measure of how much
thermal energy a body holds. A small cup of boiling water (100 °C) holds far
less energy than a swimming pool at 25 °C, but a piece of metal put in the cup gains
energy while one put in the pool loses it.

heat

hot cold

Tl T2 —_—> Teq Te q

before equal — no net flow

Heat flows from hot to cold until both reach the same temperature — thermal
equilibrium

The examiner’s wording. Two objects are in thermal equilibrium when there is
no net transfer of thermal energy between them; that happens when they are at the
same temperature. Asked for “the reason why two objects at the same temperature
are in thermal equilibrium”, the one mark is: there is no net flow of thermal energy
between them — energy still passes both ways, but equally. Thermal energy is the
energy transferred because of a temperature difference; temperature is what decides
the direction.

Worked example. Two metal cuboids P and Q are in thermal contact and in thermal
equilibrium. State what this means, and describe what happens when a hotter cuboid
is placed against them.

No net thermal energy passes between P and ), because they are at the same tem-
perature. A hotter cuboid transfers thermal energy to them (from higher to lower
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temperature) until all three reach one common temperature; then, and only then, is
the whole group in thermal equilibrium.

Measuring temperature

A thermometer measures temperature on a defined scale.

Any physical property that changes in a repeatable way with temperature can
make a thermometer . Examples:

« volume of a liquid — a liquid-in-glass thermometer (mercury or alcohol). As the
temperature rises, the liquid expands and rises up a narrow capillary

e volume of a gas at constant pressure — a gas thermometer. The gas volume
rises in step with the absolute temperature.

» resistance of a metal — a resistance thermometer. A metal’s resistance
rises nearly in step with temperature over a wide range.

o e.m.f. of a thermocouple — a thermocouple is two different metals
joined at two points; the electromotive force it makes depends on the
temperature difference between the joins.

Different thermometers can read slightly differently if the property does not change in
a straight line; they agree only at the calibration points.

Fixed points and calibration. A thermometer is calibrated at two fixed points

that are easy to reproduce — the ice point (0 °C, pure melting ice) and the
steam point (100 °C, steam above boiling water at standard pressure). The value
of the property is measured at each, and the scale between them is drawn assuming
the property changes linearly with temperature. That assumption is the weakness:
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mercury’s expansion, a metal’s resistance and a thermocouple’s e.m.f. all vary slightly
differently between the fixed points, so two thermometers that agree at 0 and 100 °C
can disagree at 50 °C.

thermometric
property X A

——- linear scale assumed between the fixed points .
steam point

=== how the property really varies 100 °C

ice point P
0°C '
true 50 °C reads 55 °C

thermodynamic temperature / °C
>

Calibrated at two fixed points and assumed linear in between, a thermometer reads a
temperature that depends on how its own property really varies

Why a liquid-in-glass thermometer does not measure thermodynamic tem-
perature (the one-mark reason): its reading depends on the property of a particu-
lar substance — the expansion of mercury or alcohol — and on the assumption that
this expansion is linear between the fixed points. The thermodynamic scale depends
on no substance at all.

Why water is a poor thermometric liquid. Its density does not change steadily
with temperature: it is greatest at 4 °C, so between 0 and 8 °C two different temper-
atures give the same density and the reading is ambiguous, and the change per degree
is small, so the thermometer is insensitive. Mercury’s density falls steadily and almost
linearly over the whole range, which is why it was chosen.

Worked example. A platinum resistance thermometer is a coil of platinum wire
in a glass tube, connected to a circuit that measures its resistance. Explain how it
measures temperature, and give one disadvantage compared with a thermocouple.

The resistance of the platinum increases with temperature in a known, almost linear
way; the resistance is measured at the ice point and the steam point, and any other
temperature is read from where the measured resistance falls on the linear scale be-
tween them (or from a calibration graph). Disadvantage: the coil, tube and the fluid
around them have a large thermal capacity, so the thermometer responds slowly and
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cannot follow a rapidly changing temperature; it is also bulky and needs a circuit to
read it. (Its advantages: accurate, stable and usable over a very wide range.)

open to air

mercury |

A constant-volume gas thermometer — the gas pressure is found from the height
difference h

Worked example. In a constant-volume gas thermometer the pressure of the gas
is 1.05 x 10° Pa when the bulb is in melting ice and 1.19 x 10° Pa when it is in a
warm room. Find the thermodynamic temperature of the room, and explain why this
thermometer, unlike a liquid-in-glass one, gives thermodynamic temperature directly.

For a fixed mass of gas at constant volume the pressure is proportional to the ther-

T 1.19 x 10°
27315  1.05 x 105’ &6 310 K (36 °C) e
pressure of a (nearly) ideal gas depends only on its temperature, not on which gas it is,

so the reading does not rely on the property of a particular substance — the defining
feature of the thermodynamic scale.

modynamic temperature, so

A thermal (infrared) camera maps temperature to colour: the hot fries glow bright
orange, the cold drink stays dark
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Thermodynamic temperature scale

The thermodynamic temperature (or absolute temperature
) scale does not depend on any one substance — only on the laws of thermodynamics.
Its unit is the kelvin (K).

Absolute zero

The lowest possible temperature is zero kelvin (0 K), called absolute zero
. There a system has its least possible internal energy — particles have no
random motion to speak of. Nothing can be cooled below this.

As the exam asks it. "State the magnitude and unit of absolute zero on the thermo-
dynamic scale”: 0 K (the unit is the kelvin). ”State the temperature of absolute zero
on the Celsius scale”: —273.15 °C (accept —273 °C). "What is absolute zero?”: the
temperature at which a system has its minimum internal energy — the particles
have the least kinetic and potential energy they can have — and below which it is
impossible to go. The thermodynamic scale is fixed by absolute zero and by the triple
point of water, defined as 273.16 K; it does not depend on the property of
any particular substance.

p
pxT - absolute zero = —273°C
o
P
4
P 4
P 4
P 4
P
4
P 4
4
4
P
4
P 4
P 4
4
P
P 4
P 4
\% T T » 6/°C
—-273 0 100

Extrapolating the pressure—temperature line back to zero pressure gives absolute zero,
about —273 °C
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Celsius scale

The Celsius scale @ is shifted from the thermodynamic scale by a fixed amount:

T/K = 0/°C +273.15.

So 0 °C = 273.15 K and 100 °C = 373.15 K. A kelvin and a degree Celsius are the
same size, so a temperature difference of 1 K equals 1 °C — but the absolute values
differ by 273.15.

In gas-law calculations you must always use absolute temperatures in kelvin. Using
°C gives wrong answers.

Specific heat capacity

The specific heat capacity c of a substance is the energy needed to
raise the temperature of unit mass by one kelvin:

Q

c=—% — Q = mcAT.

Unit: J kg™t K.

The two-mark definition: specific heat capacity is the energy required per unit mass
of the substance to raise its temperature by one kelvin (or by one degree). Both “per
unit mass” and “per unit temperature rise” are needed; “the energy to heat 1 kg by 1
K” scores, “the energy to heat the substance” does not.

Examples:

o+ water: ¢~ 4200 J kg™* K~! (high — why water is a good coolant and why oceans
steady the climate).

o aluminium: ¢~ 900 J kg™* K.
« copper: ¢~ 385 J kg7! K1
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4200 E=mcAB - water c=4200) kg~! K1

specific heat capacity (J kg=! K71)

2100
900
385
water ice aluminium copper

Water’s specific heat capacity is far higher than common solids — why it is such a
good coolant

To find an unknown ¢ by experiment: supply known energy @) electrically (Q = V It,
from the power ), then measure the temperature rise AT of a known mass

m. Then ¢ = Q/(mAT). Reduce heat loss with insulation and use a rise of
about 10 K (big enough to measure well, small enough to limit losses).

Worked example. How much energy is needed to heat 0.50 kg of water from 20 °C
to 100 °C? (Specific heat capacity of water ¢ = 4200 J kg™! K1)

A temperature difference is the same in K and °C, so AT = 80:
Q = mcAT = 0.50 x 4200 x 80 = 1.68 x 10° J (= 168 kJ).

When two bodies reach thermal equilibrium with no heat lost to the surroundings, the
energy gained by the colder one equals the energy lost by the hotter one:

mlcl(Teq — Tl) = mQCQ(TQ — Teq)-

Worked example. 0.20 kg of water at 80 °C is mixed with 0.30 kg of water at 20 °C,
with no heat lost. Find the final temperature.

The heat lost by the hot water equals the heat gained by the cold water (the ¢ of water
cancels):

0.20 (80 — Tog) = 0.30 (Toq — 20) = T.q =44 °C.
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Worked example. A beaker of mass 42 g and specific heat capacity 840 J kg™' K™!
contains 120 g of a liquid. A heater supplies energy at 810 W and the temperature of
the beaker and liquid rises from 19 °C to 47 °C in 15 s. Find the specific heat capacity
of the liquid. The experiment is then repeated with water in place of the liquid; state
and explain how the temperature rise differs.

Energy supplied Q = Pt = 810 x 15 = 1.22 x 10* J, AT = 28 K. It heats both the
beaker and the liquid: Q = mycpy AT + mic AT, so 1.215 x 10* = 0.042 x 840 x 28 +
0.120 x ¢ x 28, i.e. 1.215 x 10* = 988 + 3.36¢,, giving ¢, = 3.3 x 10> J kg™! K.
Forgetting the beaker is the usual lost mark. With water (¢ = 4200, higher) the same
energy in the same time produces a smaller temperature rise, since AT = @Q/(mc)
and mc is larger. If energy is lost to the surroundings the true () absorbed is less than
Pt, so a value of ¢ found this way is an overestimate.

Worked example. Two metal blocks X and Y are placed in contact and insulated
from the surroundings. X (mass 0.50 kg, initially 80 °C, ¢ = 390 J kg™* K™!) and Y
(mass 0.50 kg, initially 20 °C, ¢ = 900 J kg~ K™') reach a common final tempera-
ture. Explain, in terms of energy, why the final temperature is nearer to Y’s starting
temperature, and find it.

Thermal energy flows from X (hotter) to Y until they are in thermal equilibrium; the
energy lost by X equals the energy gained by Y. Because Y has the larger specific heat
capacity, a given amount of energy changes its temperature less than it changes X’s, so
Y warms by fewer degrees than X cools and the final temperature lies nearer to 20 °C.
Numerically: 0.50x390x (80—1") = 0.50 x900 x (7'—20), so 390(80—1") = 900(7"—20),
31200 + 18000 = 12907, T' = 38 °C.

Worked example. An aluminium block has volume 3.612 x 103 m?® and density
2.70 x 10° kg m™*. Find the energy needed to raise its temperature by 40 K (¢ =
900 J kg™t K1),

Mass = pV = 2.70 x 10? x 3.612 x 1073 = 9.75 kg, so Q = mcAT = 9.75 x 900 x 40 =
3.5 x 10° J. A mass hidden behind a density and a volume is a common first step.

Specific latent heat

When a substance changes state (solid <+ liquid, or liquid <> gas) at constant tem-
perature, energy must be supplied (or removed) with no temperature change. This
energy is the latent heat

The specific latent heat L is the energy to change the state of unit mass
at constant temperature:

= Q =mL.
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Unit: J kg™

The two-mark definition: specific latent heat is the energy required per unit mass
to change the state of a substance without a change of temperature. “Without a
change in temperature” (or “at constant temperature”) is the second mark and the
one most often missed. Add “from solid to liquid” for fusion or “from liquid to gas”
for vaporisation when a particular one is asked for.

Two kinds:

« specific latent heat of fusion Ly — for melting or freezing (solid < liquid).

» specific latent heat of vaporisation L, — for boiling or condensing (liquid
< gas).

For water at atmospheric pressure: Li ~ 3.34 x 10° J kg™ ! (at 0 °C); L, =~ 2.26 x
105 J kg™' (at 100 °C). So L, is about 7 times Ly.

steam

boiling (L,) --- a long plateau
100 I T T

temperature / °C

melting (L¢)

ice warms slopes: mcAB - plateaus: mL (const T)

energy supplied

Heating curve: the sloped parts warm the substance (mcAT ); the flat plateaus are the
phase changes (mL)

Worked example. A 2.0 kW heater boils water already at 100 °C. How long does it
take to turn 0.10 kg of this water into steam? (L, = 2.26 x 10° J kg™', no heat lost.)

The energy needed is Q = mL, = 0.10 x 2.26 x 10 = 2.26 x 10° J. From @Q = Pt,

,_Q_ 2.26x10°

~ 110 s.
P 2000 0s

Worked example. Water in a kettle stays at 100 °C while it boils, even though the
element keeps heating it. Explain this with reference to molecular energies (3 marks).
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Temperature is a measure of the mean kinetic energy of the molecules. During
boiling the energy supplied is used to separate the molecules — to do work against the
attractive forces between them and against the atmosphere as the vapour expands —
so it increases the potential energy of the molecules, not their kinetic energy. With
the mean kinetic energy unchanged, the temperature stays constant until all the water
has become steam.

Why L, > L¢
Two reasons, both from the particle picture of matter:

1. Bonds: in melting, only some of the intermolecular bonds break; the
particles stay close as a liquid. In boiling, all the bonds must break so the particles
can separate. Breaking all of them needs more energy.

2. Work against the atmosphere: when a liquid turns to gas it expands hugely
(vapour has about 10® times the liquid’s volume ), so it does work pushing
back the surrounding atmospheric pressure . That work comes from
the energy supplied.

Write both reasons and name the energies: the marks are for bonds broken (poten-
tial energy increased) — some in melting, all in boiling, and work done against the
atmosphere in the large expansion. “Boiling needs more energy” restates the question.

Worked example. A dish holds 7.2 x 10~ m?® of a liquid of density 710 kg m > and
specific latent heat of vaporisation 3.6 x 10° J kg™'. It evaporates completely. Find the
energy absorbed, and suggest, with a reason, whether the substance’s specific latent
heat of fusion is likely to be smaller or larger than this.

Mass = pV = 710 x 7.2 x 107° = 5.1 x 1072 kg, so the energy absorbed is Q = mL, =
5.1x1072x 3.6 x 10° = 1.8 x 10* J. Its L; is likely to be smaller: melting breaks only
some of the intermolecular bonds and the volume barely changes, whereas vaporising
breaks them all and does work against the atmosphere — for water L; is about a
seventh of L.

Multi-step problems

If a problem mixes temperature change and a phase change (e.g. ice at —5 °C
warming to water at 30 °C):

1. heat the solid from —5 °C to 0 °C: Q1 = McCice X 5.
2. melt at 0 °C: Q9 = mLs.
3. heat the water from 0 °C to 30 °C: (3 = mcyater X 30.

Total: @1 + Q2 + Q3. A phase change is at constant temperature, so use mL there,
not mcAT.

A-Level Physics ¢ 14 Temperature



ice Ql = MCice X 5 | ice Q2 = mLf _ | water QB = MCwater X 32 water
—-5°C “10°C “10°C “130°C

total energy = Q1 + Q2 + Q3

Split a mized problem into stages — warm, change state, warm — then add the
energies

When a question gives heater power P and asks for the time, use @) = Pt (assuming
no heat loss). Insulating (lagging) the container and using a small mass are common
ways to improve the experiment.

Worked example. An ice cube of mass 37.0 g at 0.0 °C is dropped into 208 g of
water at 26.4 °C in an insulated beaker. Find the final temperature when all the ice
has melted. (Cyater = 4.20 kJ kg™* K™, Ly = 334 kJ kg™ ')

The ice gains energy twice — to melt, then to warm from 0 to 7" — and the water
loses energy cooling from 26.4 to 1. Working in grams and kilojoules: 37.0 x 0.334 +
37.0x4.20x 1073 T =208 x 4.20 x 1073 (26.4 —T), i.e. 12.4+0.155T = 23.1—0.874T,
so 1.037T = 10.7 and T" = 10 °C. Three energy terms, one equation; the commonest
error is to forget that the melted ice must also be warmed.

Definitions the examiner accepts

A definition question is marked against fixed wording. Learn these exactly, and give
one answer only.

Term Definition
thermal the state of two objects between which there is no net transfer
equilibrium of thermal energy; they are at the same temperature

thermal energy  energy transferred from one object to another because of a
temperature difference

thermodynamic a temperature scale that does not depend on the property of
temperature any particular substance, fixed by absolute zero and the triple
scale point of water

absolute zero the lowest possible temperature, 0 K (—273.15 °C), at which a
system has its minimum internal energy

kelvin and T/K = 6/°C + 273.15; a temperature difference is the same
Celsius number in both
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Term Definition

specific heat the energy required per unit mass of a substance to raise its
capacity temperature by one kelvin

specific latent the energy required per unit mass to change the state of a
heat substance without a change of temperature

specific latent the specific latent heat for the change from solid to liquid
heat of fusion

specific latent the specific latent heat for the change from liquid to gas
heat of
vaporisation

Exam tips

Thermal equilibrium means no net flow of thermal energy (equal temperature);
the thermodynamic scale does not depend on any particular substance and is fixed
by absolute zero and the triple point.

Convert temperatures with 7'/K = 6/°C + 273.15 and use kelvin in energy and
gas equations; a temperature difference is the same in K and °C.

Use @ = mcAT for heating and Q = mL for a change of state (no temperature
change) — never mix the two, and in a mixing problem write one equation: energy
lost = energy gained, with every term.

A container heated with the liquid takes its share of the energy: include
mbeakercbeakerAT-

For a “why” about latent heat, name the energies: potential energy of the molecules
rises (bonds broken, work against the atmosphere), kinetic energy and hence tem-
perature do not.

Common mistakes

Defining specific heat capacity without "per unit mass” or without "per kelvin”.
Both are needed; the unit J kg™" K™ is the reminder.

Leaving “at constant temperature” out of the latent-heat definition. That phrase
is what distinguishes latent heat from heating.

Using mcAT across a change of state, or mL for a temperature rise.

Forgetting the beaker, the calorimeter or the melted ice’s own warming in an energy
equation.

Saying the thermodynamic scale “uses kelvin” as its defining feature. The feature
is that it depends on no particular substance.
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o Adding 273.15 to a temperature difference. Differences are the same in both scales.
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Ideal gases
A-Level Physics

The mole

Amount of substance is an SI base quantity. Its unit is the mole
(mol) — one of the seven SI base units, with the kilogram, metre, second, ampere and
kelvin from Topic 1.

— 6.02 x 1023

O particles (N p )

1 mole

One mole contains the Avogadro number of particles

One mole of any substance has a number of particles equal to the Avogadro constant

Na = 6.02 x 10%* mol ™.

A 7particle” means whatever you are counting — atoms for a monatomic
element like helium, molecules for Oy or HyO. Always say what you are
counting.

For n moles, the number of particles is N = niNy.

The molar mass M, is the mass of one mole (kg mol™* or g mol™*). Mass
of n moles is M = nM,,. Mass of one particle is mq = M,/ Nx.

The examiner’s wording. The Avogadro constant is the number of atoms (or
molecules) in one mole of a substance — one mark; adding ”in 0.012 kg of carbon-12"
is accepted but not needed. Asked for "the relationship between N, R and k”, write
k= R/Na (or R = Nak).
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Worked example. Oxygen has a molar mass of 32 g mol™'. Find the mass of one
oxygen molecule, and the number of molecules in 8.0 g of oxygen.
My, 0.032

Ny 6.02x 10%
N =nN, = 1.5 x 10% molecules. Keep molar masses in kg mol™ when the answer is
in kilograms — the factor of 1000 is the usual slip.

my = = 53 x 1072 kg. 8.0 gis n = 8.0/32 = 0.25 mol, so

Equation of state of an ideal gas

£
b
z
*
=
=
B

Compressed gas cylinders store a fived mass of gas at high pressure.

An ideal gas obeys pV oc T exactly, where T is the thermodynamic
temperature
The equation of state can be written two equal ways:

pV =nRT or pV = NET.

Here:
e p — pressure (Pa).
o V — volume (m?).

o T — thermodynamic temperature in kelvin (never °C).

e n — number of moles; N — number of molecules.

e R — molar gas constant ,R=2831Jmol * K.

« k — Boltzmann constant L k=138x10"2 J K™
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Since N = nNy, we get k = R/Nx: k is the gas constant per molecule, as R is per
mole.

The two-mark definition. An ideal gas is one that obeys pV = nRT (or pV
T, with T the thermodynamic temperature) at all values of pressure, volume and
temperature. Both marks need the equation (or the proportionality with 7" named
as thermodynamic) and "at all values” or "for all p, V and 7”7 Asked to ”state
the meaning of each symbol in pV = NEKT”: p is the pressure, V' the volume, N
the number of molecules, k£ the Boltzmann constant and T the thermodynamic
temperature — a real gas is nearly ideal at low pressure and high temperature, where
its molecules are far apart.

Using the equation of state

List the variables you have, find the unknown, and choose the form that matches your
"amount” (moles — nRT; molecules — NkT'). Always use SI units: Pa, m?, K.

Worked example. A cylinder of volume 0.020 m? holds gas at 27 °C and a pressure
of 2.0 x 10° Pa. How many moles of gas are there? (R = 8.31 J mol™' K1)

Convert to kelvin: T" = 27 4 273 = 300 K. Then from pV = nRT,

~ PV (2.0 x 10°)(0.020)

— — ~ 1. 1.
RT 831 x 300 6 mo

n
If a fixed amount of gas changes from state 1 to state 2:

Vi _ p2Va
T, T,

Worked example. A fixed mass of gas at 300 K occupies 0.50 m?. It is heated to
450 K at constant pressure. Find the new volume.

At constant pressure V' /T is constant, so

T, 450
Vo=V, —==0.50 x — = 0.75 m°>.
2=y " 300 m

Worked example. A sealed vessel of volume 0.0500 m?® contains 0.0424 kg of an ideal
gas at 227 °C and 1.37 x 10° Pa. Find the amount of gas, the mass of one molecule,
and the mean-square speed of its molecules.

pV  1.37 x 10° x 0.0500

T =227T+273 =500 K. n = RT = S31 < 500 = 1.65 mol. The molar mass

is 0.0424/1.65 = 0.0257 kg mol ', so one molecule has mass 0.0257/(6.02 x 10?%) =
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3kT 3 x1.38 x 10723 x 500
4.27 x 1026

4.3 x 107 kg. From im(c?) = 2kT, (*) =

10° m? s72 (an r.m.s. speed of about 700 m s™1).

Worked example. Cylinder X (volume 0.0260 m?, 0.740 mol) and cylinder Y (volume
0.0180 m?, 0.320 mol) contain ideal gas and are in thermal equilibrium with each other
at 290 K. Find the pressure in each, and explain what happens to the number of
molecules in each cylinder if a tap joining them is opened.

nRT 0.740 x 8.31 x 290
DX 0.0260 6.86 x 10* Pa and py

V 0.0180
4.28 x 10* Pa. Gas flows from the higher pressure (X) to the lower (Y) until

the pressures are equal; the temperature is unchanged, so the final pressure is
RT
p— IXEMI)RT o 0% Pa, and X ends with nx — pVx/RT = 0.63 mol — it
Vx + Wy
loses about 0.11 mol to Y.

0.320 x 8.31 x 290

p
4
X: T
2p
cooled at compressed back to X
ronstant volume
) Z:T
p
Y: T/2 heated at constant pressure
>V
0 Vv 2V

A cycle on a p=V diagram: a vertical line is constant volume, a horizontal line
constant pressure, and pV /T is the same at every state

Worked example. A fixed amount of ideal gas at temperature 7T is in state X,
with pressure 2p and volume V. It is cooled at constant volume to state Y, where
its pressure is p; then heated at constant pressure to state Z, where its volume is 2V;
then returned to X. Find the temperatures at Y and Z, and describe how the internal
energy changes round the cycle.

X to Y is at constant volume, so p/T is constant: halving the pressure halves the
temperature, Ty = T'/2. Y to Z is at constant pressure, so V' /T is constant: doubling
the volume doubles the temperature, T, = T. The internal energy of an ideal gas
depends only on temperature, so it falls from X to Y (by %nR - T/2), rises by the
same amount from Y to Z, and is unchanged from Z back to X. Read each leg off
the diagram before writing an equation: vertical means constant V', horizontal means
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constant p.
Special cases:

« constant temperature (Boyle’s law ) p1Vi = paVa.
« constant pressure (Charles’s law ): V /T = constant.
« constant volume (pressure law ): p/T = constant.

A common mistake is using °C instead of K — pV o< T only holds with 7" in kelvin.

A

pressure p

>

volume V

Boyle’s law: at constant temperature pV is constant, so a p—=V graph is a hyperbola
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A V
’/
P
-~
P
-~
P
absolute zero -
(V-0) ,/’
-~
/ -
-
, o
1 T > 6/ C
-273 0 90

V«T - Charles: extrapolates to absolute zero

At constant pressure the volume of a gas rises linearly with temperature, reaching
zero at absolute zero (Charles’s law)

Kinetic theory of gases

A scuba diver breathes compressed gas; its pressure, volume and temperature are all

linked.
The kinetic theory explains a gas’s large-scale behaviour from the ran-
dom motion of its molecules.

Assumptions

For an ideal gas:

1. a large number of identical molecules in continuous random motion.
2. the molecules’ own volume is too small to matter compared with the container.
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3. the time of each collision is too short to matter compared with the time between
collisions.

4. intermolecular forces are ignored except during collisions (molecules go
in straight lines between them).

5. collisions (with the walls and with each other) are elastic — an elastic collision
loses no kinetic energy, so the gas does not cool down by itself.

6. Newton’s laws apply.

1. many identical molecules,
\. /. in continuous random motion

2. their own volume is tiny
next to the container

| _nd 3. straight lines between hits -
.\ intermolecular forces ignored

./ \. \. 4. collisions are elastic:

no kinetic energy is lost

poor at very high pressure (volume matters) or very low temperature (forces matter)

The key assumptions of the kinetic theory of an ideal gas

These assumptions become poor at very high pressure (molecular volume matters) or
very low temperature (intermolecular forces matter).

As the exam asks it. “State two (or three) basic assumptions of the kinetic the-
ory”: choose from the molecules are in continuous random motion; the volume of the
molecules is negligible compared with the volume of the gas; there are no forces between
the molecules except during collisions; the collisions are perfectly elastic; the time of a
collision is negligible compared with the time between collisions. “State what is meant
by an elastic collision”: one in which the total kinetic energy is conserved (as well as
momentum). “Use the assumptions to suggest why the gas at the surface of a star, at
very high pressure, is not ideal”: the molecules are so close together that their own
volume is not negligible compared with the gas volume, and intermolecular forces act
between them — the two assumptions that fail when a gas is compressed.

Worked example. A balloon contains 0.40 mol of hydrogen (m = 3.34 x 1072 kg
per molecule) in 9.8 x 107® m?. Estimate the average separation of the molecules,
the gravitational force between neighbouring molecules, and comment on the kinetic-
theory assumption this tests.

N = 0.40 x 6.02 x 10?3 = 2.4 x 10% molecules, so each occupies V /N = 4.1 x 10726 m?
and the average separation is d = (V/N)/3 = 3.4 x 107 m. The gravitational force
Gm?  6.67 x 107" x (3.34 x 107%7)2 6 x 10~ N

iz (3.4 x 10-9)2

between two molecules is F' =
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— some 10?° times smaller than a molecule’s own weight (mg = 3.3 x 10726 N). Forces
between molecules really are negligible except during collisions, as the theory assumes.

Pressure of a gas — outline of the derivation

Take a cubic box of side L with N molecules, each of mass m. Look at one molecule
moving along the x-axis with velocity u;.

~ face the molecule
strikes

The pressure derivation considers one molecule’s velocity component u, normal to a
face of a cube of gas

e one collision with the right wall: velocity reverses to —u;, change in momen-
tum Ap, = —2muy. By Newton’s third law the wall gets an impulse
of +2mu;.

« time between hits on that wall: travel 2L there and back, so At = 2L /u,.

« average force from this molecule: Fy; = Ap/At = mu?/L.

2

« add over all molecules: F' = (Nm/L)(u?), where (u?

of the z-velocity.
o pressure: p=F/L*= Nm(u2)/V.

) is the mean square

In 3-D, by symmetry (u2) = 1(c?), where (c?) is the mean-square speed

-3
So

“Explain how molecular movement causes the pressure exerted by a gas”
(3 marks). The molecules move randomly and collide with the walls of the container;
at each collision a molecule’s momentum changes (it rebounds), so by Newton’s second
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law the wall exerts a force on it, and by the third law it exerts an equal force on the
wall; the very many collisions each second produce a steady total force on the wall,
and the pressure is that force per unit area. The syllabus phrase “a simple model
considering one-dimensional collisions” means the derivation above: it is sufficient to
follow one molecule bouncing between two opposite faces and then average.

The density form. Since Nm is the total mass of the gas and Nm/V is its density p,
the same result reads p = % p{c*) — the version to use when a question gives a density
instead of N and m.

Worked example. An ideal gas at a pressure of 1.6 x 10° Pa has a density of

1.9 kg m™®. Show that the r.m.s. speed of its molecules is about 500 m s~ .

(CZ>:@:3><1.6><105
P 1.9

500 m s~!. In a "show that”, keep an extra figure (503) before comparing with the

value given.

=2.53%x10°m? 572,50 Crms. = V2.53 x 105 =503 m s~} ~

Root-mean-square speed

The square root of (¢?) is the root-mean-square (r.m.s.) speed:

Crm.s. — \/(C_>

It is a useful single measure of how fast the molecules move, slightly larger than the
mean speed (squaring weights fast molecules more).

square mean root

speeds square each mean of those root
@il @25 o o 0 0 Bo@pooc (c?) cms = /(c?)

read the name backwards: root of the mean of the squares -
squaring weights fast molecules more, so ¢;ms is slightly above the mean speed

Root-mean-square speed: square each speed, take the mean, then the square root

A-Level Physics ¢ 15 Ideal gases @



lower T

number of molecules

higher T

>

3 b o

8}

molecular speed

higher T: peak - higher speeds, flatter curve

The spread of molecular speeds: a higher temperature broadens the curve and shifts it
to faster speeds

(CZ) Cr_ m_ S' A
(c?) = 3kT/m: straight line through the origin Crm.s. VT through the origin, flattening
lightey/gas
(srplller m)
heavier gas
> >
T/K T/K

The two graphs the exam asks you to sketch: (c*) o< T is a straight line through the
OT4giN, SO Cppm.s. TISES GS \/T

Average translational kinetic energy

Compare the two expressions for pV:

pV =NkT and pV =iNm(c).
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Set them equal, cancel N, and multiply by %:

The right side is the average translational kinetic energy (Ex) of one
molecule. So

(By) = im(c®) = 3kT.

This is a key result: the average translational kinetic energy of an ideal-gas

molecule depends only on the thermodynamic temperature, not on the type
of gas or its pressure.

A

average KE

(Ex) =3KkT

ideal gas: (Ex) « T only

|
temperature T/ K

Average molecular KE is proportional to thermodynamic temperature: (Ey) = %kT

Worked example. Find the root-mean-square speed of oxygen molecules at 300 K.
(Mass of one Oy molecule = 5.3 x 10726 kg, k = 1.38 x 10723 J K1)

From {m(c?) = 2kT, the mean-square speed is (¢?) = 3kT/m:

BT [3(138 x 10-23)(300) »
e =\ T \/ 53x 102 sims

Worked example. The surface of the Moon reaches about 400 K in sunlight. Calcu-
late the r.m.s. speed of hydrogen molecules (m = 3.34 x 10727 kg) at this temperature,
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and use the Moon’s escape speed of 2.4 km s~ to suggest why the Moon has no hy-
drogen atmosphere.

3KT \/3 x 1.38 x 1072 x 400

m 3.34 x 10~27
close to the escape speed, and the speeds are spread widely about it, so a large fraction

of the molecules move faster than 2.4 km s™' at any moment and escape; over time
the hydrogen is lost.

= 2.2 x10% m s~!. This r.m.s. speed is

Cr.m.s.

Worked example. The gas at the surface of a star is mainly hydrogen atoms (m =
1.67 x 107%" kg) with an r.m.s. speed of 9300 m s~!. Find the temperature of the
surface.

m(c?)  1.67 x 1077 x 93007
3k 3x138x10°2
Worked example. For a fixed sample of gas, a graph of pV against kT is a straight
line through the origin of gradient 7.2 x 10?2, When pV = 270 J the r.m.s. speed
of the molecules is 1900 m s~!. Find the number of molecules and the mass of one

molecule in u.

T = =3.5x 10° K.

3pV
From pV = NET the gradient is N = 7.2 x 10*2. From pV = 1 Nm(c?): m = % =
c
3 x 270 3.1 x 1077
. =3.1x107% kg = X 9w hydrogen molecules,

7.2 x 10?2 x 190072 ~1.66 x 1027

within the rounding.

Comparing gases and samples. At the same temperature every gas has the same
average kinetic energy per molecule, so (¢?) o< 1/m: hydrogen (M,, = 2) and oxygen
32
(M, = 32) have i 5= 4. Two samples at the same 7" — X with N molecules
co
of mass m in volume V| Y with 2N molecules of mass 2m in volume 2V — have the
same pressure (p = NKT/V and both N and V double), the same average kinetic
energy per molecule, but Y’s molecules have half the mean-square speed (3k7"/2m)

and Y has twice the internal energy (twice as many molecules).

Consequences

e doubling the absolute temperature doubles the average KE of each
molecule, so (c?) doubles and ¢, 5. grows by v/2.

« for two gases at the same temperature, the lighter gas has a larger (c?).
Hydrogen molecules move faster on average than oxygen molecules in the same
room.

« total translational KE of N molecules: %N kT = %nRT )
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Internal energy of an ideal gas

For an ideal gas the molecules are point particles with no intermolecular potential
energy and (in this simple model) no rotation or vibration. So the internal energy
is just the total kinetic energy

U= 3NKT = 3nRT.

So the internal energy of an ideal gas is proportional to the thermodynamic tempera-
ture — doubling T doubles U.

As the exam asks it. "Use one of the basic assumptions to explain what can be
deduced about the potential energy of the molecules”: there are no forces between
the molecules (except in collisions), so there is no potential energy associated with
their separation — the random-motion energy is entirely kinetic. ”"Explain why the
internal energy of an ideal gas is directly proportional to thermodynamic temperature”
(2 marks): the internal energy is the sum of the kinetic and potential energies of the
molecules; the potential energy is zero (no intermolecular forces), and the average
kinetic energy of a molecule is %kT, proportional to T'; so the total, U = %N kKT, is
proportional to T". ”Derive %k:T” (2 marks): equate pV = NET with pV = %Nm<02>,
cancel N, and rearrange to %m(cQ) = %k‘T — show the cancelling and the factor of %

Worked example. A sample of 0.26 m? of an ideal gas is at 2.0 x 10° Pa and 290 K.
Find the number of molecules, the average translational kinetic energy of a molecule,
and the internal energy of the gas.

oV 2.0 x 10° x 0.26 . ; |
KT 1.38 x 10-2 x 200 X (Ex) =3 x 1.38 x x

6.0x 102 J. U = N{E) = 1.3 x 10 x 6.0 x 102" = 7.8 x 10* J — or directly
U =3pV = 7.8 x 10* J, a neat check.

2

Changing pressure at fixed temperature

Doubling p at fixed T' (by squeezing the gas to half its volume) does not change (Fy) —
that depends only on T'. There are more wall collisions per second, but each molecule
has the same average kinetic energy.

Definitions the examiner accepts

A definition question is marked against fixed wording. Learn these exactly, and give
one answer only.

A-Level Physics ¢ 15 Ideal gases @



Term

Definition

mole

Avogadro constant

ideal gas

Boltzmann constant
elastic collision

mean-square speed

root-mean-square speed

average translational
kinetic energy of a
molecule

internal energy of an
ideal gas

the amount of substance containing a number of
particles equal to the Avogadro constant

the number of atoms or molecules in one mole of a
substance, 6.02 x 102 mol ™

a gas that obeys pV = nRT (equivalently pV o< T', T'
thermodynamic) at all values of p, V and T

the gas constant per molecule, k = R/Ny

a collision in which the total kinetic energy is conserved
the mean of the squares of the speeds of the molecules,
(c?)

the square root of the mean-square speed,

Crms. = <62>

1

sm(c®) = %k:T, depending only on thermodynamic

temperature

the total kinetic energy of its molecules, %N kT, since
there is no potential energy

Exam tips

e Use pV = nRT (n in mol) or pV = NET (N molecules), with temperature in
kelvin and volume in m?® (1 cm?® = 107% m?).

o Learn the kinetic-theory assumptions word for word (random motion, negligible
molecular volume, no intermolecular forces except in collisions, elastic collisions,
negligible collision time), and know which two fail at high pressure.

e Mean translational KE = %kT — it depends only on temperature; at the same
T a lighter molecule is faster, (c?) o< 1/m.

o For a “show that” about pressure, give the chain: collisions with the wall, change
of momentum, force (Newton’s second and third laws), force per unit area.

« p=3p(c?) when a density is given; U = 3NkT = 3pV when the internal energy is

asked.
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Common mistakes

A-Level Physics ¢ 15 Ideal gases

Using °C in pV = nRT or in (Ey) = 3kT. Convert first; a temperature ratio only
works in kelvin.

Defining an ideal gas by "obeys pV = nRT"” alone. Add ”at all values of p, V' and
T

Confusing n (moles) with N (molecules), or R with k. N =nN, and k = R/Nj.

Giving “molecules move randomly” as the reason for pressure. The mark is for the
change of momentum at the wall and the resulting force per unit area.

Sketching ¢, s, against T as a straight line. (c?) is linear in T'; ¢, . Tises as VT.

Saying a molecule’s kinetic energy changes when the pressure is doubled at constant
temperature. Only the number of collisions per second changes.



Thermodynamics
A-Level Physics

Internal energy

The internal energy U of a system is the sum of:

o the random kinetic energies of its molecules — they fly through
space (translational motion), and unless they are single atoms they also
spin (rotational ) and shake (vibrational ), and

» the potential energies from the forces between the molecules.

For a real solid, liquid or gas, both parts matter. In the ideal-gas model
the intermolecular forces are ignored, so the molecular potential energy is
zero and the internal energy is purely kinetic.

The two-mark definition. The internal energy of a system is the sum of the ran-
dom distribution of the kinetic and potential energies of its molecules (or atoms).
Both marks need “sum of kinetic and potential energies” and “random” (or “of the
molecules”) — leaving out “random” describes the energy of a moving object, not its
internal energy. For an ideal gas, “with reference to kinetic and potential energy”:
the internal energy is the total kinetic energy of the molecules only, because there are
no intermolecular forces and therefore no potential energy.

AN potential energy
‘(forces between molecules)

£
_ -

random kinetic energy
(molecules moving)

Internal energy is the molecules’ random kinetic enerqy (the arrows) plus the
potential energy of the forces between them (the springs)

Two key points:

1. U depends only on the state of the system (its temperature , pressure
, volume , amount of substance ) — not on the path taken
to get there.
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2. U is a sum over the molecules, not the kinetic energy of the whole object
moving. A moving train of gas has bulk kinetic energy, but that is separate from
U — U is the energy of the random molecular motion.

Temperature and internal energy

Raising an object’s temperature raises the random kinetic energy of its molecules, and
so raises its internal energy.

For an ideal gas every molecule has average translational kinetic energy %k’T (Topic
15). With zero intermolecular potential energy, the total internal energy is

U = 4NkT = 3nRT.

So the internal energy of an ideal gas is directly proportional to the thermodynamic

temperature . Doubling T" doubles U. This is only exact for an ideal
gas.
During a phase change (melting or boiling) of a real substance, U rises because

the molecular potential energy rises (bonds breaking), even though the temperature
stays constant.

Describing a change in internal energy — always name both energies. A
three-mark “describe and explain, with reference to molecular kinetic and potential
energies” answer says what happens to each:

« a gas heated at constant volume: the kinetic energy of the molecules increases,
because temperature is a measure of their mean kinetic energy; the potential energy
is unchanged (no work is done, the molecules’ separation does not change); so the
internal energy increases.

e« a wire stretched within its elastic limit at constant temperature: the
kinetic energy of the atoms is unchanged (same temperature); the potential energy
increases, because the atoms are pulled further apart against the interatomic forces;
so the internal energy increases.

» ice melting at 0 °C: the kinetic energy is unchanged (constant temperature);
the potential energy increases as the bonds between molecules are broken and the
separation grows; so the internal energy increases by the latent heat supplied.

Worked example. A fixed mass of ideal gas is heated at constant pressure. Sketch
the variation of its internal energy U with its volume V.

At constant pressure V' o< T' (Charles’s law) and for an ideal gas U < T', so U « V:
a straight line through the origin. The origin is on the line because at absolute
zero both V' (extrapolated) and U are zero.
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Work done on or by a gas

4 <«——— pressure p

|
|
|
:
gas l |
|
|
|
|
|

<«———— pressure p

A gas pushing a piston of area A out by Ax does work W = p AV on the
surroundings (swept volume AV = A Ax)

When a gas changes volume against an outside pressure, mechanical work is done. At
constant pressure p with a small volume change AV, the size of the work is

W = pAV.

Worked example. A gas at a constant pressure of 1.0 x 10° Pa expands from
2.0 x 1073 m? to 5.0 x 1072 m?. Find the work done by the gas.

W =pAV = (1.0 x 10°)(5.0 x 107% — 2.0 x 107%) = 300 J.
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Worked example. An ideal gas of mass 0.35 kg is heated at a constant pressure of
2.0x10° Pa; its internal energy rises by 7600 J and its volume increases by 1.2x 1072 m?3.
Find the work done by the gas and the thermal energy supplied. The gas is then heated
at constant volume until its internal energy rises by the same 7600 J; explain why less
thermal energy is needed.

Work done by the gas = pAV = 2.0 x 10° x 1.2 x 1072 = 2400 J, so the work done
on it is W = —2400 J. First law: ¢ = AU — W = 7600 — (—2400) = 1.0 x 10* J.
At constant volume no work is done (AV = 0, W = 0), so the whole of the thermal
energy goes into internal energy: ¢ = AU = 7600 J. The extra 2400 J at constant
pressure was the work the gas did pushing back the surroundings as it expanded.

Worked example. An aluminium block of volume 3.612 x 1073 m? is heated from
0 °C to 40 °C; its volume increases by 1.0 x 10~° m?® against atmospheric pressure
(1.0 x 10° Pa). Compare the work it does on the atmosphere with the thermal energy
it receives (m = 9.75 kg, ¢ = 900 J kg™t K™1).

Work done by the block = pAV = 1.0 x 10° x 1.0 x 107 = 1.0 J; thermal energy
g = mcAT = 9.75 x 900 x 40 = 3.5 x 10° J. The work is about 3 x 107¢ of the heating,
so for a solid AU = ¢: solids and liquids barely expand, and pAV only matters for a
gas.

o A
]
[}
@ gas expands
a
i 0 ?
| work done |
: W=pAV :
i i
! ’ >
Vi V2 volume

work = area under p-V - W= fpdv

On a pressure—volume graph, the work done at constant pressure is the area under

the line: W =p AV
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Sign convention in this syllabus

This syllabus writes the first law as AU = ¢ + W, where W is the work done on the
gas and ¢ is the energy put in by heating.

compression expansion
Az EAxE
: push pushes out
|
gas - ——

|
|
|
gas | I
|
|
1

AV <0,so W >0 AV >0,s0o W <0

Work done on the gas: positive when it is compressed, negative when it expands

o when the gas is compressed, AV is negative and the work done on the gas is
positive — the gas gains energy.

o when the gas expands, AV is positive and the work done on the gas is negative
— the gas loses energy (it does work on the surroundings).

Watch which form a question wants:

o “work done on the gas” — positive when compressing.
o “work done by the gas” — the opposite sign, positive when expanding.

At constant volume (AV = 0), no work is done.

First law of thermodynamics

A power station is a heat engine: it converts heat into useful work.
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The first law of thermodynamics says that energy is conserved
when heat and work pass between a system and its surroundings:

AU =q+ W,

where AU is the rise in internal energy, g is the energy added by heating (positive in,
negative out), and W is the work done on the gas (positive when compressed). This
is conservation of energy for a gas.

As the exam asks it. ”State the first law of thermodynamics, identifying any
symbols” (2 marks): the increase in internal energy of a system, AU, is equal to the
sum of the thermal energy transferred to the system by heating, q, and the work done
on the system, W: AU = q + W. Every symbol must be defined with its direction
— "to the system” and "on the system” are what make the signs mean something.
"State two ways in which the first law says the internal energy of a system may be
changed”: by heating (thermal energy transferred into or out of the system) and by
doing work on or by the system.

%4
work done on the gas

|
|

gas AU =g+ W
U rises by AU

T q
O heat in

Both heating (q) and work done on the gas (W) put energy in, raising the internal
enerqgy by AU

both are positive when
energy goes into the gas

Worked example. A gas absorbs 500 J of heat while it expands and does 200 J of
work on its surroundings. Find the change in its internal energy.

The gas does work, so the work done on it is W = —200 J:
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AU = g+ W =500 + (—200) = 300 J.

Explaining with the first law. A three-mark "use the first law to explain” answer
has three steps: say what ¢ is (and its sign), say what W is (and its sign), then combine
them for AU — and, if asked, say what the change in internal energy means for the
molecules.

bicycle pump used quickly wire stretched at constant 7’ puddle evaporating on a hot day
air in the pump [€— wire < —> water —
g = 0 (no time to lose heat) q=0 q > 0: heating from the surroundings
W > 0: work done on the gas W > 0: work done on the wire W < 0: the vapour expands,
doing work on the atmosphere
AU = W > 0: internal energy and AU > 0: the potential energy AU = g+ W > 0: molecules separate,
temperature rise, the pump gets hot of the atoms increases their potential energy rises

The three classic first-law explanations: give q with its sign, W with its sign, then AU

e Why a bicycle pump gets hot when used quickly: the air is compressed, so
work is done on it (W > 0); the compression is fast, so there is no time for thermal
energy to leave (q ~ 0); therefore AU = W > 0 — the internal energy, and so the
temperature, of the air rises, and the pump warms up.

o A spring stretched at constant temperature within its elastic limit: work
is done on the spring by the stretching force (W > 0); there is no thermal energy
transfer (¢ = 0); so the internal energy increases — stored as the elastic potential
energy of the atoms, which are pulled further apart.

o Water evaporating from a puddle on a hot day: thermal energy is transferred
to the water from the surroundings (¢ > 0); the vapour formed occupies a far larger
volume than the liquid, so the system does work on the atmosphere (W < 0); the
internal energy still increases (¢ is larger than the work done), and the increase
is potential energy — the molecules are separated against the attractive forces
between them.

Reading the equation

AU is fixed by the change of state (for an ideal gas, by the change in temperature).
The same AU can come from different mixes of ¢ and W:

« all heat, no work: AU = ¢ (constant-volume heating).
o all work, no heat: AU = W (insulated compression or expansion).
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Standard processes

For an ideal gas, AU = %nRAT — it depends only on AT

pressure

start

constant
pressure

isothermal

constant (T constant)

volume

\4

volume

isothermal, isobaric, isometric on p-V plane

The four standard processes, all starting from the same state

Process What AU W (on q

stays gas)

constant
Isothermal T 0 W -W
Constant % %nRAT 0 AU
volume
Constant P %nRAT —pAV AU - W
pressure
Adiabatic (no heat) varies w 0

Read each row with the first law AU = ¢+ W:

« Isothermal (constant T'): AT =0, so AU = 0. Then ¢ = —W — any heat
that goes in comes straight back out as work.
« Adiabatic (no heat flow): ¢ = 0, so AU = W. The gas warms up only

because work is done on it.

« Constant volume (sealed rigid container): no work is done (AV = 0), so all the
heat goes into internal energy: ¢ = AU.

» Constant pressure (gas pushing a piston ): the gas does work as it expands,
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so the heat you supply does two jobs — it raises the internal energy and does the
expansion work.

So for the same rise in internal energy, heating at constant pressure needs more
thermal energy than heating at constant volume, by exactly the work pAV” the gas does
while expanding — the constant-volume gas keeps every joule; the constant-pressure
gas hands some back to the surroundings.

Worked example: two-step process

A sample of ideal gas at temperature T" with internal energy U goes through:

1. compression to temperature 37"; work W is done on the gas.
2. cooling at constant volume to temperature 27"

A
= 2. cool at
8 constant V
< 3U
S 1. compress
- (T-37) \
2
o 2U
)
©
c
3] (v
-
£
>
start after step 1 after step 2
T 3T 2T

ideal gas: U=%nRT - internal energy depends only on T

Internal energy tracks temperature: U — 3U on compressing to 3T, then 3U — 2U
on cooling to 2T

Step 1 (T" — 37): U = %nRT, so U — 3U, giving AU, = 2U. W, = +W. So
QIIAU1—W1:2U—W.

Step 2 (3T — 2T, constant volume): AUy = —U. Wy = 0. So g2 = —U (heat flows
out).

Check: total AU = 2U —U = U, taking the gas from 7" to 27" (U — 2U) — consistent.
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Worked example: a cycle on a p—V diagram

b2

Ccqg

p1

heated at
nstant volume

———————— A

Bexpands at constant pressure C

enclosed area
= net work done
by the gas per cycle

cooled at
constant volume

D

I [
compressed at constant pressure

\
<

Vi Vs

A cycle: for each leg decide W from the volume change and AU from the temperature
change, and q follows from the first law

A fixed mass of ideal gas is taken round the cycle ABCDA: A to B at constant volume
V1 (pressure p; — po), B to C at constant pressure py (volume V; — V3), C to D at
constant volume, D to A at constant pressure p;. Complete a table of the signs of ¢,
W and AU for each leg, and explain the internal-energy change from B to C.

Leg Process W (on gas) AU q

A — B  constant 0 (no volume change) + + (¢ = AU)
volume, (temperature
pressure rises rises, pV'

larger)

B — C constant — (gas does work + (T x V at + (and larger
pressure, pa(Vo — V1)) constant p) than AU)
expands

C — D constant 0 - — (thermal
volume, energy leaves)
pressure falls

D — A constant + (work done on the  — — (larger in
pressure, gas p1(Vo — V1)) size than AU)
compressed

From B to C the gas expands at constant pressure, so its temperature rises (V /T
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constant) and its internal energy increases; it does work on the surroundings (W
negative), so the thermal energy supplied must cover both: ¢ = AU — W, larger than
the rise in internal energy. Round the whole cycle AU = 0 (the gas returns to its
starting state), so the net thermal energy in equals the net work done by the gas —
the area enclosed by the rectangle, (ps — p1)(Va — V7).

Heat capacity at constant volume

For constant-volume heating of an ideal gas, ¢ = AU = %nRAT . So the molar heat
capacity at constant volume is %R for a monatomic ideal gas. (You
are not required to use the symbol CYy,, but the result ¢ = %nRAT for constant-volume
heating is.)

constant pressure

constant volume

¢ rises

gas gas
A A
heat ¢ heat ¢

heat raises U and
does work lifting the weight

no work done
all the heat raises U: ¢ = AU

At constant volume all the heat raises U (q = AU ); at constant pressure the gas also
does work

Heating without a temperature change

If heat is supplied during a phase change at constant pressure (e.g. boiling water), the
temperature stays constant but the internal energy still rises (the latent heat
separates the molecules), and the gas does expansion work. The first law still holds:
AU =q+W.
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Definitions the examiner accepts

A definition question is marked against fixed wording. Learn these exactly, and give

one answer only.

Term

Definition

internal energy

internal energy
of an ideal gas

first law of
thermodynamics

work done on a
gas at constant
pressure

thermal energy
transfer
(heating)

isothermal
change

adiabatic change

the sum of the random distribution of the kinetic and potential
energies of the molecules of a system

the total random kinetic energy of its molecules, since with no
intermolecular forces there is no potential energy

the increase in internal energy of a system equals the thermal
energy transferred to the system by heating plus the work done
on the system: AU =q+ W

W = pAV in size; positive when the gas is compressed,
negative when it expands (the gas then does work on its
surroundings)

energy transferred to or from a system because of a
temperature difference; ¢ is positive when it enters

a change at constant temperature, so for an ideal gas AU = 0
and ¢ = —W

a change with no thermal energy transfer, ¢ =0, so AU =W

Exam tips

o First law: AU = ¢+ W — define every symbol with its direction: ¢ is energy
transferred to the system by heating, W is work done on the system.

« For an ideal gas, internal energy depends only on temperature (AU x AT)
and is kinetic energy only; for a solid or liquid the potential energy changes too.

o Work done by a gas at constant pressure = pAV’; read the sign from expansion
(by) or compression (on), and remember that at constant volume W = 0.

o A 7describe and explain” answer names both kinetic and potential energy and says
what happens to each; an "explain using the first law” answer gives ¢, W and then
AU, each with its sign.

e Round a complete cycle AU = 0, so net heating equals net work done by the gas
— the area enclosed on the p—V diagram.
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Common mistakes

A-Level Physics ¢ 16 Thermodynamics

Defining internal energy as “the total energy of the molecules” or forgetting “ran-
dom” or “potential”. The mark scheme wants the sum of random kinetic and
potential energies.

Using W = pAV with the wrong sign. When the gas expands the work done on it
is negative.

Saying the internal energy of an ideal gas rises when it is compressed isothermally.
At constant temperature AU = 0: the work done on it leaves again as heat.
Treating a phase change as AU = 0 because the temperature is constant. The
potential energy rises; AU is the latent heat minus any expansion work.
Forgetting that a gas heated at constant pressure does work, so it needs more
heating than at constant volume for the same AU.

Applying AU = %nRAT to a real gas, a liquid or a solid. It is the ideal-gas result
only.



Oscillations
A-Level Physics

Simple harmonic motion: definition

A pendulum clock keeps time using simple harmonic motion.

A particle moves with simple harmonic motion (SHM) when its accel-
eration is:
» proportional to its displacement from a fixed equilibrium point, and

o directed back towards that point — opposite in sign to the displacement.

The defining equation is

a=—wr,
where x is the displacement from equilibrium and w is a positive constant, the
angular frequency . The minus sign means "directed back towards equilib-

rium”.

The two-mark definition. Simple harmonic motion is motion in which the accel-
eration is proportional to the displacement from a fixed point and is always directed
towards that point (in the opposite direction to the displacement). Both halves are
needed. “The significance of the minus sign”: the acceleration is in the opposite di-
rection to the displacement — always towards the equilibrium position. “State what
is meant by the frequency of the oscillations”: the number of complete oscillations per
unit time.
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Many systems do this near a stable equilibrium: a mass on a spring , a pendu-
lum (small swing), a floating block pushed down, the charge on a capacitor

in an LC circuit, atoms in a solid.

equilibrium

position

a T ——— displacement x

——> acceleration a (restoring)

Acceleration always points back towards equilibrium, opposite to the displacement

Key terms

displacement = — distance from equilibrium at a moment (a vector along the
line of motion).

amplitude xo — the largest displacement from equilibrium. Always positive.
period T — the time for one full oscillation.

frequency f — the number of oscillations per second; f = 1/T. Unit: Hz.

angular frequency w — w = 27/T = 27 f. Unit: rad s~

phase difference — the fraction of a cycle (in radians) by which one
oscillation leads or lags another. A quarter-cycle apart is a phase difference of 7 /2.

SoT =2r/w and f = w/(27) — given any one of w, f, T you can find the others.

Worked example. A mass on a spring oscillates with SHM of amplitude 0.050 m
and frequency 2.5 Hz. Find its maximum acceleration.

The angular frequency is w = 2nf = 27 x 2.5 = 15.7 rad s™ .

! The acceleration is

largest at the extremes, where |a| = w?zy:

A-

Umax = WTo = 15.72 x 0.050 ~ 12 m s~ 2.
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Showing that a motion is simple harmonic

The exam’s favourite four-mark derivation, and the recipe is always the same: (1)
displace the object by x from equilibrium; (2) find the resultant restoring force,
which comes out as F' = —(constant) x z; (3) apply Newton’s second law, a = F'/m =
—(constant/m) x; (4) this has the form a = —w?z, so the motion is simple harmonic
with w? = constant/m, and T' = 27 /w. Say in words why the force points back towards
equilibrium and why it is proportional to x — those are the marks, not the algebra.

floating block liquid in a U-tube

]

tra upthrust

pgAx | —-—--—-— "
o
A 4--4t-------- - — —|5- equilibrium level
block —iw
I unbalanced
§= .
- column 2x
pushed down by restoring force = 2zpgA on mass 2LpA
= a= -9 x
extra volume submerged = Ax L
. B _ pgA
restoring force = pgAr = a=——"—=x
m

Two 7show that it is SHM” set-ups: find the extra force when the system is displaced
by x, and show it is proportional to x and directed back

Worked example. A mass m hangs from a spring of spring constant k. Show that,
when displaced and released, it moves with simple harmonic motion, and find the
period.

At equilibrium the spring tension balances the weight. Displace the mass a distance x
downwards: the tension increases by kx (Hooke’s law), so there is a resultant force kx

upwards, towards equilibrium. Newton’s second law: @ = ——ax. This is a = —w?z

m
with w? = k/m, so the motion is simple harmonic and T = 27/w = 27y/m/k. (A
trolley held between two identical springs has both pulling it back, F' = —2kz, so
w? = 2k/m.)

Worked example. A cuboidal block of cross-sectional area A and mass m floats in
a liquid of density p with its base a depth A below the surface. It is pushed down a
small distance x and released. Show that it oscillates with simple harmonic motion
and find the period in terms of h and g.

When the block is pushed down by x an extra volume Ax is submerged, so the up-
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thrust increases by the weight of that extra liquid, pgAx; this extra force acts
upwards, towards the equilibrium position. Hence a = e, proportional to x
m

and opposite in direction, so the motion is simple harmonic with w? = pgA/m. At
equilibrium the upthrust on the submerged volume Ah equals the weight, pg Ah = mg,
so m = pAh and w? = g/h: T = 2n\/h/g — the same form as a pendulum of length
h.

Worked example. A U-tube of cross-sectional area A contains liquid of density p;
the column in each arm has length L. The liquid is displaced so that one surface is x
above its equilibrium level and the other z below. Show that the liquid oscillates with
simple harmonic motion.

The two surfaces now differ in height by 2z, so a column of liquid of height 2z is
unbalanced: the restoring force on the liquid is the weight of that column, 2zpgA,

directed so as to level the surfaces. The mass being moved is the whole liquid, 2LpA.

2xpgA
215914 = —%x: simple harmonic, with w? = g/L and T = 27+/L/g. Note
p

that p and A cancel — the period depends on neither the liquid nor the tube.

Soa=—

Displacement, velocity, acceleration in SHM

If the particle starts at x = 0 moving in the positive direction at t = 0, then

xr = xosin(wt).

Differentiating once gives the velocity

v = xow cos(wt) = vy cos(wt),

where vy = zow is the maximum speed (as the particle passes through equilibrium).

Differentiating again gives the acceleration:

a = —zow’ sin(wt) = —wz,

which is the SHM defining equation again. (If the particle instead starts at the extreme

position x = xy at t = 0, use x = xycos(wt). Choose the one that fits the start
conditions. )

A-Level Physics ¢ 17 Oscillations @



Velocity in terms of displacement

A useful relation that does not use time:

v = twy/ad — a2

+ at equilibrium (x = 0): v = +wzy (maximum speed). Both signs, because the
particle passes through equilibrium twice each cycle.
o at the extremes (x = £x¢): v =0 (at rest for an instant).

Worked example. The same oscillation has amplitude o = 0.050 m and angular
frequency w = 15.7 rad s~*. Find the speed when the displacement is z = 0.030 m.

v =wy/23 — 22 = 15.7¢/0.0502 — 0.0302 = 15.7 x 0.040 ~ 0.63 m s~ *.

AV
an ellipse:
+wXo
v=2wyx3 —x2
X
—Xo +Xo
v=0 v=0
—WXp

Velocity against displacement is an ellipse: v =0 at the extremes and v = Fwxy
through equilibrium — read xo and vy from where it cuts the azes, then w = vy/xg

Reading the v—x graph. Its width gives the amplitude (x = 7 where v = 0) and
its height the maximum speed (v = fwz at = 0), so w = vy/xo and the period
follows. Asked to sketch a against x on the same axes, draw the straight line through
the origin with negative gradient —w?, reaching Fw?zy at x = +x,.

Worked example. The velocity of an oscillating block varies with time as v =
0.56 sin(5.1¢), with v in m s and ¢ in seconds. Find the amplitude, the period and
the maximum acceleration.
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Compare with v = vgsinwt: vy = 0.56 m s~ and w = 5.1 rad s~ Since vy = wxy,
the amplitude is xp = 0.56/5.1 = 0.11 m; T = 27/w = 1.2 8} max = WTy = Wy =
5.1 x0.56 = 2.9 m s~2. (Because this v is a sine, the block was at an extreme at ¢ = 0:
its displacement is a cosine.)

SHM as the shadow of circular motion. A ball moving round a circle of radius R
at angular speed w, lit from the side, casts a shadow that moves back and forth with
simple harmonic motion of amplitude R and the same w: the shadow’s displacement is
x = Rcoswt (if it starts at an extreme), its maximum speed is Rw and its maximum
acceleration Rw?. For a circle of diameter 0.46 m and w = 1.9 rad s the shadow has
amplitude 0.23 m, vop = 0.44 m s~ and ama = 0.83 m 572 — greatest in size at the
two ends of its path and always directed back towards the centre.

Graphs against time
For x = zgsinwt:

e x vst— a sine curve, amplitude xq, period T' = 27 /w.
e v vst— a cosine curve, leading x by 7/2, amplitude wzy.
e avst— anegative sine curve, out of phase with = by 7 (180°), amplitude w?w.

X = XoSin(wt)

DT T i

X =Xpsin(wt) + T=2n/w

period T

Displacement varies sinusoidally with time in simple harmonic motion
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-Vo

do

—ag

A X 1 1 1 X = XoSin(wt)

\

y Vv : : : v = vocos(wt)

v a 1 1 . a=—apsin(wt)

\
~

" SHM: v leads x by n/2; a leads v by n/2

Velocity leads displacement by a quarter cycle; acceleration is exactly out of phase

with displacement

Graph of a against x

A straight line through the origin with negative gradient —w?. So you can read
w from the graph: gradient = —w?, so w = y/|gradient|, then T' = 27/w. This is a

common exam pattern.

gradient = —w?

—Xo Xo

SHM: a = —w?x - gradient = —w?

The acceleration—displacement graph is a straight line through the origin with

gradient —w?

A-Level Physics ¢ 17 Oscillations @



Worked example. A graph of the height h of an object of mass 36 kg undergo-
ing vertical simple harmonic motion shows h varying between 2 m and 10 m, with
one complete oscillation every 4.0 s. Find the amplitude, the angular frequency, the
maximum speed, the maximum acceleration and the maximum kinetic energy.

Amplitude zy = (10 — 2)/2 = 4.0 m (half the peak-to-peak range; the equilibrium
height is 6 m). w = 27/T = 27/4.0 = 1.57 rad 57", Vpux = wWrp = 6.3 ms;
Umax = W20 = 9.9 M 872 Ei jmax = 3mv2,, = 5 X 36 x 6.287 = 7.1 x 10? J. Reading

the amplitude as the full height range instead of half of it is the commonest slip here.

Worked example. A small object rests on a horizontal platform that oscillates ver-
tically with simple harmonic motion of amplitude 6.0 mm. Find the highest frequency
at which the object stays in contact with the platform throughout, and state where in
the motion contact is first lost.

The object leaves the platform when the platform’s downward acceleration exceeds
g — at the top of the oscillation, where the acceleration is greatest and directed
downwards: the platform then falls away faster than the object can. The limit is

W2y = g1 w = /9.81/0.0060 = 40 rad sl so f = w/2m = 6.4 Hz. Below this the
normal contact force at the top is small but positive; above it, zero.

Energy in simple harmonic motion

A simple harmonic oscillator keeps swapping energy between two forms:

 kinetic energy Ex = smu?.
» potential energy Fp (elastic for a spring, gravitational for a pendulum).

With no damping , the total energy is constant (this is conservation of
energy ).

Maximum and minimum

« at equilibrium (z = 0): v is largest, so Fx is largest and Fp is smallest (zero, by
choice).
o at the extremes (v = +z): v =0, so Fx = 0 and Ep is largest.

Total energy

Using vpax = wxo:

1.2 1.2 2
Eiotal = 5mup,, = smw .
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Two key facts: the total energy is proportional to the square of the amplitude
(doubling x( gives four times the energy), and to w?.

Energy against displacement
Using v? = w?(22 — 2?):
1 2,.2

Ex = tmw? (2§ — 2°), Ep = smwa”.

So Ex is a downward parabola (peak at x = 0, zero at x = +1) and Ep is an upward
parabola (zero at x = 0, largest at © = £x(). Their sum is constant.

Etotal (CcOnstant)

Ex (kinetic)

energy, E

Ep (potential)

N

displac%ment, X

Y

SHM: Ex + E, = const - max Ey at centre

Kinetic and potential energy swap over a cycle while the total energy stays constant

Worked example. A 0.20 kg mass oscillates with amplitude o = 0.050 m and
angular frequency w = 15.7 rad s~'. Find the total energy of the oscillation.

The total energy equals the maximum kinetic energy, as the mass passes through x = 0
at Vmax = Wxo:
E = Imw?xf = 1(0.20)(15.7)*(0.050)* ~ 0.062 J.

This stays constant, swapping between kinetic and potential form twice each cycle.

Describing the interchange without calculation. At an extreme of the motion
the oscillator is momentarily at rest: its kinetic energy is zero and its potential energy
is a maximum. As it moves towards equilibrium the restoring force does work on it, so
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potential energy is converted to kinetic energy; at the equilibrium position the kinetic
energy is a maximum and the potential energy a minimum. Beyond it the kinetic
energy is converted back to potential energy until the other extreme. The total stays
constant, and the exchange happens twice per oscillation, so the energy graphs
against time have twice the frequency of the displacement graph.

Worked example. A pendulum bob of mass 0.81 kg swings with small oscillations
of amplitude 32 mm and period 1.9 s. Find the total energy of the oscillation, and
state what happens to it if the amplitude falls to 16 mm.

w=2r/1.9=331rads™; E = %mw%% = % x 0.81 x 3.31%2 x 0.0322 = 4.5 x 1073 J.
Halving the amplitude quarters the energy (E o< z2), to 1.1 x 1072 J; the difference
has been dissipated as thermal energy by air resistance.

Damped oscillations

A resistive force (friction , drag , air resistance ) causes
damping — the amplitude shrinks over time as energy is lost as heat. Three named
cases:

Light damping

The amplitude shrinks slowly over many cycles (a light damping case).
The system still oscillates near its natural frequency, but each cycle is smaller than
the last. A car’s suspension is light-to-medium damped, so bumps die away but the
ride stays smooth.

displacement

envelope

light damping: amplitude decays under envelope

In light damping the amplitude dies away slowly over many cycles
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Critical damping

The least damping that brings the system back to equilibrium without overshooting
and without oscillating — a critical damping case. It returns in the
shortest time. A galvanometer or analogue voltmeter is critically
damped so the needle settles quickly.

Heavy damping

So much resistance that the system returns slowly, with no oscillation, but more slowly
than the critical case — a heavy damping case. A door with a strong closer
is heavily damped.

On a displacement-time graph: light damping is a wave whose size dies away smoothly;
critical damping returns quickly with no overshoot; heavy damping returns slowly.

displacement = critical damping

- heavy damping (overdamped)

A

time

critical: fastest no-oscillation return - heavy: overdamped

Critical damping returns to equilibrium fastest without overshoot; overdamping
returns more slowly

As the exam asks it. Damping is the decrease in the amplitude of an oscillation
caused by a resistive force that dissipates the oscillator’s energy. In light damping
the system oscillates with an amplitude that decreases gradually (exponentially) with
time; the period is almost unchanged. In critical damping the system returns to
equilibrium in the shortest possible time without oscillating. In heavy damping it
returns to equilibrium slowly, without oscillating. Sketching them: the light-damping
curve is a sine wave inside a shrinking envelope; the critical and heavy curves both fall
to zero without crossing the axis, the heavy one more slowly.
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Worked example. A bar magnet hangs from a spring with one pole inside a coil that
is connected through a switch to a resistor. The magnet is set oscillating. Explain
why the oscillations die away more quickly when the switch is closed.

The moving magnet changes the magnetic flux linking the coil, so an e.m.f. is induced
(Faraday’s law); with the switch closed a current flows through the resistor and dis-
sipates energy as heat. By Lenz’s law the induced current opposes the motion of the
magnet — an extra resistive force. That energy comes from the oscillation, so the
amplitude decreases faster: the circuit adds damping. With the switch open there is
an e.m.f. but no current, so no extra energy loss.

Forced oscillations and resonance

A plucked guitar string vibrates at its resonant frequencies.

A forced oscillation is driven by an outside periodic force at a frequency
fa chosen by the experimenter. The system then oscillates at this driving frequency
fa, not at its own natural frequency. A plot of amplitude against fq is a

resonance curve with a peak.

Resonance

Resonance happens when the driving frequency equals the system’s natural
frequency fo- At resonance the amplitude is largest and the energy

transfer from the driver is most efficient.
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' — light damping
= medium damping
= heavy damping

amplitude

fo driving frequency, {

resonance: max amplitude near fp - lighter damping = sharper peak

The amplitude of a forced oscillation peaks at resonance, when the driving frequency
equals the natural frequency

Resonance can destroy. In 1940 the wind pushed the Tacoma Narrows Bridge close to
its natural frequency; with little damping the twisting grew and grew until the deck
ripped apart. Engineers now design bridges and buildings so their natural frequencies
avoid such driving forces

Examples:

o a swing pushed at the right rate builds up a large amplitude.
o a wine glass broken by a sound at its natural ringing frequency.

 a building shaken by an earthquake whose frequency matches a natural frequency
— engineers design buildings so their natural frequencies avoid the main earthquake
range.
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The peak’s shape depends on damping: lighter damping — a sharper, higher
peak; heavier damping — a broader, lower peak, shifted slightly to lower fre-
quency.

The two-mark definition. Resonance is the condition in which a system is forced
to oscillate at its natural frequency, and the amplitude of the oscillation is a mazimum
(the transfer of energy from the driver is greatest). Both parts — driving frequency
equal to natural frequency, and maximum amplitude — are needed.

Worked example. A ball on a stretched string has a natural frequency of 4.0 Hz.
The string is driven by a vibration generator whose frequency is increased slowly from
0 to 10 Hz. Sketch the variation of the amplitude of the ball with the driving frequency,
and state the effect of adding damping.

The curve starts at a small, non-zero amplitude at low frequency, rises to a sharp peak
at 4.0 Hz, and falls away towards zero at high frequency; the peak is at the natural
frequency, and only there is the amplitude a maximum. More damping makes the
peak lower and broader and shifts it slightly to a lower frequency; the amplitude
far from resonance hardly changes.

Definitions the examiner accepts

A definition question is marked against fixed wording. Learn these exactly, and give
one answer only.

Term Definition

simple harmonic motion  motion in which the acceleration is proportional to the
displacement from a fixed point and is always directed
towards that point

amplitude the maximum displacement from the equilibrium
position

period the time for one complete oscillation

frequency the number of complete oscillations per unit time

angular frequency w = 2nf = 27w /T; the rate at which the phase of the

oscillation changes

phase difference the fraction of a cycle, expressed as an angle, by which
one oscillation leads or lags another

damping the reduction in amplitude of an oscillation caused by
a resistive force that dissipates its energy

critical damping the damping that returns a displaced system to
equilibrium in the shortest time without oscillation
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Term Definition

natural frequency the frequency at which a system oscillates when

displaced and left to oscillate freely

resonance the forced oscillation of a system at its natural

frequency, at which the amplitude is a maximum

Exam tips

The SHM condition is a = —w?z (acceleration proportional to displacement,
directed back to equilibrium); to show a motion is SHM, find the restoring force,
show it is proportional to z and directed back, and read off w?.

Learn x = xgosinwt (0r €08), Upmazr = WT0, Gmar = W2To and v = +w/x3 — 22; KE
and PE interchange with the total energy constant, £ = imw?z} o 3.
Velocity is zero at the extremes and maximum at the centre; acceleration is
greatest at the extremes and zero at the centre.

The amplitude is half the peak-to-peak range of a displacement graph; w comes
from the period, or from the gradient of a—x, or from wvg/x.

Resonance occurs when the driving frequency equals the natural frequency; damp-
ing lowers and broadens the peak.

Common mistakes

Defining SHM as “oscillation about an equilibrium position”. The mark scheme
wants acceleration proportional to displacement and directed towards the fixed
point.

Saying the minus sign means the acceleration is negative. It means the acceleration
is opposite in direction to the displacement.

Sketching v against = as a straight line. It is an ellipse; a against x is the straight
line.

Taking the amplitude as the whole range of the displacement. It is half the range.
Defining resonance as “a large amplitude”. It is forced oscillation at the natural
frequency, giving the mazimum amplitude.

Calling critical damping “no damping”, or heavy damping “the fastest return”.
Critical damping is the fastest return without oscillation; heavy damping is slower.
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Electric fields
A-Level Physics

Electric fields

Lightning is a giant spark driven by a huge electric field.

An electric field is a region where a charge feels a force  from other charges.
The electric field strength E at a point is the force per unit positive
charge on a small positive test charge placed there:
F

E=—.
q
Unit: N ¢! (the same as V m~!, as we will see). E is a vector , pointing the
way the force acts on a positive charge. The force on a charge ¢ is

F =qFE,

opposite to the field if ¢ is negative.

The two-mark definition. FElectric field strength at a point is the force per unit
positive charge acting on a small (test) charge placed at that point. Three words
carry the marks: force per unit charge (not “force on a charge”), positive (which
fixes the direction), and small or test (so the charge does not disturb the field it is
measuring). The multiple-choice version offers “force per unit charge acting on a small
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mass” and “force per unit mass” as distractors: a field is defined by a charge, never
by a mass.

Worked example. A proton accelerates at 2.00 m s~2 in an electric field, with no

other force acting. Find the field strength. (m, = 1.67x 107" kg, e = 1.60x 107 C.)

qFE = ma, so

5 ma _ (167 x 1077)(2.00)

— —8 —1 . 1
q 1.60 x 10—19 =209x100°Vm  =209nVm .

The same rearrangement the other way round gives the acceleration of an electron in
a field of 1500 Vm™: a = eE/m. = (1.60 x 10719)(1500)/(9.11 x 1073!) = 2.6 x
10" m s72, enormous because the electron’s mass is so small. Gravity (9.81 m s72)
is negligible beside it, which is why exam questions about electrons between plates
ignore weight.

Field lines

o field lines point the way the force acts on a positive test charge.

lines start on positive charges and end on negative charges (or go to infinity).

lines never cross; closer lines mean a stronger field.

every line carries an arrow; lines meet the surface of a conductor at right angles.

What a field line represents. Asked “state what is represented by an electric field
line”, give both halves: its direction shows the direction of the force on a positive
charge placed there, and the spacing of the lines shows the strength of the field (closer
lines, stronger field). A sketch is marked on exactly these points: arrows drawn, lines
not crossing, even spacing where the field is uniform, and radial lines for a point charge
or a sphere.

Examples: a positive point charge has radial lines pointing out; a negative
one has lines pointing in; two opposite charges (a dipole ) have lines curving
from 4 to —; two parallel charged plates give a uniform field of equally
spaced parallel lines.
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a) parallel plates (uniform field) b) dipole (+ and —)

\®/

/TN

A pu —

c) point charge (radial) d) sphere above earthed plate

Field-line patterns for parallel plates, a dipole, a point charge, and a charged sphere
above an earthed plate

Vo |

Nt : | ‘) 1

j\E l /)\—)

hollow conductor, charge +Q
lines radial, evenly spaced, arrows outwards

R T
zero inside, jumps to Eg constant inside,
at the surface then falls as 1/r

A charged hollow conductor: the field outside is that of a point charge at the centre;
inside, the field is zero and the potential is constant

A charged conducting sphere

The charge on an isolated conductor sits on its outer surface, spread
evenly when the sphere is on its own. Outside the sphere the field lines are radial,
evenly spaced and pointing outwards (for positive charge), exactly the pattern of a
point charge at the centre. Inside a hollow (or solid) conductor the field is zero: the
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fields of all the surface charges cancel everywhere inside, so no field line enters. Two
graphs follow, and both are exam favourites. The field strength £ is zero out to the
radius R, jumps to its surface value Fy and then falls as 1/r?; the potential V is
constant inside (a zero field means a zero potential gradient) and then falls as 1/r.

Reading the graphs. Given an E—x graph for a charged sphere, the radius is the
distance at which E jumps from zero, and the charge comes from any point on the
curve: Q = 4megr?E. Given ”Ej at the surface”, the value at 2R is Ey/4 and at 3R is
Ey/9: sketch the curve through those points, starting at Ejy on the surface line, never
from the origin.

- A

A Van de Graaff generator stores a large static charge on its metal dome, making a
strong electric field around it

Uniform electric fields

Between two parallel plates a distance d apart with potential difference %4
between them, the field is uniform (apart from edge effects) with size
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E=V/d

Between parallel plates the field is uniform, E = V/d

E=—.
d
It points from the higher-potential plate to the lower one. The unit V m™' comes
straight from this and equals N C ™.

Worked example. Two parallel plates 5.0 mm apart have a p.d. of 200 V between
them. Find the field strength, and the force on an electron in the gap. (e = 1.6 X
10719 C))

E = % = % =40x10'Vm™,  F=g¢E=(16x10"")(4.0 x 10") =6.4 x 10""* N.
Which changes the field? Two things only: £ = V' /d rises if the p.d. is increased
or the plates are moved closer. A resistor in series with the supply changes nothing:
no current flows once the plates are charged, so there is no p.d. across the resistor
and the plates sit at the full supply voltage. Between plates at 4800 V and +1300 V
the field points from the higher potential to the lower; two positive potentials change
nothing about the direction rule.

A charged particle in a uniform field

A charge ¢ in a uniform field feels a constant force F' = gF, so a constant accel-
eration a = ¢FE/m — just like a mass in a uniform gravitational field.

« released at rest, it speeds up along the field (positive charge) or against it (negative
charge), gaining kinetic energy
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o entering at right angles to the field, it follows a parabolic path — like
a projectile in gravity. This is how a cathode-ray tube used
to steer its beam.

g uniform field,

charge +¢, +ql | | --17"7"" strength E
mass m,

3

. parabolic path

speed v
y v v v l\l\\\

A charge entering a uniform field at right angles follows a parabolic path, like a
projectile

p.d. V between the plates

+ top plate

electric force qF

weight mg

\ — bottom plate (earthed, 0 V)
field E = V/d points downwards

mgd
stationary = qF =mg = q = 79

A charged oil drop held stationary between horizontal plates: the electric force
balances the weight, so ¢ = mgd/V

Two forces, not one. A charged oil drop “held stationary” between horizontal plates
is the exam’s favourite equilibrium : both an electric force and its weight act
on it (the multiple-choice distractor is “electric force only”), and they are equal and
opposite. For a negative drop the electric force is opposite to the field, so the top
plate must be positive to hold it up.

Worked example. An oil drop of mass 2.6x1071° kg carries a charge of —4.8x1071 C
and is held stationary in a vacuum between horizontal plates 2.0 cm apart. Find the
p.d. between the plates, and say which plate is positive.

qv mgd (2.6 x 10719)(9.81)(0.020) 5
E = — = V= = =1.1x10" V.
gp=mg = Sy =mg = q 48X 10-19 x
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The drop is negative, so the force on it is against the field; for the force to be upwards
the field must point down, so the top plate is positive. Notice that the charge is 3e,
three excess electrons, which is how Millikan showed that charge comes in multiples
of e.

Worked example. Two parallel plates in a vacuum are 0.041 m apart with a p.d. of
250 V between them. An electron is released from rest at the negative plate. Find (a)
the field strength, (b) the force on the electron and its acceleration, (c¢) the time it takes
to reach the positive plate, (d) its kinetic energy on arrival. (m, = 9.11 x 107! kg.)

(a) E =V /d = 250/0.041 = 6.1x10* V m~". (b) F = eE = (1.60x10"19)(6.1x 10%) =
9.8x1071° N; a = F/m, = 1.07 x 10" m s~2, towards the positive plate. (c) From rest
with constant acceleration, d = $at?, so t = /2d/a = /2 x 0.041/(1.07 x 10'5) =
8.8 x 107 s. (d) Energy method, no kinematics needed: Ey = ¢V = (1.60 x
10719)(250) = 4.0 x 1077 J, so v = /2E/me = 9.4 x 10° m s7'. (Check: v =
at = (1.07 x 10'%)(8.8 x 107?) = 9.4 x 10° m s71.)

Worked example (deflection). An electron travelling horizontally at 2.0x 10" m s~

enters the field between two horizontal plates 18 mm apart with a p.d. of 400 V. The
plates are 30 mm long. Find the deflection of the electron by the time it leaves
the field.

The horizontal motion is unaffected: time in the field ¢ = 0.030/(2.0 x 107) =
1.5 x 107 s. Vertically, a = eE/m, = eV /(med) = (1.60 x 1071?)(400)/[(9.11 x
10731)(0.018)] = 3.9 x 10" m s72, so the deflection is y = 1at? = 1(3.9 x 10'%)(1.5 x
107%)%2 = 4.4 x 1073 m, less than the half-gap of 9 mm, so the electron does leave the
field. Tts vertical velocity on exit is at = 5.9 x 10 m s71, so it leaves at tan 6 = 5.9/20,
about 16°; the path is a parabola, and after the plates (no field) it travels in a straight
line in the direction it had on exit.

Coulomb’s law

For two point charges ()1 and () a distance r apart in free space, each feels a force of
size

o i@

4drregr?
This is Coulomb’s law . Here ¢g = 8.85x 10712 F m™! is the permittivity
of free space ,and 1/(4mey) =~ 9.0x 10° N m? C™2. The force is along the

line joining the charges: repulsive for like charges, attractive for opposite charges.

Stating the law in words. “State Coulomb’s law” wants a sentence, not a formula:
the (electric) force between two point charges is directly proportional to the product
of the charges and inversely proportional to the square of their separation. Both
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proportionalities are needed, and the charges must be point charges (or spheres treated
as point charges at their centres) in a vacuum.

opposite charges

& -0

attract — pulled together

like charges

—© O

repel — pushed apart

Like charges repel; opposite charges attract — the force is along the line joining them

Worked example. Find the electrostatic force between point charges of +2.0 nC
and +3.0 nC placed 4.0 cm apart. (1/(4meo) = 9.0 x 10° N m? C™2))

1Q2 (9.0 x 10%)(2.0 x 1079)(3.0 x 1079)

F = =
dmegr? (0.040)2

~ 3.4 x 107° N (repulsive).

Worked example. In a hydrogen atom the proton and the electron may be treated
as point charges 120 pm apart. Find the electric force between them, and compare
it with their gravitational attraction. (m, = 1.67 x 10727 kg, m, = 9.11 x 107! kg,
G =6.67 x 1071 N m® kg™2.)

2 (899 x 10°)(1.60 x 10719)2

Fr = =
BT dmegr? (1.20 x 10-10)>2

= 1.6 x 107 N (attractive).

Cravity: Fg = Gmyme/r® = (6.67 x 1071)(L67 x 10-27)(9.11 x 10-31)/(1.20 x
107192 = 7.0 x 107 N, about 10% times smaller. Inside atoms, gravity is irrele-
vant.

Worked example. Two identical oil droplets in a vacuum have their centres 3.8 x
10~% m apart. Each carries the same charge, and they repel with a force of 1.0x107* N.
Find the charge on each droplet, and the number of excess electrons it carries.

Q? \/ (1.0 x 10-15)(3.8 x 10-6)2 e
F= VAregFr? = —1.3x1
Tneg? @ = VATl s, 99 X 10° 3x 10776,

that is 1.3 x 107! /1.60 x 107! =~ 8 electrons. Identical objects with the same sign of
charge always repel; do not write "attract” for the direction.
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Worked example. A charged sphere X is fixed on an insulating stand. A second
sphere Y, of mass 2.0 g, hangs beside it on an insulating thread and settles in equilib-
rium with the thread at 12° to the vertical, its centre 5.0 cm from the centre of X on
the same horizontal level. Find the electric force on Y and, if the spheres carry equal
charges, the charge on each.

I
I
I
i
: 0 insulating thread
I
I —
' 0
I
I mg
| T\ + + T
I
F <
N
F
v insulating stand i
mg g closed vector triangle
tanf = —
three forces on Y: tension, weight, an mg

electric repulsion from X
A charged sphere hanging near a charged sphere: three forces balance, the tension
along the thread, the weight and the horizontal electric repulsion, so tan 0 = F/mg

Three forces act on Y: its weight mg (down), the tension T (along the thread)
and the electric force F' (horizontal, away from X because like charges repel). Resolv-
ing, T'cos® = mg and T'sinf = F', so

F =mgtan6 = (2.0 x 107%)(9.81) tan 12° = 4.2 x 107* N.

Then F = Q?/(4megr?) gives Q = VAneoFr? = /(4.2 x 10-3)(0.050)2/(8.99 x 10%) =
3.4 x 1078 C. A closed vector triangle of the three forces is an equally good method;
the exam accepts either, but it must show all three forces.

Worked example (helium). A helium atom may be modelled as a nucleus of charge
+2e with two electrons in diametrically opposite circular orbits of radius 170 pm. Find
the resultant force on one electron, and hence its orbital speed.

Two forces act on the electron: attraction to the nucleus, at distance r, and repulsion
from the other electron, at distance 2r on the far side:
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2 /2 /2 /2 . 1 9 1. 1 —19\2
e e _ e (2—1):1.75><(899X 0”)(1.60 x 10~19)
dmegr?  dmeo(2r)?  dmegr? 4 (1.70 x 10-10)2

Fres = =14x 1078 N,

towards the nucleus. This resultant is the centripetal force, F' = mgv?/r, so v =
VFr/me=+/(1.4 x 10-8)(1.70 x 10-19)/(9.11 x 10-31) = 1.6 x 105 m s~!. The trap

is to forget the second electron, or to put it at distance r rather than 2r.

Spheres treated as point charges

A spherical conductor with total charge () gives, at any point outside, the same field
as a point charge @) at its centre (measure 7 from the centre). Inside a hollow charged
conductor the field is zero, so the conductor is an equipotential

Electric field due to a point charge

Coulomb’s law gives the force between two charges. Divide it by the test charge
(E = F/q) and you are left with the field of the source charge () alone. The field at
distance r from a point charge @ is

Q

Amegr?’

E

It points out from a positive @, in towards a negative @, and falls as 1/r*> — just like
gravitational field strength, except gravity is always attractive. For several
charges, add the fields as a vector sum

Worked example. The Earth may be treated as a uniform conducting sphere of
radius 6.37 x 10° m carrying a total charge of —4.80 x 10° C spread over its surface.
Find the electric field strength at the surface, and compare it with the gravitational
field strength there. (Mg = 5.98 x 10** kg.)

Q (899 x 10°)(4.80 x 107) B
P _ — 106 V
dnzoR? (6.37 x 105)2 e

directed towards the centre (the charge is negative). Gravity: ¢ = GM/R? =
9.83 N kg™, so E/g ~ 11; in symbols E/g = Q/(4meoGM), which shows that the
ratio depends only on the charge-to-mass ratio of the sphere. A charged sphere of mass
m and charge ¢ would need ¢E = myg to float in this field: ¢/m = g/F = 0.093 C kg™t

Worked example. Point charges of +4.0 nC and +1.0 nC are 30 cm apart. Where
on the line joining them is the resultant field zero?
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Between the charges the two fields point in opposite directions; call the distance from
the 4.0 nC charge z. Zero resultant needs equal magnitudes:

4010 080—w 1 oo
22 (0.30 — )2 r 2 - ’

twice as far from the larger charge. For opposite charges the fields between them point
the same way and never cancel: the zero lies outside, beyond the smaller charge.

Electric potential

Electric potential V' at a point is the work done per unit positive charge
in bringing a small positive test charge from infinity to that point:
%%
V=—.
q

Unit: V. The potential is zero at infinity. For a positive source charge V' > 0
everywhere outside; for a negative source charge V' < 0.

The two-mark definition. FElectric potential at a point is the work done per unit
positive charge in bringing a small test charge from infinity to the point. The marks
are for work done per unit (positive) charge and from infinity to the point.
The potential of a positive charge is positive because work must be done on a positive
test charge to push it in against the repulsion; near a negative charge the field does
the work, so the potential is negative. “Explain why the potential near an isolated
proton is positive” is answered in exactly those words.

Potential due to a point charge

Q
V= .
4megr
Note the 1/r here (compared with 1/r? for the field). V is a scalar ; for several

charges, add the potentials (with sign).

Worked example. Find the electric potential 4.0 cm from a point charge of +3.0 nC.
(1/(4mep) = 9.0 x 10° N m? C2))

Q (9.0 x10°)(3.0 x 10-9) )
_ _ ~ 6.8 x 102 V.
dregr 0.040 x

Because potential is a scalar, the potential from several charges is simply their sum
(each with its own sign) — no directions to resolve.

A-Level Physics ¢ 18 Electric fields @



'\ A

(a) like charges: V> 0 everywhere (b) opposite charges: V changes sign
V=0 here
gradient zero here: (gradient not zero,
E=0 so E=0)
| \/ : Px
X Y
T T »X
X Y
distance x from the centre of X distance x from the centre of X

Potential along the line between two charged spheres: like charges give a minimum
(field zero there); opposite charges give a zero crossing

Two charged spheres on a line

The exam’s favourite structured question puts two charged spheres X and Y some
distance apart and draws the potential V' along the line joining their centres (or asks
you to reason from it). Everything follows from two facts: potential is a scalar that
adds with sign, and the field is the negative gradient of the graph.

o Sign of the charges. If V is positive along the whole line, both charges are
positive; if V' changes sign, the charges are opposite (positive near the positive
sphere).

o Where the field is zero. Where the curve has a minimum (gradient zero).
For like charges this lies between them, closer to the smaller charge: Qx/z? =
Qv/(d—z)?. For opposite charges there is no such point between them: the curve
crosses zero there, but its gradient is not zero, so the field is not.

» Ratio of the charges. Where V' = 0 between opposite charges, Qx/x = Qv/(d—
x): the distances give the ratio directly. For like charges use the minimum instead
(the square root of the field condition).

o Force on a charge placed at P. Read the gradient at P by drawing a tangent

; then F is minus the gradient, and F' = ¢FE.

Worked example. Two isolated charged metal spheres X and Y have their centres
1.2 m apart in a vacuum. The potential along the line between them is positive
everywhere and has a minimum at z = 0.50 m from the centre of X. State three
conclusions, and then find the force on a proton held at x = 0.60 m, where the
gradient of the graph is +180 V m™'.

Conclusions: (1) both spheres are positively charged, because the potential is positive
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everywhere; (2) the electric field is zero at x = 0.50 m, where the gradient is zero;
(3) the charge on Y is larger, because the zero-field point lies closer to X; in fact
Qv/Qx = (0.70/0.50)2 = 2.0. At 2 =0.60 m: £ = —180 V m™! (pointing towards X,
since V rises towards Y), so F' = eFE = (1.60 x 107'9)(180) = 2.9 x 107! N towards X.
Released, the proton accelerates towards X, its acceleration increasing as the gradient
steepens; it needs an external force to hold it still.

Describing the motion. ”A positively charged particle is placed at P and released.
Describe and explain its motion.” The examiner wants: the direction (towards lower
potential, down the slope of the V' graph); that the force, and so the acceleration, is
not constant (it follows the gradient, which changes along the line); and that the
particle speeds up throughout, since the force stays in the direction of motion. If P
is the zero-field point the particle stays at rest, in unstable equilibrium: a nudge either
way sends it off.

V =0Q/(4negr) - zero at infinity

.

- positive charge +Q: V>0
— negative charge —Q: V<0

The potential near a point charge varies as 1/r — positive for a positive charge,
negative for a negative one

Link between field and potential

The field equals the negative potential gradient

av

E=———.
dz

Between parallel plates V' changes evenly with position, giving £ = V'/d as before.
The minus sign means the field points towards lower potential. For a point charge,
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av.Q

dr  4mwegr?

The one-line relationship. ”State the relationship between electric field and electric
potential”: the field strength is equal to the negative of the potential gradient, E =
—AV /Az. On a V—z graph E is minus the gradient of a tangent; on a V—r graph for
a point charge the gradient is steepest close to the charge, where the field is strongest,
and the sign of E is fixed by "the field points towards lower potential”. The uniform-
field version £ = V' /d is the same statement with a constant gradient.

Equipotentials. An equipotential surface joins points of equal potential; no work
is done moving a charge along it, so the field is always at right angles to it. Around
a point charge the equipotentials are concentric spheres, growing further apart as V'
falls; between parallel plates they are planes parallel to the plates. The surface of a
conductor is an equipotential, which is why field lines meet it at right angles.

a) b)
A A
av _V
+V 4 Ly E= _d_X za
> : __V Sv
i gradient = d o g
= g
9 @
o ©
< 9]
U—
. > . >
d d
distance x distance x

E =—dV/dr - field = negative gradient of potential

In a uniform field the potential falls steadily with distance, so the field strength V' /d
s constant

Electric potential energy

A charge g at a point of potential V' has electric potential energy Ep =4qV.
For two point charges () and ¢ a distance r apart:

B = -4
dmegr

o like charges: Fp > 0 — stored energy that would be released if they flew apart.

» opposite charges: Fp < 0 — a bound system; energy must be supplied to
separate them.
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In both cases Ep — 0 as r — .

Worked example. The proton and the electron in a hydrogen atom are 5.3 x 107!* m
apart. Find the electric potential energy of the pair.

Qg (8.99 x 10°)(+1.60 x 10-9)(—1.60 x 10~19)

J—— —
P dne,r 5.3 x 10-11

= —43x107® J=—-276eV.

The negative sign is part of the answer: the charges are opposite, so energy (4.3 X
1071® J) must be supplied to pull them apart to infinity. (The electron also has kinetic
energy of half that size, so the energy needed to ionise the atom is 13.6 eV; the
"worked-example pattern” below shows why.)

Charge through a p.d. A charge ¢ moved through a potential difference V' changes
its potential energy by ¢V, which is why an electron accelerated from rest through
250 V arrives with 250 eV of kinetic energy whatever the shape of the field. For an
MCQ about "moving P a distance x along the field lines”, the work done is gFx, and
its potential energy falls if it moves the way the force pushes it.

Ep

A

like charges (repel): Ep>0

» distancer

both - 0 at infinity
opposite charges (attract): Ep <0

Ep=kqiq2/r - Ep»0asr—-ow

Electric PE of two charges: positive for like charges, a negative well for opposite
charges

Worked-example pattern

An electron orbits a nucleus of charge +Ze at distance r. The Coulomb
attraction provides the centripetal force
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Amrer? r’ Amegmer
The total energy is kinetic plus potential:
Ze? Ze?
E =1 e 2 — = - 5
total = 377le¥ Aegr 8meor
which is negative (a bound state).
Gravitational versus electric
The two field theories look alike:
Quantity Gravitational Electric
Source mass M (always charge @ (can be +)
positive)
Field strength g=GM/r? E = Q/(4meor?)
Force on test object F = mg F=qF
Potential o=—-GM/r V =Q/(4meor)
PE of two —GMm/r Qq/(4meor)
Nature always attractive attractive or repulsive
The minus sign in the gravitational potential reflects that gravity is always

attractive; the electric potential takes the sign of the source charge.

Similarity and difference (a standard two-marker). Both potentials are pro-
portional to 1/r, both are zero at infinity, and both are scalars; but gravitational
potential is always negative (the force is always attractive) whereas electric poten-
tial takes the sign of the charge and can be positive. For the fields: both obey
an inverse-square law and both are drawn as radial lines around a point source, but
gravitational field lines only ever point inwards (attraction), while electric field lines
point outwards from a positive charge and inwards to a negative one.

Definitions the examiner accepts

A definition question is marked against fixed wording. Learn these exactly, and give
one answer only.
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Term

Definition

electric field

electric field
strength

electric field line

Coulomb’s law

electric potential

field and

potential

electric potential
energy (of two
charges)

equipotential

uniform field

a region in which a charge experiences an (electric) force

the force per unit positive charge acting on a small (test)
charge placed at the point

a line whose direction shows the direction of the force on a
positive charge; the spacing of the lines shows the field strength

the force between two point charges is directly proportional to
the product of the charges and inversely proportional to the
square of their separation

the work done per unit positive charge in bringing a small test
charge from infinity to the point

the electric field strength is equal to the negative of the
potential gradient: F = —AV /Ax

the work done in bringing the charges from infinity to their
separation; Qq/(4mwegr)

a surface (or line) on which every point has the same potential;
the field is at right angles to it

a field with the same strength and direction at every point,
shown by parallel, evenly spaced field lines

Exam tips

A-Level Physics ¢ 18 Electric fields

Four formulae, two with r* and two with r: F = Q,Qy/4weor? and E = Q /4meqr?
(inverse square), V = @Q/4neor and Ep = Qq/4meor. Decide which one before you
write.

Distinguish a uniform field (F = V/d, between plates) from a radial field
(E = Q/4meqr?, outside a point charge or a sphere); r for a sphere is measured
from the centre, not the surface.

The field points from high to low potential and £ is minus the potential gradient:
draw a tangent on a V—x graph to find it.

Field is a vector (add components, subtract opposing ones); potential is a scalar
(add with sign). Between like charges there is a zero-field point; between opposite
charges a zero-potential point.

A charged particle in a uniform field: F' = ¢F, a = qFE/m, Ex = qV; along the
field it is the vertical half of projectile motion, and motion at right angles to the
field is unaffected.



The data sheet gives both gg = 8.85x 1072 F m™ ! and 1/(47gg) = 8.99x10°m F';
either works, do not mix them up.

Common mistakes

Defining field strength as “the force on a charge” or “force per unit mass”. It is the
force per unit positive charge on a small positive charge.

Forgetting to square r in Coulomb’s law and in the field, or squaring it in the
potential (V o< 1/7).

Using the diameter, or the distance from the surface of a sphere, instead of the
centre-to-centre distance.

Sketching E for a sphere from the origin. It is zero inside and starts at Ej on the
surface; V' is constant inside, not zero.

Field lines without arrows, crossing, or unevenly spaced in a uniform field; lines
not at right angles to a conductor.

Dropping the negative sign on the potential energy of opposite charges, or taking
the direction of F from the sign of V' instead of from its gradient.

Forgetting the second electron in the helium atom, or placing it at distance r rather
than 2r.

Using E = V/d for a point charge, or E = Q/4meor? between plates.

Giving an electron weight, or using the proton’s mass for an electron; in electrons-
between-plates questions the weight is negligible.

Leaving out the weight in an “oil drop held stationary” question, or getting the
polarity of the top plate backwards.
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Capacitance
A-Level Physics

Capacitance

Capacitors store electric charge in a circuit.

A capacitor stores charge. The simplest one is two parallel conductor
plates with an insulator (a dielectric , Or just vacuum / air)
between them. Connected to a battery, charge +() builds up on one plate and —@) on
the other, with a potential difference V' across the gap.
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%

—_—

dielectric

pd. V

A parallel-plate capacitor: equal and opposite charges on two plates with a p.d. V
across the gap

How the plates become charged. Connect the plates to a battery and electrons
flow, through the battery, from the plate joined to the positive terminal to
the plate joined to the negative terminal. One plate is left with charge 4+ and the
other gains —(@): the charges are always equal and opposite, so the capacitor as
a whole stays neutral. The flow stops when the p.d. between the plates equals the
e.m.f. of the battery. Nothing crosses the gap; the insulator is what keeps the charge
separated.

The capacitance C' of any capacitor (or any isolated conductor) is
o=
V

This applies to:

« an isolated sphere holding charge @) at potential V' (zero at infinity). For radius
r, V =Q/(4meor), so C = dmeqr.
« a parallel-plate capacitor: charges +(Q on the plates, p.d. V between them.

Unit: farad (F) = C V7', A farad is huge, so real capacitors run from pF to
mkF'.

Capacitance is constant for a given capacitor (set by its size and dielectric). Doubling
the charge doubles the voltage, so C'= Q/V stays the same.

The two-mark definitions. For a parallel-plate capacitor: the charge on one
plate per unit potential difference between the plates. For an isolated sphere (or any
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isolated conductor): the charge on the conductor per unit potential. The examiner
looks for “charge per unit p.d.” (or “per unit potential”) and, for the plates, that the
charge is the charge on one plate and the p.d. is that between the plates. “The
charge stored” is accepted; “the total charge on both plates” is not, because that total
is zero.

What sets the capacitance. For parallel plates the capacitance is proportional
to the plate area and inversely proportional to the separation = (C' o« 1/z: halve
the gap and the capacitance doubles), and it rises when a dielectric replaces the air.
A question that states "C' is inversely proportional to x” and then moves the plates
apart at constant charge is asking for V' = @/C o z: the p.d. rises in proportion. At
constant p.d. (still connected to the supply) it is the charge that falls instead.

Worked example. A 100 uF capacitor is charged to 12 V. Find the charge stored.

Q =0V = (100 x 1079(12) =12 x 107 C (= 1.2 mC).

Worked example. An isolated metal sphere of radius 15 cm is charged to a potential
of 9.0 x 10® V. Find its capacitance and its charge. It is then discharged to earth
through a 120 MS2 resistor: find the time constant of the discharge.

0.15

390X 10° = 1.7x 107" F = 17 pF, Q =0V = (1.67x107")(9.0 x 10*) = 1.5 x 107" C.

C =dmegr =
The time constant is RC' = (1.2 x 10%)(1.67 x 107') = 2.0 x 1073 s: even through an

enormous resistance the sphere loses its charge in milliseconds, because its capacitance
is so small. Notice that 4meq = 1/(8.99 x 10?), so C' = r/(8.99 x 10%) with 7 in metres.

Real capacitors range from large electrolytic cans (high capacitance) down to tiny film
and ceramic types — from pF up to mF
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Combining capacitors

Capacitors in parallel share the same p.d. V. The total charge is the sum:

Qtotal = C(1‘/ + C2V + ... S0 Cparallel = CYl + 02 + ...

A parallel combination has larger capacitance than any one capacitor.

< same p.d. V >
1 +aq1 —q1 1
| I I | \< V =\
| | | l |
| o | | o |
| EE— > = L I I |
+q2 —q2

| |

|

Co

Q=q+q C=0C+Ch

Capacitors in parallel share the same p.d.; the charges add

Capacitors in series carry the same charge (). The total p.d. is the sum:

Q Q 1 11
Voa:_+_+--~, = —+ =4 ...
rotal Ol 02 >0 C(series CI 02

A series combination has smaller capacitance than any one capacitor.

V= Vi + V!

Capacitors in series carry the same charge; the p.d.s add

Note: these rules are the opposite of those for resistors (resistors sum in series;
capacitors sum in parallel), because C' = @/V has V' on the bottom while R = V' /I
has I on the bottom.
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Deriving the two rules

“Derive an expression for the combined capacitance” is a show that question, and
the mark scheme wants the physics stated, not just the algebra.

o Series. The capacitors carry the same charge (): the plate joined to the positive
terminal loses electrons to the far plate of the next capacitor, so every plate in the
chain holds £@Q. The p.d.s add: V =V, + V5. With V] = Q/C; and Vo = Q/Cy,
and the combination defined by V = Q/C, dividing through by @ gives 1/C =
1/Cy +1/Cs.

o Parallel. The capacitors have the same p.d. V', because each is connected directly
across the supply. The charges add: QQ = Q1+ Qo = C1V +C5V, and Q = C'V for
the combination, so C' = Cy + Cs.

Two capacitors in series always give less than the smaller one; two equal capacitors C
give C'/2 in series and 2C' in parallel.

2.0 uF
6.0 uF 6.0 uF 6.0 uF 3.0 uF
| | - , | | | | . | |
| | I
4.0 uF
(a) the parallel pair first: (b) then the series pair: (c) one capacitor:
2.0 +4.0 = 6.0 uF 1 1 1 C =3.0 uF

¢~ 60" 60

A network is reduced one step at a time: combine the parallel pair first, then the
series pair

Worked example. A 6.0 uF capacitor is in series with a parallel pair of 2.0 uF and
4.0 pF. Find the total capacitance, and the charge on each capacitor when 12 V is
applied across the network.

Parallel pair: 2.0 + 4.0 = 6.0 pF. In series with 6.0 uF: 1/C = 1/6.0 4+ 1/6.0, so
C = 3.0 uF. Total charge Q = CV = (3.0 x 1079)(12) = 3.6 x 107° C: this is the
charge on the 6.0 uF capacitor (series, same charge), and it is shared by the parallel

pair in the ratio of their capacitances (same p.d., 6.0 V across each): the 2.0 pF holds
1.2 x 107° C and the 4.0 uF holds 2.4 x 107> C. Check: they add to 3.6 x 107> C.

Worked example. Capacitors X and Y, each of capacitance C, are connected in
series across a supply of voltage V'; capacitors P and Q, each C'| are connected in
parallel across an identical supply. Compare the charge drawn from each supply and
the energy stored in each arrangement.
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Series: Cy = C'/2, charge Qs = C'V /2, energy %C’SV2 = CV?/4. Parallel: C, = 2C,
charge 2CV, energy CV?2. The parallel arrangement draws four times the charge
and stores four times the energy, because at the same supply voltage the energy is
%CV2 and the capacitance is four times larger. Asked which arrangement stores more
energy from a given supply, the answer is always parallel.

Energy stored in a capacitor

Charging a capacitor from 0 to () needs work, because each extra bit of charge is
pushed against the p.d. already there. When the charge is ¢, the p.d. is V(q) = ¢/C,
so adding a small charge dq needs work V dq. The total work is

Q 2
q Q
W = —dg=—.
/0 ¢~ 5¢
Using V = Q/C, this is the energy stored:

Q2

oy = loy?2 = %
W =3QV =40V = .

2

Worked example. Find the energy stored in a 100 uF capacitor charged to 12 V.

W =1CV? = 1(100 x 107°)(12)* = 7.2 x 107 J (= 7.2 mJ).

Worked example. The graph of charge () against p.d. V for a capacitor is a straight
line through the origin passing through (10 V, 1.2 x 1073 C). Find the capacitance
and the energy stored at 10 V, and then the extra energy stored when the p.d. is
raised to 12 V.

The gradient of Q against V is C = 1.2 x 1073/10 = 1.2 x 107* F = 120 pF. Energy
is the area under the line: 1QV = (1.2 x 107%)(10) = 6.0 x 107 J. At 12 V:
$COV? = 2(1.2x107%)(12)? = 8.6 x 1073 J, so the extra energy is 2.6 x 107* J. Do not
find the extra energy from the extra charge as %(AQ)V: energy is not proportional to
charge, so subtract the two areas.

Reading the ()—V graph

A plot of V' against @ is a straight line through the origin with gradient 1/C. The
energy stored is the area under the line up to a given charge (), which is the triangle
%QV. The factor % is there because the average p.d. during charging is V' /2 (it grows
from zero to V'), not V.
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W=1Qv=1icVv? (area under V-Q)
7
:
1
> |
) i
(@) 1
c |
8 1
g |
= 1
o |
] |
] 1
c |
(0] 1
-t 1
o 1
o |
1
energy stored i
=1QoVo i
:
:
: >
0 charge Q Qo

The energy stored is the area under the potential-charge line (the triangle %QV )

Why charging is “half efficient”

Connect a capacitor C' to an ideal battery of e.m.f. V' through a wire. The capacitor
stores %CVQ, but the battery supplies charge ) = CV at em.f. V, giving out QV =
CV?2. The other half is lost as heat in the wire — whatever the wire’s resistance.

Sharing charge between capacitors

switch open switch closed
+Q +Q/4 +3Q/4
X C__—_— Y: 3C —___ uncharged X C_—_— Y:3C _—_—
-Q —Q/4 —3Q/4
before: p.d. V' across X only after: same p.d. V//4 on both
charge Q = CV/, energy 1CV? charge still Q, energy £C'V?

Connecting a charged capacitor to an uncharged one: charge is conserved, the p.d.
equalises, and enerqy is lost

A fully charged capacitor X (capacitance C', p.d. V', charge Q) = C'V) is disconnected
from its supply and connected across an uncharged capacitor Y of capacitance 3C.
Charge flows until the two p.d.s are equal. Two principles settle everything:
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1. Charge is conserved. The total charge is still (), now spread over a parallel pair
of total capacitance 4C, so the common p.d. is V' = Q/(4C) = V /4. X keeps Q)/4
and Y takes 3Q)/4 (charge in the ratio of the capacitances, since the p.d. is the

same).
2. Energy is not conserved. Before: CV?2. After: 1(4C)(V /4)? = :CV?2. Three-
quarters of the energy has gone: it is dissipated as heat in the connecting

wires (and as a spark or electromagnetic radiation) while the charge moves, however
small the resistance.

Worked example. A 220 pF capacitor charged to 9.0 V is connected across an
uncharged 440 uF capacitor. Find the final p.d. and the energy lost.

Q = CV = (220 x 1079)(9.0) = 1.98 x 1073 C; total capacitance 660 uF, so V' =
1.98 x 1072 /(660 x 107%) = 3.0 V. Energy before: $(220 x 1079)(9.0)? = 8.9 x 107* J;
after: (660 x 1075)(3.0)% = 3.0 x 107 J; lost: 5.9 x 107 J, two-thirds of the original.
A capacitor connected to another of capacitance kC' always loses the fraction k/(k+1).

Capacitor discharging through a resistor

A capacitor C' charged to V; is connected through a switch to a resistor of
resistance R. When the switch closes at ¢t = 0, the capacitor discharges.
A B

\ P
RI:I B: discharge

A: charge

A capacitor charges through switch A, then discharges through the resistor via switch

B
Setting up the equation
By Kirchhoff’s second law around the loop, Vo = Vi. Using
Ve=Q/C, Vg =IR and I = —dQ/dt:
Q _ ,dQ
¢~ a
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This is solved by an exponential decay with time constant RC.

Discharge equations

Charge @, p.d. V and current [ all decay exponentially with the same time constant:

Q = Qge /(FO), V = Ve Y (EO), [ = Iye t/(BO).

with I, = Vp/R.

A

Io = VQ/R N .
largest current at the instant

the switch closes

area under the curve
= charge that has flowed
(total area = Qo =CVp)

current /

0.37 /g dooeeeeec i

RC

timet

The discharge current starts at Vo/R and decays with the same time constant; the
area under the curve is the charge that has flowed

Reading the three graphs. All three curves have the same shape and the same
time constant, so one measurement of 7 from any of them gives RC'. The current is
largest the instant the switch closes, Iy = Vy/ R, because the full p.d. Vj is then across
the resistor; it falls as the p.d. falls. The area under the /-t graph is the charge that
has flowed, so the total area is )y = C'Vy, and the charge that flows in the first time
constant is Qo(1 —e™') = 0.63Qy. The gradient of the Q—t graph is —I: steepest
at the start, flattening as the current dies away. (During charging through a resistor
the current has the same decaying shape, while V' and @ rise as Vp(1 — et RS the
mirror image of the discharge curve.)
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Qo
Q=0Qpe ¥RC . at T=RC: Q = Qqp/e

charge Q

Qole

— >

0 T=RC time t

Charge decays exponentially during discharge, falling to Qq/e after one time constant

RC
Time constant
T=RC
is the time constant (in seconds: - F =s). It is the time for a decaying

quantity to fall to 1/e ~ 0.37 (about 37%) of its starting value. After 27 it is at about
13.5%; after 57, below 1%.

Worked example. A 100 pF capacitor charged to 12 V is discharged through a
47 k2 resistor. Find the time constant and the voltage after one time constant.

7= RC = (47 x 10*)(100 x 107°) = 4.7 s.

After one time constant the voltage falls to 1/e of its start: V =12 x 0.37 ~ 4.4 V.

Worked example. A 470 puF capacitor is charged to 24 V and then discharged
through a 5.6 kS resistor. Find (a) the initial charge and energy, (b) the time constant
and the initial current, (c) the p.d. after 4.0 s, (d) the time for the p.d. to fall to
6.0 V.

(a) Qo =CVy= (470 x 107)(24) = 1.1 x 1072 C; W = $CVZ = (470 x 1079)(24)* =
0.135J. (b) 7 = RC = (5.6x10%)(470x1076) = 2.6 5; Iy = Vy/R = 24/5600 = 4.3 mA.
(c) V = Voe t/RC = 24 ¢740/263 — 24 % (0.219 = 5.3 V. (d) Rearrange with logarithms:
t = —RCI(V/Vy) = —2.631n(6.0/24) = 2.63 x 1.386 = 3.6 s.
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Keep the time constant unrounded (2.632 s) inside the calculation and round only
the answers. The rearrangement in (d) is the one most often asked and most often
botched: In(V'/V;) is negative, so ¢ comes out positive.

Worked example. From a discharge graph, the p.d. across a 2200 uF capacitor falls
from 6.0 V to 2.2 V in 4.5 s. Find the resistance of the resistor.

2.2/6.0 = 0.367 =~ 1/e, so 4.5 s is one time constant: R = 7/C = 4.5/(2200 x 107%) =
2.0 x 10® Q. If the fall is not to 1/e, use RC' = —t/In(V /V;); the answer is the same
either way:.

To find 7 from a curve: read the time to fall to 1/e of the start. Or take logs:
In(V/Vy) = —t/(RC), so a plot of InV against ¢ is a straight line with gradient
—1/(RC).

A

InV

gradient =

/

-1
RC

V=Vee RC . InV=InV, - t/RC

|
timet

A graph of mV against time is a straight line of gradient —1/(RC')

Using the logarithmic graph. In an experiment, plot InV (or In ) on the y-axis
against t. The points should lie on a straight line: its gradient is —1/(RC'), so
RC = —1/gradient, and its intercept on the InV axis is In Vj. A straight line is
the test that the decay really is exponential; a curve means it is not. Take the gradient
from two points far apart on the best-fit line, not from two data points, and quote RC'
in seconds.
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Reading graphs during discharge

e () against Vi since ) = CV always, this is a straight line through the origin with
gradient C'. Discharge moves the point from (4, Qo) down to (0,0).

o [ against Vi since I = Vi /R, this is a straight line through the origin with
gradient 1/R, so you can find R.

Common exam questions
Given a discharge curve V(t) or Q(t):

o read the start value Vj or Qg at t = 0.

« read the time to fall to Vj/e — time constant 7 = RC.
e given R, find C' = 7/R (or the other way round).

o predict a later value with the exponential formula.

A capacitor as a smoothing component

VouT capacitor charges then discharges through the load:
A at each peak slow decay, time constant RC'
peak -
ipple

A
>

time
grey: the unsmoothed humps from the rectifier

A capacitor across the load of a rectifier charges at each peak and discharges through
the load in between, turning the humps into a nearly steady output with a small ripple

A rectifier (Topic 21) turns an alternating voltage into a series of positive
humps. A capacitor connected across the load smooths them. Near each peak

the diodes conduct and the capacitor charges to the peak voltage; as the supply
voltage falls away the diodes stop conducting and the capacitor discharges through
the load resistor, holding the output up until the next hump rises above it and
recharges the capacitor. The output therefore falls only a little between peaks; the
rise and fall that remains is the ripple

How much it falls depends on the time constant of the discharge, RC', compared with
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the time between peaks. A larger capacitance, or a larger load resistance (a
smaller load current), gives a larger RC| a slower decay and a smaller ripple; a heavily
loaded supply (small R) has a larger ripple. Asked to sketch the smoothed output,
draw it touching each peak, decaying slightly between them, and never falling to zero.

Definitions the examiner accepts

A definition question is marked against fixed wording. Learn these exactly, and give

one answer only.

Term Definition

capacitance the charge on one plate per unit potential difference between
(parallel-plate the plates

capacitor)

capacitance the charge on the conductor per unit potential

(isolated

conductor)

farad one coulomb per volt

capacitors in
series

capacitors in
parallel

energy stored

time constant

the same charge on each; the p.d.s add; 1/C' =1/C) +1/Cq
the same p.d. across each; the charges add; C' = C; + Cy

the work done in charging the capacitor, equal to the area
under the potential-charge graph; W = %QV = %CV2

the product RC; the time for the charge (or p.d., or current)
to fall to 1/e of its initial value

Exam tips

C' = Q/V defines capacitance; for an isolated sphere C' = 4mwegr. Energy stored

W = 1QV = ;CV? = @Q?/2C: pick the form that uses what you know, and

2

remember that energy is not proportional to charge.

« Combine capacitors the opposite way to resistors (parallel add, series recipro-
cal), and reduce a network one step at a time.

o Charge sharing: charge is conserved, energy is not. Find the common p.d.
from the total charge and the total capacitance first, then the energies.

o Discharge: = 2¢e™¥%C for Q, V and I alike; t = —RCIn(x/xz0); 7 = RC is in
seconds (€2 - F = s) and is the time to fall to 37%, not to zero.
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Graphs: the initial current is V5/R; the area under /-t is charge; the gradient of
Q-tis —I; InV against t is a straight line of gradient —1/(RC') and intercept In V.

Convert pF and k) before multiplying: k{2 x uF gives milliseconds, not seconds.

Common mistakes

Defining capacitance as “the charge stored” or “the charge on both plates”. It is
the charge on one plate per unit p.d. between the plates.

Adding capacitors in series as if they were resistors, or forgetting to invert the
reciprocal sum at the end.

After charge sharing, using the supply voltage in %C V2 instead of the new common
p-d., or claiming the energy is conserved.

Drawing the discharge current starting from zero. It starts at its largest value,
Vo/R.

Treating 7 as the time to discharge completely; after 57 about 1% remains.
Dropping the minus sign in ¢ = —RC'In(V /V;) and reporting a negative time.
Finding the extra energy on raising the p.d. from the extra charge alone: subtract
two areas (or two C'V? values).

Sketching a smoothed output that falls to zero between peaks, or saying a larger
load resistance gives a larger ripple.
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Magnetic fields
A-Level Physics

The magnetic field

Iron filings trace the field lines around bar magnets.

A magnetic field is a region where a moving charge (or a current ) feels
a force . It is made by:

« moving charges (usually a current in a wire), or
 permanent magnets (where it comes from tiny atomic currents).

“State what is meant by a magnetic field.” A region in which a force acts on a
moving charge, a current-carrying conductor or a magnetic material. The mark scheme
wants the word force and one of those three objects; “a region around a magnet” on
its own scores nothing.

Field lines

« field lines point from N to S outside a magnet, and S to N inside (so they
form closed loops).

 lines never cross; closer lines mean a stronger field.
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field lines run from N to S outside the magnet

The field of a bar magnet: lines run from N to S, strongest near the poles

Il VA SR B
% I
¥ O

oo

N

Iron filings around a bar magnet line up along the field, showing its real shape
Patterns to know:

e bar magnet — curved lines from N to S outside, strongest near the
poles.

e long straight wire — circles around the wire; the direction comes from the right-
hand grip rule (thumb along the current, fingers curl the way the field
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points).

« flat circular coil — the field through the centre is at right angles to the coil; the
coil acts like a small bar magnet.

* long solenoid — the field inside is nearly uniform along the axis, like a
stretched bar magnet; outside it falls off fast.

® current [
into the page

circular field lines (right-hand grip rule)

Field around a long straight wire

field nearly uniform inside, spreads out like a bar magnet outside

029
029
029
029
029
029

—<—S

@l\ A A l\®

©
©
©
©
©
©

Field of a solenoid
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Drawing the wire’s field. “Draw four field lines” around a straight wire is marked
on three things: the lines are concentric circles centred on the wire; their spacing
increases with distance (the field weakens with distance from the wire); and every
line carries an arrow in the direction given by the right-hand grip rule (current into
the page: clockwise; current out of the page: anticlockwise). Draw them as circles,
not free-hand ovals.

B along the axis

A
N face
S face
current out current into
of the page the page

coil seen edge-on: the loops around both sides pass
through the centre the same way, at right angles to the coil

A flat circular coil seen edge-on: the field loops around each side of the coil and
passes through the centre at right angles to the coil’s plane

For a flat circular coil the loops around the two sides of the coil reinforce through
the centre, so the field there is at right angles to the plane of the coil and strongest
at the centre; seen from one face the coil is a north pole (the field leaves it), from the
other a south pole. A long solenoid is many such coils in a row: the field inside is
uniform and parallel to the axis, and the lines emerge from one end (its N end) and
return outside to the other.

An iron core inside a solenoid greatly increases the field, because the iron’s
atomic magnets line up and add to it. This is why electromagnets and
transformers have iron cores.

The syllabus calls this a ferrous core: iron, steel or another magnetic material.
Asked why a core increases the field, say that the core becomes magnetised
by the solenoid’s field and that its own field adds to the field of the current.
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An MRI scanner is built around a very strong, very uniform magnetic field — a
solenoid the size of a room

Force on a current-carrying conductor

A current [ in a wire of length L in a magnetic field of flux density B feels a force

F = BILsin6,

where 6 is the angle between the wire and the field. The force is largest when the wire
is at right angles to the field (F' = BIL) and zero when the wire is along the field.

Worked example. A wire of length 0.20 m carries a current of 3.0 A at right angles
to a magnetic field of flux density 0.50 T. Find the force on it.

F =DBIL =0.50 x 3.0 x 0.20 = 0.30 N.

Two conditions for a force. A copper wire in a magnetic field feels a force only if
(1) it carries a current, and (2) the current is not parallel to the field (some part of
the wire is at right angles to B). A wire with no current, or one lying along the field
lines, feels nothing: sin @ = 0.

Worked example (the current balance). A horizontal wire of length 5.0 cm lies at
right angles to the field between the poles of a magnet standing on a top-pan balance.
With no current the balance reads 102.30 g; with a current of 2.5 A it reads 102.86 g.
Find the flux density.
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By Newton’s third law the force on the wire is matched by an equal and opposite force
on the magnet, so the balance reading changes by the magnetic force: F = Amg =
(0.56 x 1073)(9.81) = 5.5 x 1073 N. Then B = F/(IL) = 5.5 x 1073/(2.5 x 0.050) =
4.4 x 1072 T (44 mT). The reading rose, so the force on the magnet is downwards
and the force on the wire is upwards; reversing the current would make the reading
fall by the same amount.

FE B

r ©

® B

(a) plane parallel to the field: the (b) tilted: same forces, (c) plane at right angles:
couple (green) turns the coil most smaller separation forces in line, no turning

A rectangular coil in a uniform field, seen end-on: the forces on the two sides that
cross the field form a couple whose turning effect is largest when the coil’s plane is
parallel to the field and zero when it is perpendicular

Worked example (forces on a coil). A rectangular coil PQRS with sides PS and
QR of length 8.0 cm carries a current of 1.2 A in a horizontal field of 0.30 T, with the
plane of the coil parallel to the field. Describe the forces on the coil.

Sides PS and QR are at right angles to the field, so each feels F' = BIL = 0.30 x 1.2 X
0.080 = 2.9 x 1072 N; the currents in them run in opposite directions, so by Fleming’s
rule the forces are equal and opposite, one up and one down. Sides PQ and SR
are parallel to the field and feel no force. The two forces form a couple that
turns the coil about its axis; as the coil turns the forces stay the same size but their
perpendicular separation shrinks, so the turning effect falls to zero when the plane of
the coil is at right angles to the field. This is the principle of the electric motor and
of the moving-coil meter.

Magnetic flux density

This equation also defines the magnetic flux density B:

F
B = 7 (wire at right angles to the field).

So B is the force per unit current per unit length on a wire at right angles to the field.
Unit: tesla , T=NA"'m
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The two-mark definitions. Magnetic flux density is the force per unit current per
unit length acting on a (straight) conductor placed at right angles to the field. Both
"per unit current” and "per unit length” are needed, and so is "at right angles” (or
"perpendicular”): without it the definition is false, because the force also depends
on the angle. The tesla is the flux density that produces a force of one newton on
one metre of conductor carrying a current of one ampere at right angles to the field:
IT=1NA"m™

Direction — Fleming’s left-hand rule

Use the left hand (Fleming’s left-hand rule ): first finger = Field,
second finger = Current, thumb = force (thrust). Hold the three at right angles.

Force / motion
F = thuMb
A

90°

] _ Field B

~ First finger

Current |
seCond finger

use the left hand; hold the three at right angles

Fleming’s left-hand rule: thumb = force, first finger = field, second finger = current

Force on a moving charge

A charge (Q moving at velocity v through a field feels

F = BQusin#,

with 0 the angle between v and B. Same left-hand rule (the second finger is the motion
of a positive charge — reverse it for a negative charge). The force is largest when v
is at right angles to B, and zero when v is along B.
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Two situations with no force. A charged particle in a magnetic field feels no force
when it is stationary (no v) or when it moves parallel or antiparallel to the field
(sinf = 0). Contrast the electric field, which pushes a stationary charge just as hard:
that difference is the whole point of the velocity selector below.

Circular motion in a uniform field

A charge moving at right angles to a uniform field feels a force at right angles
to both v and B. This force does no work (always at right angles to the motion), so
the kinetic energy and speed stay constant — the particle moves in a circle.

Set the magnetic force equal to the centripetal force

va muv

BQuv = "= _mv

Worked example. A proton (mass 1.7 x 10727 kg, charge 1.6 x 1071 C) moves at
2.0 x 10® m s™! at right angles to a 0.50 T field. Find the radius of its circular path.

—27 6
. MY :(1.7><10 )(2.0x10)%0'043m'
BQ ~  (0.50)(1.6 x 10-19)

So the radius depends on the momentum mu. The period is

2mm
BQ’
which does not depend on the speed — a faster particle goes in a bigger circle but

takes the same time per turn. If v also has a part along B, that part is unchanged,
and the path is a helix

T =
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B into the page

centre

charge +@, mass m

Circular path of a charged particle in a magnetic field

”Explain why the path is circular.” The magnetic force is always at right angles
to the velocity, so it changes the direction of motion but not the speed, and its mag-
nitude BQuv is constant because B, () and v are constant. A force of constant size
that stays perpendicular to the velocity is exactly a centripetal force, so the path
is a circle. Give all three ideas: perpendicular, constant magnitude, speed unchanged.

Worked example. Electrons moving at 1.7 x 107 m s~! enter a uniform field of flux
density 4.8 mT at right angles to it. Find the radius of their path. The electrons are
then replaced by positrons (same mass, charge +e) moving at 3.4 x 10" m s~}
along the same initial line: describe how the path changes.

—-31 7
Lo (11X 10T X100 s
BQ ~ (4.8 x 1073)(1.60 x 10-19)

The positrons are deflected the opposite way (positive charge, so Fleming’s rule with
the second finger along the motion gives a force in the opposite direction), and since
r o v their radius is twice as large, 4.0 cm. Their period is the same (T' = 27m/BQ
has no v in it): they go round a bigger circle at twice the speed.

Hall effect
A slab of conductor carrying current I, in a field B at right angles to the current,
develops a voltage across its faces — the Hall voltage Vi (the Hall effect

).
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The moving charges feel a magnetic force BQuq (vq is the drift velocity ),
so they build up on one face, making an electric field E that opposes more
build-up. At steady state eFE) = Bevy, so £ = Bvgq. With Vi = Fw and I = nevqwt:

BI

VH =

ntq
where ¢ is the carrier charge. A Hall probe uses this to measure B: pass
a known current through a thin semiconductor slab and read Vy (largest

when the slab is at right angles to B).

current [

BI

B into the page Vg=—
ntq

The Hall effect

Deriving Vg = BI/(ntq) (the exam asks for this in full). Take a slice of width d,
across which the Hall voltage appears, and thickness ¢t along B, so the current passes
through a cross-section A = dt. (1) At steady state the electric force on a carrier
balances the magnetic force: ¢F = Bqu, so E = Bv. (2) The Hall field is uniform
across the width, so Vg = Fd = Buvd. (3) The current is I = nAvq = ndtuvq, so
v =1/(ndtq). Substituting: Vg = Bd - I/(ndtq) = BI/(ntq). Two things to notice:
the voltage appears across the faces perpendicular to the magnetic force, not
across the ends where the current enters; and it is larger for a semiconductor,
whose number density n is millions of times smaller than a metal’s, which is why
probes use a semiconductor slice.

Using a Hall probe. The reading is proportional to B but also depends on the
orientation: it is a maximum when the plane of the slice is at right angles to the
field and zero when the field lies in the plane of the slice. So (1) rotate the probe until
the reading is largest, and (2) calibrate it in a known field, since Vi o B at
fixed current.

Worked example. A Hall probe gives a maximum reading of 24 mV in a uniform
field of 32 mT. In a second field, with the probe again turned for a maximum, the
reading is 15 mV. Find the second flux density.
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Vit < B (same probe, same current): B = 32 x 15/24 = 20 mT. If the probe had been
left at some other angle the reading would be smaller and B would be underestimated,
which is why "rotate for a maximum” is part of the method.

Velocity selector

A velocity selector uses crossed electric and magnetic fields to let
through only one speed. With the electric force ¢ and magnetic force quB set to
oppose each other, the net force is zero only when

E
E=qB = v=—.
= =B

Particles at speed E/B go straight through; faster or slower ones are deflected.

v>E/B
slit
E (d
beam of l (down)
charged particles E
> > = E
B into page
v< E/B

goes straight when ¢F = quB, i.e. v=E/B

Velocity selector

Deriving and explaining the selector. The magnetic force on a positive ion moving
through the crossed fields is BQu, at right angles to its motion; the electric field is
applied so that the electric force QF is in the opposite direction (the plates must
be arranged so that the field points against the magnetic force). For the ion to pass
straight through, QF = BQu, so v = FE/B, independent of the charge and the mass.
A faster ion has a larger magnetic force and bends towards the magnetic-force side; a
slower one is pushed the other way by the unchanged electric force. Asked "explain
how an electric field can make the particle reach Z”, say which direction the electric
force must have, that it must equal the magnetic force in size, and give £ = Bv. This
is velocity selection
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Force between parallel currents

Two long parallel wires each sit in the other’s magnetic field. Using Fleming’s left-
hand rule: parallel currents (same direction) attract; antiparallel currents
(opposite directions) repel. This is the basis of the SI definition of the ampere.

P, current Ip Q, current I
»
\
\
A A
\
\
FonP FonQ
. «— ®
field of P at Q:
| into the page (®)
,I (dashed: a field line of P)
/
/
/

same direction: attfact
opposite directions: repel (equal forces on both, Newton's third law)

Parallel currents attract: each wire sits in the other’s field, and Fleming’s left-hand
rule gives a force towards the other wire

Explaining the force (a standard three-marker). (1) The current in P produces
a magnetic field around it (circles centred on P). (2) At Q this field is at right angles
to the current in Q, so Q, a current-carrying conductor in a magnetic field, feels a
force BIL. (3) Fleming’s left-hand rule gives its direction: towards P for currents in
the same direction, away for opposite currents. By Newton’s third law the force on
P is equal and opposite, so both wires attract (or both repel) with the same force.
Doubling the current in one wire doubles the force on both: the force on Q rises
because Iq has doubled, the force on P because the field it sits in has doubled.

Electromagnetic induction

Magnetic flux

The magnetic flux ® through a flat area A at right angles to B is

® = BA.
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If the area’s normal is at angle 6 to B, use ® = BAcosf. Unit: weber ,
Wb =T m?. For a coil of N turns, the flux linkage is NO = NBA.

The two-mark definitions. Magnetic fluz is the product of the magnetic flux density
and the area (of the circuit) perpendicular to the field. Flux linkage is the product of
the flux and the number of turns of the coil, N®, in weber-turns. Say "perpendicular”
(or "normal to the field”): & = BA is only true for the component of the area at right
angles to B.

Worked example. A small coil of 64 turns and cross-sectional area 0.71 cm? is
placed inside a long solenoid, on its axis, where the flux density is 2.5 mT. Find the
flux linkage of the coil.

The flux through the coil uses the coil’s own area, not the solenoid’s: ® = BA =
(2.5x1073)(0.71x107%) = 1.8 x 10~ " Wh, so the flux linkage is N® = 64x1.8x 107" =
1.1 x 107> Wb. When the solenoid’s current changes, the e.m.f. induced in the small
coil is the rate of change of this linkage.

Faraday’s and Lenz’s laws

When the flux linkage through a circuit changes, an electromotive force
(e.m.f.) is induced — this is electromagnetic induction

Faraday’s law : the induced e.m.f. equals the rate of change of flux
linkage:
dd
=N—.
el o

Worked example. A coil of 200 turns and area 0.010 m? sits with its plane at right
angles to a 0.50 T field. The field falls steadily to zero in 0.20 s. Find the average
induced e.m.f.

The flux linkage changes from N® = NBA = 200 x 0.50 x 0.010 = 1.0 Wb to zero, so

A(ND) 1.0

gl = = =5.0V.

€] At 0.20

Lenz’s law . the induced e.m.f. acts to oppose the change that makes
it. This is conservation of energy — if it reinforced the change, energy

would come from nothing. Combined:
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What changes the flux?

« changing B (moving a magnet near a coil),
» changing area A (a rod sliding along rails),
« changing orientation (a coil turning in a field — the a.c. generator, next topic).

constant
BO .

falling
faster

flux density B

rising
steadily

v

e.m.f.
A larger, reversed:

faster change
—

zero: flux constant

constant e.m.f.
(steady change)

The induced e.m.f. is minus the gradient of the flux-linkage graph: constant while the
flux changes steadily, zero while it is constant, and larger and reversed when the flux
falls faster

Reading an e.m.f. off a flux graph. The induced e.m.f. is the gradient of the
flux-linkage graph (with a minus sign for Lenz). A steadily rising flux gives a constant
e.m.f.; a constant flux gives zero e.m.f. however large the flux is; a faster fall gives
a larger e.m.f. of the opposite sign. “Sketch the variation with time of the e.m.f” is
answered by differentiating the flux graph by eye, section by section.

Worked example. The 64-turn coil above sits in a solenoid whose flux density rises
uniformly from 0 to 2.5 mT in 40 ms and is then held steady. Find the e.m.f. induced
in the coil during the rise, and afterwards.

During the rise the flux linkage grows steadily to 1.1 x 107> Wh: ¢ = A(N®)/At =
1.1 x 107°/0.040 = 2.8 x 107* V (0.28 mV), constant while the rise lasts. Afterwards
the flux linkage is constant, so the e.m.f. is zero, even though the coil is still in a
strong field: it is the change that induces.

Worked example (flux cutting). An aircraft with a wingspan of 60 m flies
horizontally at 250 m s~ where the vertical component of the Earth’s field is 45 uT.
Find the e.m.f. between the wingtips.
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In time At the wing sweeps out an area LvAt, cutting flux BLvAt, so € = BLv =
(45 x 107%)(60)(250) = 0.68 V. Only the component of B perpendicular to the
swept area counts (here the vertical one). There is a p.d. between the wingtips but no
current, because there is no complete circuit; Fleming’s rules give which tip is positive.

Demonstrations

e moving a bar magnet into a coil deflects a galvanometer ; the deflection
reverses when the magnet is pulled out (Lenz’s law), and is larger for faster motion
(Faraday’s law).

push in coil

B
: : OO
bar magnet

sensitive galvanometer

Demonstrating electromagnetic induction

e a copper disc swinging into a field is quickly slowed — eddy currents are
induced that oppose the motion.

swirling
eddy currents

metalf plate ,/

plate swings to and fro

induced eddy currents oppose the motion = swing is damped

Eddy-current damping
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Electromagnetic braking, explained with Lenz’s law. A vehicle’s aluminium
disc rotates between the poles of an electromagnet. The disc cuts the field lines, so
an e.m.f. is induced in it; the disc is a conductor, so eddy currents flow; by Lenz’s
law these currents produce forces that oppose the motion of the disc, slowing the
vehicle. The kinetic energy is converted to thermal energy in the disc. The braking
is stronger at high speed (a larger rate of flux cutting, so larger currents) and fades
as the vehicle slows; it cannot hold a stationary vehicle, because no motion means no
induced current.

A magnet oscillating in a coil. A bar magnet on a spring oscillates in and out
of a coil connected to a resistor. The changing flux linkage induces an e.m.f.; with
the circuit complete a current flows and, by Lenz’s law, the coil’s field opposes the
magnet’s motion, so the oscillation is damped: energy leaves the oscillation as heat in
the resistor and the amplitude decays. Open the switch and the e.m.f. is still induced
but no current flows, so the coil no longer damps the motion.

What makes the induced e.m.f. larger

From ¢ = N d®/dt with & = BA: more turns N, a stronger B, a larger area A, or a
faster change — each gives a larger induced e.m.f.

Finding the direction with Lenz’s law. Push the N pole of a magnet towards a
coil and the induced current makes the near face of the coil a north pole, to repel the
approaching magnet; pull it away and the near face becomes a south pole, to attract
it. In each case the person moving the magnet does work against that force, and that
work is the source of the electrical energy: Lenz’s law is conservation of energy in
disguise. Two sentences to learn: the induced e.m.f. acts in such a direction as to
produce effects that oppose the change producing it (Lenz), and the induced e.m.f. is
proportional to the rate of change of flur linkage (Faraday).

Definitions the examiner accepts

A definition question is marked against fixed wording. Learn these exactly, and give
one answer only.

Term Definition

magnetic field a region in which a force acts on a moving charge, a
current-carrying conductor or a magnetic material

magnetic flux density  the force per unit current per unit length on a straight
conductor placed at right angles to the field

tesla the flux density producing a force of 1 N on 1 m of
conductor carrying 1 A at right angles to the field
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Term

Definition

magnetic flux

flux linkage

weber

Faraday’s law

the product of the flux density and the area
perpendicular to the field, ® = BA

the product of the flux through a coil and its number of
turns, N®

one tesla metre squared

the induced e.m.f. is proportional to the rate of change of
flux linkage

Lenz’s law the induced e.m.f. acts in such a direction as to produce
effects that oppose the change producing it

Hall voltage the p.d. that develops across a current-carrying slice in a
magnetic field, Vi = BI/(ntq)

Exam tips

Force on a current F' = BILsin#; on a moving charge F' = BQusin#; direction
from Fleming’s left-hand rule with the second finger along the conventional
current (reverse it for an electron).

A charge moving at right angles to B moves in a circle: BQu = mv?/r, so r =
mv/(BQ) and T = 2mm/(BQ), independent of speed. A component of v along B
is unchanged: a helix.

Crossed fields: v = E/B passes undeflected. Hall probe: Vg = BI/(ntq), largest
with the slice at right angles to B; semiconductor because n is small.

Induction: e.m.f. = rate of change of flux linkage N® (Faraday); its direction
opposes the change (Lenz). On a flux—time graph the e.m.f. is the gradient:
constant change gives a constant e.m.f., no change gives zero.

Flux cutting: € = BLwv for a conductor of length L moving at v at right angles to
B (area swept per second times B).

Definitions carry the words “per unit current per unit length”, “at right angles”,
“area perpendicular to the field” and “rate of change of flux linkage”: each is a
mark.

Common mistakes

o Leaving “at right angles to the field” out of the definition of flux density, or defining

the tesla without the 1 N, 1 m, 1 A.
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Using the right hand for the force on a current (the left-hand rule), or pointing the
second finger along the electron’s motion instead of the conventional current.

Saying a stationary charge feels a magnetic force, or that a charge moving along
the field lines does.

Explaining circular motion without saying the force is perpendicular to the velocity
and constant in size; or claiming the magnetic force changes the speed.

Using the solenoid’s area instead of the small coil’s when finding its flux linkage.

Saying “a large flux induces an e.m.f.”: only a changing flux linkage does. A coil
at rest in a steady field has no e.m.f.

Quoting Lenz’s law as “the current opposes the magnet” without “the change pro-
ducing it”, or Faraday’s law without “rate of change” or without “flux linkage”.

Drawing straight-wire field lines as evenly spaced circles or without arrows; drawing
a solenoid’s field lines crossing inside it.

Forgetting that doubling the current in one of two parallel wires doubles the force
on both (Newton’s third law).
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Alternating currents
A-Level Physics

Alternating current basics

A substation’s transformers step alternating voltage up or down.

An alternating current (a.c.) keeps reversing direction. Mains supply is
sinusoidal a.c.: I or V follows a sine wave in time:

I = Iysin(wt), V = Vpsin(wt).

(For a purely resistive load the voltage and current are in phase, which
is the case in this syllabus.)
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~V
~V

d.c. constant polarity - a.c. reverses each cycle

A steady direct current compared with a sinusoidal alternating current of peak Iy and

period T’
Key terms
e period T — the time for one full cycle. Unit: s.
« frequency f — cycles per second; f = 1/T. Mains is often 50 Hz or 60 Hz.
« angular frequency w=2nf=2r/T.
« peak value Iy or Vo — the largest value in a cycle (also called the amplitude).
o peak-to-peak value 2ly — from +1y to —Iy. Useful when reading an

oscilloscope.

The two-mark definitions. The frequency of an alternating current is the number
of complete cycles per unit time (say “per second” or “per unit time”, and “complete
cycles” or “oscillations”). The period is the time for one complete cycle, and the peak
value is the mazimum value of the current or voltage during a cycle. Note that the
mean value of a sinusoidal current over a cycle is zero, which is exactly why the r.m.s.
value is needed to describe it.

Reading the equation. In V' = Vjsin(wt) the number in front is the peak value
and the number multiplying ¢ is w = 27 f; the angle wt is in radians , so set the
calculator to radians before evaluating. A supply written with cos instead of sin is the
same wave starting at its peak rather than at zero.

Worked example. The output of a supply is V' = 320sin(1007t) (volts, seconds).
Find the peak value, the frequency, the period and the r.m.s. value, and the first time
after t = 0 at which V =160 V.

Peak V) = 320 V. w = 1007 rad s ', so f = w/27 = 50 Hz and T = 1/f = 0.020 s.
Vims = 320/\/§ =226 V. For V = 160 V: sin(1007t) = 0.5, so 1007t = 7/6 and
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t=1/600 = 1.7 x 1073 s. (For V = 18 cos(407t) the same reading gives Vy = 18 V,
f =20 Hz, T'= 50 ms, and a sketch that starts at +18 V.)

Reading a CRO trace

Same as for any wave (Topic 7), using a cathode-ray oscilloscope

o horizontal divisions x time-base — period T, so f =1/T.

« vertical divisions x y-gain — peak voltage Vj (measure centre to peak, or peak-to-
peak then halve).

Power delivered to a resistor

For a resistive load R, the instant power is P(t) = I(t)*R. With I = Iysin(wt):
A
A
o]
2
2

The power in a resistor pulses; its average is half the peak
P(t) = I Rsin*(wt).

This is always positive, with peak IR and minimum zero, oscillating at twice the
frequency of I. The mean of sin?(wt) over a cycle is %, so the average power is

<P> = %[OQR = %Ppeak'
Average a.c. power in a resistor is half the peak power.

”Show by calculation that the mean power is half the peak power.” A
supply of peak value 12 V drives a 680  resistor. Peak power: Py, = VZ/R =
122/680 = 0.212 W, the instantaneous power at the moment the voltage is at its peak.
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Mean power: use the r.m.s. value, Vins = 12/v2 = 849 V, so (P) = V2 /R =

8.49%2/680 = 0.106 W, exactly half. The two calculations must be shown separately;

writing ”% of 0.212” scores nothing, because that is the thing being shown. The % is

(1/4/2)%: squaring the r.m.s. factor.

Root-mean-square (r.m.s.) values

The r.m.s. current I, is the steady direct current that would give the same

average power in the same resistance R. From (P) =12, R=1I2R:
I Vi
Lims. = _07 Vims. = _0
V2 V2
14
A
................................................................................................................................... Vo (peak)
e A ——————— Vims = Vo/V2

v

Vims = Volﬁ - same mean power as d.c.

The r.m.s. value is the steady d.c. level (Vo/\/2) that delivers the same average
power as the a.c.

Worked example. An a.c. supply has a peak voltage of 12 V. Find its r.m.s. voltage.

Vo 12
V;.m.s. = =—~85V.
V2 V2
The /2 comes from the name root-mean-square : Lms. = /(I?) and

(sin®) = 3. (Only the sinusoidal case is needed.)

The two-mark definition. The r.m.s. value of an alternating current is the value
of the direct (steady) current that would dissipate the same (mean) power in the same
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resistor. "By reference to the heating effect” means exactly this sentence: same resis-
tor, same power (or same heating), direct current. A definition that only says "I,/ V27
scores nothing, because that formula is true only for a sine wave.

1/ A 12 A2
A / A /
(a) the current: +2 A for half a cycle, —1 A for the other half (b) square it: mean of /2 is 2.5 A?
+2
4
mean square
2.5 fmmmmmmfmmmm e -
pt
lme=N25=15A
—1 4 14
T 2T ! —»t
T 2T

Root-mean-square, taken literally: square the current, average the squares over a
cycle, take the square root. For a non-sinusoidal current this is the only way; Io/v/2
applies to a sine wave alone

Worked example (non-sinusoidal). A current through a resistor is +2.0 A for the
first half of each cycle and —1.0 A for the second half, a square wave . Find its
r.m.s. value and the mean power in a 10 €2 resistor.

Square the current: 4.0 A? for half the time and 1.0 A? for the other half, so the
mean square is (4.0 + 1.0)/2 = 2.5 A? and I, = V25 = 1.6 A. Mean power
=TI? .R=25x10=25W. The sign of the current does not matter to the heating

(it is squared away), and Iy/v/2 would have given the wrong answer, 1.4 A: that
shortcut is for sine waves only.

Why r.m.s. matters

Quoted a.c. values are r.m.s. values. 7230 V mains” means V; . = 230 V, with peak
Vo = 230v/2 ~ 325 V. Components must be rated for the peak, not the r.m.s. Average
power then takes the d.c. form:

(Py=1* . R=V?

r.m.s. r.m.s.

/R - V;.m.s.Ir.m.s.-

Worked example. A heater of resistance 50 €) is connected to the 230 V r.m.s.
mains. Find the r.m.s. current and the average power dissipated.

r.m.s. 2
Lims. = V'R = % =464,  (P)=Vimslims =230 x 4.6 ~ 1.1 x 10° W.
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Worked example. A sinusoidal supply of r.m.s. value 4.2 V and frequency 50 kHz is
connected across a 150 2 resistor. Find the peak current, the mean power, and write
down an equation for the current.

Vo =4.2v2=59V,s0 Iy =Vy/R=159/150 = 0.040 A (or I, s = 4.2/150 = 0.028 A
and then x+/2). Mean power = V2 /R = 4.22/150 = 0.12 W. With w = 27f =
2m x 5.0 x 10* = 3.1 x 10° rad s " I = 0.040sin(3.1 x 10°t) (amps, seconds). Keep
the two families apart: peak values go into the equation and into component ratings;
r.m.s. values go into power.

Rectification

An oscilloscope shows how a voltage varies with time.

Rectification turns an alternating voltage into a one-direction (d.c.-like) voltage,
using diodes (which conduct in only one direction).

“State what is meant by rectification.” The conversion of an alternating current
(or woltage) into a direct current (or voltage): one that flows in one direction only,
however much it varies. A diode conducts only when it is forward-biased

, that is, when its anode (the flat end of the symbol’s triangle) is more positive than
its cathode (the bar); otherwise it is reverse-biased and behaves like an open switch.
Treat it as ideal: zero resistance one way, infinite the other.
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Half-wave rectification

A single diode in series with the load passes only the positive half of each cycle; in
the negative half the diode is reverse-biased and no current flows. This is
half-wave rectification

Output: positive half-waves with flat zero gaps. The mean output is Vy/m ~ 0.32V}.
Drawback: half the input is wasted and the output is very uneven.

VinputA VoutputA

~V
~V

half-wave: one half-cycle only - gaps at zero * fippe =1

In half-wave rectification a single diode passes only the positive half-cycles

diode

|
Vin @ R (load) Vour IIZIC
|

- e e = - —— = =)

the diode conducts only when its smoothing capacitor
left end is more positive than its right in parallel with the load

The half-wave rectifier the exam asks you to draw: source, diode, load in series,
output across the load; a smoothing capacitor, if wanted, goes in parallel with the
load, never in series

Completing the circuit. "Complete the diagram to produce half-wave rectification”
needs one diode in series between the supply and the load, with the triangle pointing
the way the output current must flow, and Vouyr taken across the load. If a capacitor
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is to smooth the output it goes across the load (in parallel); a capacitor in series
would block the d.c. altogether.

Full-wave rectification (bridge rectifier)

A bridge rectifier uses four diodes arranged so the current through
the load always flows the same way, whichever a.c. terminal is positive — full-wave
rectification . On each half-cycle a different pair of diodes conducts, but

the load always sees the same direction.

a.c.
input

|:|R d.c.
output

A four-diode bridge sends the load current the same way whichever a.c. terminal is
positive

Explaining the bridge (the standard four-marker). When terminal P is positive,
current leaves P, passes through the diode pointing away from P to the top of the load,
flows down through the load and returns to Q through the diode pointing towards
Q; the other two diodes are reverse-biased and carry nothing. When Q is positive the
other pair conducts, but they are arranged so that the current still enters the load
at the top: the load current is in the same direction in both half-cycles. Name the
diodes in each half-cycle and say which end of the load is positive.

Completing a bridge. Given a bridge with diodes missing, remember the rule for
every diode: conventional current flows through it in the direction of the triangle. Both
diodes joined to the positive output terminal must point towards it; both joined to
the negative output terminal must point away from it. A bridge with a diode the
wrong way round either short-circuits the supply on one half-cycle or passes nothing.

Output: a continuous run of positive half-waves (no gaps), at twice the input fre-
quency. The mean output is 2V, /7 &~ 0.64Vy — double the half-wave value. It uses
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all the input and is smoother and easier to filter.

Voutput

A

Vinput

A

full-wave: both half-cycles same polarity - fippie = 2f

In full-wave rectification every half-cycle is used, giving a continuous run of positive
humps

Drawing the diagrams

o half-wave: a.c. source — single diode — load R, in series.

o full-wave bridge: four diodes as the arms of a "diamond”; the a.c. input goes to
one pair of opposite corners, the load R across the other pair. The diode directions
make the load terminals keep the same polarity for either input polarity.

“State the difference between half-wave and full-wave rectification.” In half-
wave rectification only one half of each input cycle appears at the output and the other
half is blocked (the output is zero for half the time); in full-wave rectification both
halves appear, one of them inverted, so there are no gaps and the output has twice
the input frequency. A sketch should show, for half-wave, positive humps separated
by flat zero sections of equal length; for full-wave, positive humps joined at the zero
line.

Smoothing with a capacitor

A rectifier’s output is still bumpy. To smooth it, put a capacitor C in
parallel with the load R.

How it works

« on the rising part of each pulse, the capacitor charges up to near the peak.
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« on the falling part (and any gap), the diodes are reverse-biased, so the capacitor
discharges through the load, keeping current flowing. The voltage falls with
time constant RC (Topic 19).

o at the next peak, the capacitor charges again, and the cycle repeats.

The output now sits near the peak with small dips. The size of the dips is the ripple
(this whole step is called smoothing ).

Vout
put
A

- - without capacitor == with capacitor (smoothed) t
smoothing capacitor: reduces ripple on rectified d.c.

A capacitor across the load smooths the rectified output, leaving only a small ripple
A
larger C (or larger R): smaller ripple

Vo

original R

Vout

smaller R (or smaller C): larger ripple

grey: unsmoothed
full-wave output

>

T/2 T 3T/2 2T 5T/2
time

The same rectified supply smoothed with different time constants: a larger RC' (more
capacitance, or a larger load resistance) decays less between peaks, so the ripple is
smaller
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Worked example. A half-wave rectifier fed from a 50 Hz supply has a 470 uF
capacitor across its 1.2 k() load . Estimate the fractional fall in the output
between peaks, and say how it changes with a bridge rectifier.

The peaks are T = 1/50 = 20 ms apart (half-wave: one peak per cycle). The time
constant is RC = (1.2 x 10%)(470 x 107%) = 0.56 s. Between peaks the capacitor
discharges to Vye /B¢ = Ve 0020/056 — (.965 V], a fall of about 3.5%. With full-
wave rectification the peaks are 10 ms apart, so the fall is only 1.8%; doubling the
capacitance would halve it again. Because ¢t < RC' the fall is approximately V; t/(RC):
the ripple is proportional to the time between peaks and inversely proportional to both
R and C. (A network of capacitors across the output combines by the rules of Topic
19 before it is used here.)

What reduces the ripple

o larger C' — more stored charge — smaller dip between peaks — smaller ripple.
o larger R — smaller load current — slower discharge — smaller ripple.

« higher rectified frequency (full-wave is twice the input) — less time to discharge
between peaks — smaller ripple.

In short, a large RC' compared with the time between peaks gives a smoother output.

Sketching the smoothed output. Draw the unsmoothed humps faintly first. The
smoothed curve touches each peak, then falls along a gentle curve (steepest just
after the peak) until the next hump rises to meet it, where it turns sharply upwards
and follows the hump to the peak. It never falls to zero, and it never rises above the
peak. For half-wave rectification the decay has to last through the missing half-cycle
as well, so the ripple is about twice that of full-wave for the same RC'. If the question
changes C' or R, redraw on the same axes: a larger RC' hugs the peak line more closely;
a smaller RC sags further.

Purpose in summary

The smoothing capacitor reduces the ripple, giving a steadier d.c. voltage suitable for
sensitive electronics.

Definitions the examiner accepts

A definition question is marked against fixed wording. Learn these exactly, and give
one answer only.
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Term Definition

alternating current a current that reverses its direction periodically (varies

sinusoidally with time about zero)

period the time for one complete cycle

frequency the number of complete cycles per unit time

peak value the maximum value of the current or voltage in a cycle
r.m.s. value the value of the direct (steady) current that would

dissipate the same power in the same resistor

rectification the conversion of an alternating current into a direct

(one-direction) current

half-wave rectification  only one half of each cycle is passed to the output; the

other half is blocked

full-wave rectification both halves of each cycle appear at the output in the

same direction

smoothing using a capacitor across the load to reduce the variation

(ripple) of a rectified output

Exam tips

V = Vysinwt with w = 27 f in radians per second: read Vj and w straight off the
equation; radian mode for any time calculation.

Ls = ]0/\/§ and Vi = VO/\/§ for a sine wave only; otherwise square,
average, root. Quoted mains values are r.m.s.; components are rated for the peak.
Mean power in a resistor is I7,, R = V2, /R = $I3R, half the peak power; the
mean current is zero, the mean power is not.

One diode in series gives half-wave rectification; a four-diode bridge gives full-wave,
with the load current always in the same direction and the output at twice the input
frequency.

Smoothing: capacitor across the load; ripple falls with a larger C, a larger R
(smaller load current) and a higher rectified frequency, because the decay between
peaks is Vye ¥/ EC.

Sketches are marked on shape: humps that touch the peak line, a decay that never
reaches zero, flat zero gaps for half-wave, none for full-wave.
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Common mistakes

A-Level Physics o 21 Alternating currents

Using the peak value in a power calculation, or the r.m.s. value as the amplitude
inV = Vysinwt.

Writing w = f or w =27/ f; it is 2nf = 27 /T.

Defining the r.m.s. value as “the peak divided by v/2”, or leaving out ”same power”
and ”same resistor”.

Applying I;/v/2 to a square or triangular wave.

Drawing a diode backwards, or a bridge in which two diodes joined to the same
output terminal point opposite ways.

Putting the smoothing capacitor in series with the load.

A smoothed output sketched falling to zero between peaks, or rising above the
peak.

Saying a larger load resistance gives a larger ripple; a larger R means a smaller
current, a slower discharge and a smaller ripple.

Stating that full-wave rectification gives a steady d.c.; without a capacitor it is a
series of humps with a large ripple.



Quantum physics
A-Level Physics

Photons: the particle nature of light

Electromagnetic radiation behaves like particles as well as like a wave. The particles
of EM radiation are photons — small packets (“quanta” ) of EM energy
that travel at the speed of light.

”State what is meant by a photon” (two marks). A photon is a quantum (a
discrete packet) of energy of electromagnetic radiation. Both halves score: quantum
or packet (or "discrete amount”), and of electromagnetic radiation (or "of light”).
”A particle of light” alone is not enough. That radiation comes in such packets is what
the syllabus calls its particulate nature : energy is delivered in lumps of Af,
never in smaller pieces.

a photon (a packet of light)

A photon is a packet of energy, E = hf

Energy of a photon

A photon of frequency f has energy
E =hf,

where h = 6.63 x 1072* J s is the Planck constant . Using c = f\:
p="¢

A

Worked example. Find the energy of a photon of green light of wavelength 500 nm.
(h=6.63x 1073 Js, c=3.0x10*ms™ 1)
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he  (6.63 x 10_34)(3.0 X 108)
EF=—= ~ 4. 1071 ~ 2. .
3 200 %< 10=9 0x 10 J( 5eV)

Higher-frequency (shorter-wavelength ) photons carry more energy: one 7y-ray
photon carries far more than one radio photon.

The electronvolt

The electronvolt (eV) is a handy energy unit on the atomic scale:

1eV=160x10""1J.

It is the kinetic energy an electron gains moving through a potential
difference of 1 V. For example, a visible photon (A ~ 500 nm) has energy
~ 2.5 eV. To go eV — J multiply by 1.60 x 1071%; J — eV divide.

Using the electronvolt. Photon energies, work functions and energy levels are all
a few eV, so the exam quotes them that way and expects you to move between units
without fuss: a 2.0 €V work function is 2.0 x 1.60 x 107! = 3.2 x 1071 J; a photon
of 4.0 x 1071 J is 2.5 eV. A useful shortcut for wavelengths: hc = 1.99 x 1072° J m =
1240 eV nm, so a 2.0 eV photon has A = 1240/2.0 = 620 nm (red) and a 400 nm
photon carries 3.1 eV.

Momentum of a photon

A photon also carries momentum

It has zero rest mass but a non-zero momentum F/c. Radiation pressure (photons
pushing on a surface) follows from this.

”Show that p = h/\. Start from the two photon relations: £ = hf and p = F/ec.
Then p = hf/c, and since ¢ = fA, f/c = 1/X, so p = h/A. Give both starting
equations and the wave equation; the mark is for the chain, not the result.

Worked example. A photon in free space has momentum 9.5 x 1072% N's. Show
that it is a photon of red light.

A=h/p=06.63x1073/9.5x 1072 = 7.0 x 107" m = 700 nm, which lies at the red
end of the visible spectrum (400-700 nm). The energy is pc = 2.9 x 1071 J = 1.8 eV.
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mirror (reflects) black surface (absorbs)

photon in, momentum p

—_—

photon in, momentum p

—_—
—
photon out, momentum p|
change in momentum = 2p pér photon change in momentum = p per photon
pressure = 2[/c pressure = I /c

force = (photons per second) X (change in momentum per photon); photons per second = ITA/(hf)

Radiation pressure: force equals the number of photons arriving per second times the
change in momentum of each; a mirror doubles the change, an absorber does not

Radiation pressure . A beam of intensity I (power per unit area) falling
on area A delivers IA/(hf) photons per second, each with momentum h/\. Force
is the rate of change of momentum. On a mirror each photon bounces back, so its
momentum changes by 2p and the force is F' = 2IA/c (pressure 21 /c); on a black
surface each photon is absorbed, the change is p, and the pressure is I/c. Two things
follow, and both are examined: the pressure depends on the intensity, not on the
colour, because blue light of the same intensity has fewer photons per second but each
carries proportionally more momentum; and even sunlight (I ~ 1 kW m*2) exerts only
a few micropascals.

Worked example. Red light of intensity 160 W m™? falls normally on a plane mirror;
each photon has momentum 9.5x1072® N s. Find the number of photons hitting 1.0 m?
of the mirror per second, and the pressure on it.

Photon energy E = pc = (9.5 x 1072%)(3.00 x 10%) = 2.85 x 107*° J. Photons per
second on 1.0 m?: 160/2.85 x 1071 = 5.6 x 10% s~!. Each is reflected, so the force is
F=56x10"%x2x95x10"2 =1.1x10"% N on 1.0 m?: a pressure of 1.1 x 107% Pa
(check: 2I/c = 320/3.00 x 10® = 1.1 x 107% Pa). Replace the beam with blue light of
the same intensity and the pressure is unchanged.

Worked example. A laser emits 2.0 mW of light of wavelength 650 nm. Find the
number of photons it emits per second, and the force on a surface that absorbs the
beam completely.

E = he/X\ = (6.63 x 10734)(3.00 x 10%) /(650 x 107?) = 3.06 x 1072 J, so the rate is
P/E =2.0x1073/3.06 x 107 = 6.5 x 10'® s7'. The force is the momentum delivered
per second: F'= P/c= 2.0 x 1073/3.00 x 10® = 6.7 x 1072 N (or 6.5 x 10" x h/\,
the same thing).
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Photoelectric effect

Solar cells use the photoelectric effect to turn light into electricity.

When EM radiation of high enough frequency hits a metal, electrons are emitted.
These are photoelectrons , and the effect is the photoelectric effect

“State what is meant by the photoelectric effect.” The emission of electrons
from (the surface of) a metal when electromagnetic radiation of high enough frequency
is incident on it. Two marks: emission of electrons and from a metal surface
illuminated by electromagnetic radiation (or “when light is shone on it”). It is
the syllabus’s evidence for the particulate nature of radiation, because a wave could
not explain what follows.

photon h f

\ ectron

metal

hf =@ + KEnpax
(escape energy @ + leftover KE)

One photon gives its energy hf to one electron: part frees it (the work function ®),
the rest is the electron’s KE

A-Level Physics o 22 Quantum physics @



negatively

charged --
zinc plate

| metal
gold leaf -f----- case \
(a) charged plate: (b) UV frees electrons:
leaf stays up plate discharges, leaf falls

A charged zinc plate loses its charge — the gold leaf falls — when ultraviolet light
shines on it

Threshold frequency and work function

Each metal has a lowest photon frequency, the threshold frequency fo,
below which no electrons come out, however bright the light. The work function
® is the least energy needed to free an electron from the surface:

O = hfy

Different metals have different work functions (about 2-5 eV).

The two-mark definitions. The work function energy of a metal is the minimum
energy needed to remove an electron from the surface of the metal. Both "minimum”
and "from the surface” carry marks: an electron deeper in the metal needs more,
which is why the equation gives a maximum kinetic energy. The threshold frequency
is the minimum frequency of radiation for which photoelectrons are emitted, and the
threshold wavelength Ao = ¢/ fo = he/® is the corresponding maximum
wavelength: longer wavelengths do nothing.

Worked example. Light of wavelength 400 nm falls on four metals whose work
functions are: caesium 2.1 eV, sodium 2.3 eV, zinc 4.3 €V, platinum 5.6 eV. Which
emit photoelectrons, and with what maximum kinetic energy?

The photon energy is hc/A = 1240/400 = 3.1 eV. Emission needs hf > @, so caesium
(3.1 = 2.1 = 1.0 eV) and sodium (0.8 €V) emit; zinc and platinum do not, however
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intense the light. To make zinc emit, the wavelength must fall below \g = 1240/4.3 =
290 nm, in the ultraviolet, which is why the electroscope demonstration needs a UV
lamp on zinc.

Worked example. A polished magnesium sheet in a vacuum emits electrons only
when the ultraviolet frequency is at least 8.8 x 10! Hz. It is illuminated at 1.2x 10 Hz.
Find the work function and the maximum speed of the photoelectrons.

O = hfy = (6.63 x 10734)(8.8 x 10) = 5.8 x 1071 J (3.6 €V). Then %mvfnax =
h(f — fo) = (6.63 x 1073)(1.2 x 10" — 8.8 x 10) = 2.1 x 1072 J, 50 Vpax =
V2 x2.1x10719/9.11 x 10731 = 6.8 x 10° m s~!. Subtract the frequencies before
multiplying by h; rounding hf and ® separately loses a significant figure in the small

difference.

Einstein’s photoelectric equation

One photon gives all its energy to one electron. If the photon energy hf is more than
the work function, the electron escapes with kinetic energy up to a maximum:

hf = + %mvfmax, S0 %m,v?nax = h’(f - fO)

Worked example. A metal has a work function of 2.0 eV. Light made of photons of
energy 3.5 €V shines on it. Find the maximum kinetic energy of the photoelectrons.

Imo?  =hf—-®=35-20=15eV (=24 x107"J).

2 max

So the maximum KE of photoelectrons depends linearly on frequency, not on bright-
ness.
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2
max

max. KE of photoelectrons, %mv

gradient =h

™~

v
~H

rd
PR ~ frequency of
Pl incident radiation
//
threshold
frequency fy

photoelectric: KEqnax = hf—¢ - threshold fo = ¢/h

The maximum kinetic energy of photoelectrons rises linearly with frequency, reaching

_q)X

_(DY

E

K, max

zero at the threshold frequency fo

metal X: smaller
work function

Y
both gradients =h
— —* pf
-7 fox -7 foy
-~ -7
/’ /’

Two metals on one graph: parallel lines (the gradient is the Planck constant for
both), each cutting the frequency azis at its own threshold and the energy axis at

minus its own work function

Reading the graph. Write the equation as Ex max = hf — ®: a straight line of
gradient h, intercept —® on the energy axis and fy = ®/h on the frequency axis. So a
graph for two metals shows two parallel lines (same gradient h for every metal), the
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metal with the larger work function cutting the frequency axis further to the right; the
intensity of the light moves neither line. This is how the Planck constant is measured,
and "sketch the line for metal Y” is marked on exactly those two features.

UA

)

evacuated tube

photoelectrons

ctor

1 variable pd. V,
y, e collector made negative

o —
—
]
3
=
[yl
(0]
]
o
(0]
o
=

increase the reverse p.d. until the current is zero: the stopping potential V5, with eV = E max

Investigating the effect: the current measures the rate of emission, and the reverse
p.d. that just stops the fastest electrons measures their maximum kinetic energy

Measuring the maximum kinetic energy. In a photocell the photoelectrons cross
a vacuum to a collector and the current is a count of electrons per second. Make the
collector negative and the electrons must climb a potential hill; raise the reverse p.d.
until the current just reaches zero, the stopping potential Vs, and then
eVs = Ex max. Two results, both examined: at fixed frequency, doubling the intensity
doubles the current at low reverse p.d. but leaves V; unchanged; raising the frequency
raises V; but, at fixed intensity, does not raise the current.

Why the wave model fails

A wave model predicts that brightness should set the electrons’ kinetic energy, and
that emission should happen at any frequency given enough time. But experiments
show:

e no emission below the threshold frequency, however bright.

« immediate emission at or above the threshold, even when dim.

« maximum KE depends on frequency, not brightness.

 the number of photoelectrons (the current) depends on brightness.

The photon model explains this: light arrives as photons each of energy hAf. One
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photon—electron interaction either has enough energy to free the electron (hf > ®) or
it does not.

Why max KE is fixed but current grows with brightness

A brighter beam of the same frequency has more photons per second, but each
still carries A f. So the maximum KE of any electron is hf —® (set by f only), while the
rate of emission (the current) grows with the number of photons, i.e. with brightness.
Doubling the brightness doubles the current but does not change the maximum KE.

Writing the explanation (a standard three-marker). (1) Each photon interacts
with, and gives all its energy to, one electron. (2) The photon energy hf depends only
on the frequency, so the maximum energy an electron can leave with, hf — ®, is fixed
by the frequency. (3) Increasing the intensity at the same frequency increases the
number of photons per second, so more electrons are emitted per second (a larger
current), but each still receives the same energy. A wave, by contrast, would spread
its energy over the surface, so a brighter wave should have given faster electrons and
a dim one should have needed a delay to accumulate energy; neither happens.

Wave—particle duality

The photoelectric effect is strong evidence for the particle nature of light. But inter-
ference (Young’s double slit, the diffraction grating ) and diffrac-
tion show its wave nature. So light has both wave and particle sides — this is
wave—particle duality

“Describe what is meant by wave—particle duality” (two marks). FElectro-
magnetic radiation (and matter) can exhibit both wave properties, such as interference
and diffraction, and particle properties, such as the photoelectric effect (or, for matter,
discrete collisions). Asked for one piece of evidence for each nature of radiation,
give: particulate, the photoelectric effect (the threshold frequency and the immedi-
ate emission); wave, diffraction or interference (Young’s slits, a diffraction grating).
For matter, the wave evidence is electron diffraction.

De Broglie hypothesis

If a wave can act like particles, perhaps particles can act like waves. De Broglie
proposed that any moving particle has a de Broglie wavelength ;

h
)‘:_7
p

where p = mwv. Example: an electron at v = 4.9 x 10" ms! has p = 4.46 x
1078 kgm s, so A =1.49 x 107" m ~ 0.015 nm — close to atomic spacings.
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”State what is meant by the de Broglie wavelength.” The wavelength associated
with a moving particle, or the wavelength of the wave associated with a particle of
momentum p, given by A = h/p where h is the Planck constant. In "state the formula
and the meaning of any other symbol”, name h as the Planck constant and p as the
momentum of the particle. The wavelength is small because h is small: a 0.10 kg ball
at 10 m s~! has A = 6.6 x 1073* m, far below any slit or lattice spacing, which is why
everyday objects show no diffraction.

Electron diffraction

When electrons are fired at a crystal lattice (e.g. thin graphite), they make a
diffraction pattern of bright rings on a screen — exactly what waves of wavelength
A = h/p would do. This is direct evidence for the wave nature of particles (electron
diffraction ): only waves diffract, yet electrons do.

A faster electron has more momentum, so a shorter de Broglie wavelength, which
diffracts less — the rings move closer together. Slowing the electrons spreads the
rings apart. To calculate: p = /2mFEx, and for an electron accelerated through p.d.

V, Ex =eV,s0 A =h/v/2m.V.

electron beam

A 4

electron
gu n thln
gr?_ﬁ)hlte fluorescent screen:
ilm

ring pattern

Electrons fired at graphite form a ring diffraction pattern — only waves diffract, so
electrons behave as waves

Worked example. An electron is accelerated from rest through a p.d. of 2500 V.
Find its de Broglie wavelength. (m. = 9.11 x 1073 kg, e = 1.6 x 107" C, h =
6.63 x 10734 J s.)

h
Its kinetic energy is Fx = eV, so A = W:
6.63 x 10734
A= - ~ 25 x 107 m.

V/2(9.11 x 10-31)(1.6 x 10-19)(2500)

This is close to the spacing between atoms in a crystal, which is why the electrons
diffract off the graphite.
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Deriving A\ for an accelerated electron. An electron of mass m and charge g
accelerated from rest through a p.d. V gains kinetic energy ¢V = %va, SO v =
\/2qV /m and p = mv = /2mqV; hence A = h//2mqV. Two consequences the exam
asks for: increasing V increases the momentum and shortens the wavelength, so the
diffraction rings shrink towards the centre; halving the wavelength needs four times
the p.d.

Describing electron diffraction (four marks). (1) Electrons from a heated fila-
ment are accelerated through a high p.d. into a beam. (2) The beam meets a thin
polycrystalline graphite film; the regular spacing of the carbon atoms, about
1071% m, acts as a diffraction grating. (3) On a fluorescent screen the electrons produce
a bright central spot surrounded by concentric rings. (4) Rings are a diffraction pat-
tern, and diffraction is a wave property, so the electrons are behaving as waves; the
ring radii match a wavelength h/p, which confirms de Broglie’s relation. Sketch the
pattern as rings, not spots or a fringe pattern. A faster beam gives rings of smaller
radius.

Energy levels in atoms

In an isolated atom, electrons can only sit at certain discrete energy levels
— never in between. The lowest is the ground state ; the others are excited
states

By convention, energies are written negative, with £ = 0 for an electron just free of
the atom. For hydrogen the ground state is £; = —13.6 eV; higher states approach
Zero.
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energy / eV

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, --—-nmn=o00 0eV
————— - =5 —054eV
== n=4 —-085¢eV

- n=3 -—-15eV

n=2 —34¢eV

emits a photon
hf = EQ - E1

n=1 —13.6 eV (ground state)

The electron energy levels of hydrogen are discrete and negative, with the ground
state at —13.6 eV

Emission spectrum

When an electron drops from a higher level Es to a lower level Fy, it emits one photon
of energy

hf:EQ—El.

(Both energies are negative; their difference is positive.) Because the levels are discrete,
only certain photon energies — and so certain wavelengths — come out. The emission
spectrum is a set of sharp bright lines on a dark background, one line
per transition . The pattern is a “fingerprint” of the element.

Explaining a line spectrum (the standard four-marker). (1) The electrons in
an isolated atom can only occupy discrete energy levels. (2) An electron in an excited
state falls to a lower level and the energy it loses is emitted as one photon. (3) The
photon energy equals the difference between the two levels, hf = Ey — E1, so only
certain frequencies (wavelengths) are emitted. (4) Each possible transition gives one
line; the same set of levels gives the same lines every time, which is why a spectrum
identifies the element. Asked to match lines to transitions: the largest energy gap
gives the line of highest frequency and shortest wavelength.
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each bright line is one transition, hf = Fy — 4

f t t > A/ nm
400 500 600 700

The emission spectrum of hydrogen is a set of sharp bright lines on a dark background

Periodic Table of the Elements
with Photos of Atomic Spectra

Real emission spectra of the elements: each one is a unique set of bright lines — a
fingerprint of that element

Absorption spectrum

When white light passes through a cool gas, photons whose energy exactly matches
an upward transition are absorbed. The light then shows dark lines on a bright
background — the absorption spectrum . The dark lines sit at the same
wavelengths as the emission lines of the same gas.

Explaining the dark lines. Photons whose energy equals the difference between two
levels are absorbed, raising an electron to the higher level; the excited electron soon
falls back and re-emits a photon of the same energy, but in a random direction, so
almost none of that light continues along the original path. The rest of the white light,
whose photons match no gap, passes through unchanged. Hence dark lines at exactly
the wavelengths the same gas would emit: the Sun’s spectrum shows the absorption
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lines of the cooler gases in its outer layers.

_ - dark lines: wavelengths absorbed by cooler gas

-
-
-
_

F } } > A/ nm
400 500 600 700

Dark absorption lines in the Sun’s spectrum mark the wavelengths absorbed by cooler
gas

Calculations

For a transition between two known levels:

he

hf=E,—E A=
f 2 1, EQ_El

Work in consistent units — convert eV to joules (x 1.60 x 1071?) before finding A in
metres, or use hc ~ 1240 eV nm for a quick estimate.

energy levels (not to scale)

n=4 —0.85 eV emission lines (ultraviolet)
n =3 —1.51 eV
103 nm
97 nm 122 nm
n =2 —3.40 eV
3—1
2 —1 4—1
Wavelength’

n—1 \ \4 \ 4 136 eV largest energy jump — highest f, shortest A

hf = Eupper — Elower

From levels to lines: each transition down to the ground state produces one line, and
the biggest jump lands furthest towards the short-wavelength end

Worked example. The lowest four energy levels of hydrogen are —13.6, —3.40, —1.51
and —0.85 eV. Find the wavelengths of the three lines produced by transitions to the
ground state, and the number of lines these four levels can produce altogether.
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Transition 2 — 1: AE = 13.6 — 3.40 = 10.2 eV, so A = 1240/10.2 = 122 nm. 3 — 1:
12.09 eV, A =103 nm. 4 — 1: 12.75 eV, A = 97.3 nm: all ultraviolet, the largest jump
giving the shortest wavelength. Four levels allow 4 —+ 3,4 —+ 2,4 — 1,3 - 2,3 — 1
and 2 — 1: six lines. The visible red line of hydrogen is 3 — 2: 1.89 eV, 656 nm.
(Working in joules: 10.2 eV = 1.63x 107 J, A = he¢/E = 1.99 x 1072 /1.63 x 10718 =
1.22 x 107" m.)

Worked example. A laser emits red light of wavelength 650 nm when electrons drop
from one level to another. Find the energy gap between the two levels.

AE = he/X = 1240/650 = 1.91 eV = 3.1 x 107 J. The gap, not either level, fixes
the colour: two atoms with different levels but the same gap emit the same line.

Worked example (annihilation). An electron and a positron, each moving slowly,
meet and annihilate , producing two identical photons. Find the wavelength of
each photon. (m. = 9.11 x 1073! kg.)

The rest energy of each particle is E = mc® = (9.11x1073!)(3.00x 10%)? = 8.2x 10711 J
(0.51 MeV), and momentum conservation shares the energy between two photons
moving in opposite directions, so each carries 8.2 x 107 J: X\ = he/E = 1.99 x
107%/8.2 x 1071 = 2.4 x 107'? m, a gamma ray. (Any kinetic energy the pair had is
added to the photon energies.)

Definitions the examiner accepts

A definition question is marked against fixed wording. Learn these exactly, and give
one answer only.

Term Definition

photon a quantum (discrete packet) of energy of
electromagnetic radiation

electronvolt the energy gained by an electron accelerated through
a potential difference of one volt; 1.60 x 10719 J

photoelectric effect the emission of electrons from a metal surface when
electromagnetic radiation of high enough frequency is
incident on it

work function energy the minimum energy needed to remove an electron
from the surface of the metal

threshold frequency the minimum frequency of radiation that causes
photoelectric emission from a metal

threshold wavelength the maximum wavelength of radiation that causes
photoelectric emission, \g = he/®
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Term Definition

wave—particle duality radiation and matter show both wave properties
(diffraction, interference) and particle properties
(photoelectric effect, discrete collisions)

de Broglie wavelength the wavelength associated with a moving particle,
A=h/p
energy level one of the discrete energies an electron in an isolated

atom may have

emission line spectrum a set of bright lines of definite wavelengths, each from
a transition between two energy levels

absorption line spectrum  dark lines on a continuous spectrum at the
wavelengths absorbed by transitions to higher levels

Exam tips

e Photon: £ = hf =hc/\, p=E/c=h/\. Use hc = 1240 eV nm to move between
wavelength and energy in eV, then convert to joules only if the answer demands it.

o Photoelectric equation hf = & + %mvfnaxz maximum energy, one photon to one
electron; the graph of Ex max against f has gradient i and intercepts fo and —®.

o Intensity changes the number of photons per second (the current); frequency
changes the energy of each (the maximum kinetic energy). Keep those two sen-
tences apart and every explanation writes itself.

« Evidence: photoelectric effect for particles, diffraction and interference for waves;
electron diffraction for the wave nature of matter, with A = h/p = h/v/2mqV.

o Line spectra: discrete levels, one photon per transition, hf = Fy — Ey; the biggest
gap gives the shortest wavelength; absorption lines sit where emission lines would,
because the absorbed light is re-emitted in all directions.

» Radiation pressure: force = photons per second x momentum change per photon;
2p for a mirror, p for an absorber; pressure depends on intensity, not colour.

Common mistakes

 Defining a photon as “a particle of light” without “quantum/packet of energy”, or
the work function without “minimum” and “from the surface”.

« Saying brighter light gives faster photoelectrons, or that below the threshold fre-
quency emission happens eventually.

» Mixing eV and joules in one equation; forgetting to subtract the work function;
using %va with the maximum kinetic energy in eV.
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« Writing the de Broglie wavelength for an accelerated electron as h/(mwv) with v

guessed, instead of h/y/2mqV .

o Describing electron diffraction as bright fringes or spots; the pattern is concentric
rings, and a higher p.d. makes them smaller.

o Getting the direction of a transition wrong: emission is a fall to a lower level,
absorption a rise; the photon energy is the difference, never the energy of one level.

e Claiming the largest energy gap gives the longest wavelength.

o Forgetting that a reflected photon changes momentum by 2p, or that the pressure
of blue light of the same intensity is the same as red.
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Nuclear physics
A-Level Physics

Mass-energy equivalence

Einstein’s special relativity gives the famous link (mass-energy equivalence

):

FE =mc

mass m energy B

<€

Mass and energy are equivalent and can change into each other

E = md,

where ¢ = 3.00 x 10® m s~!. A mass m matches an energy E — the two can
change into each other. For a mass change Am:

Worked example. The star Sirius loses mass through nuclear fusion at 1.09 x
10" kg s7'. Find the power it radiates.

Every kilogram that disappears leaves as energy: P = ¢* x (mass lost per second) =
(3.00 x 10%)%(1.09 x 10') = 9.8 x 10*" W. This is the star’s luminosity (Topic
25); the Sun’s is 3.8 x 10?® W, so it loses about 4 million tonnes a second. The
same idea in reverse: a power station producing 1 GW for a year converts E/c* =
3.2 x 10%/9.0 x 10'6 = (.35 kg of mass, which is why the fuel weighs almost the same
afterwards.

AFE = Am.

In nuclear physics the masses are tiny but ¢? is huge, so a small mass change means a
large energy. A mass change of 1 u (1.661 x 10727 kg) matches AF ~ 1.49 x 1071° J.
This gives a conversion you will use again and again:

1lu <— 931 MeV.
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Nuclear reactions

A nuclear reaction is written like

7'N+5He — 'O + 1H,

with nucleon number conserved (top numbers: 14 +4 = 17 + 1) and charge
conserved (bottom numbers: 7+ 2 =8+ 1) — this is conservation of charge

. Use these to fill in an unknown: identify the species, then balance the top and
bottom numbers.

The decay equations. Alpha decay removes jHe, so A falls by 4 and Z by 2:
21'Po — 2"Pb + jHe. Beta-minus decay turns a neutron into a proton, emitting an
electron and an antineutrino: §°C — N+%,e+v (A unchanged, Z up by 1). Beta-plus
decay turns a proton into a neutron, emitting a positron and a neutrino

: o°F = $*O+%,e+v (Z down by 1). Gamma emission changes neither number.
In a chain of decays just keep the books: a nucleus W that emits 7, then «, then g~
ends with A—4 and Z+1—-2+1= Z, an isotope of W. Check both lines of every

equation you complete, and remember the neutrino: the mark scheme includes it.

Mass defect and binding energy

The mass of a nucleus is less than the total mass of its separate protons
and neutrons . The difference is the mass defect Am:

Am = (Zmp + Nmn) — Mnucleus-

By E = mc?, this "missing” mass was released as energy when the nucleus formed. To
pull the nucleus fully apart you must put that energy back — the binding energy
B:

B=Am-c.
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separate nucleons nucleus

@ @ binding
°° assemble energy B
—_— —_—

mass = Zmp + Nmy, mass is less
(mass defect Am)

The assembled nucleus has less mass than its separate nucleons; the missing mass is
released as binding energy

Worked example. A helium-4 nucleus has a mass defect of Am = 0.0304 u. Find
its binding energy. (1 u corresponds to 931 MeV.)

B=Am-c®=0.0304 x 931 ~ 28 MeV.

A more tightly bound nucleus has a larger mass defect and larger binding energy. The
binding energy per nucleon is B/A (usually in MeV per nucleon) — a
measure of how tightly each nucleon is held, useful for comparing nuclides.

The two-mark definitions. The mass defect of a nucleus is the difference between
the total mass of its separate nucleons and the mass of the nucleus. The binding energy
is the minimum energy required to separate the nucleus into its individual nucleons
(equivalently, the energy released when the nucleus is formed from separate nucleons).
Say “separate nucleons” or “individual protons and neutrons”; “the energy holding the
nucleus together” scores nothing. Binding energy is released, not stored: the nucleus
has [ess energy than its parts.

Worked example. The masses are: proton 1.007276 u, neutron 1.008665 u,
polonium-212 nucleus 211.9454 u. Find the mass defect and the binding energy per

nucleon of Z;*Po.

Z = 84 protons and N = 212 — 84 = 128 neutrons: total 84 x 1.007276 + 128 x
1.008665 = 84.6112 + 129.1091 = 213.7203 u. Mass defect Am = 213.7203 —
2119454 = 1.7749 u. Binding energy = 1.7749 x 931.5 = 1653 MeV, so per nucleon
1653/212 = 7.80 MeV, on the falling part of the curve. Keep every decimal place until
the subtraction: the defect is a small difference of two large numbers.
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Binding energy per nucleon vs nucleon number

A graph of B/A against A has a typical shape:

o for light nuclei (A < 20), B/A rises quickly (with a spike at the very stable 3He).

« around A ~ 56 (iron), B/A reaches its maximum of about 8.8 MeV. Iron-56 is
the most stable nucleus.

o for heavy nuclei (A > 100), B/A falls slowly, to about 7.5 MeV for uranium.
So the curve is dome-shaped, rising to iron then falling.

Sketching the curve. The exam gives blank axes (A from 1 to 250, B/A up to
about 9 MeV) and marks: a steep rise from near zero at A = 1, a maximum near
A = 56 at about 8.8 MeV, then a slow, gentle fall to about 7.5 MeV at A = 238. Do
not start the curve at the origin exactly (hydrogen-1 has no binding energy but is a
single point), do not make the fall as steep as the rise, and do not let the curve reach
zero on the right. Asked to mark a nucleus that undergoes alpha decay, put X on
the far right, A > 200; a nucleus that undergoes fusion goes at the far left, A < 10;
both are at low B/A, moving up the curve when they react.

56Fe
16
. Y 235
C
o 8-
9] _——-
© o
2 fission
S most stable nucleus  (split heavy nuclei)
8; (B/A = 8.8 MeV)
Py
N
e fusion
@ (join light nuclei)
<
£ 21
Qo
0 T T T T >
0 50 100 150 200

nucleon number, A

binding energy per nucleon peaks near >°Fe

Binding energy per nucleon peaks near iron (A = 56); lighter and heavier nuclei are
less tightly bound

A-Level Physics ¢ 23 Nuclear physics @



Nuclear fusion and fission

A nuclear power station releases energy by nuclear fission.

Energy is released when nuclei move towards the iron peak — by joining light nuclei
or splitting heavy ones.

fusion fission

00 — (O

light nuclei join — energy

O

heavy nucleus splits — energy

(l)
O

Fusion joins light nuclei; fission splits a heavy nucleus — both release energy by
moving towards the iron peak

Nuclear fusion

Nuclear fusion joins two light nuclei into one heavier nucleus:

*H +3H — 3He + tn + energy.
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The product has greater binding energy per nucleon than the reactants, so energy is
released. Fusion powers stars. It needs very high temperatures (millions of kelvin)
so the nuclei have enough kinetic energy to beat their electrostatic
repulsion and get close enough for the strong nuclear force to take over.

Nuclear fission

Nuclear fission splits a heavy nucleus into two lighter ones:

5’U + gn — 55'Ba+ 3 Kr + 3 gn + energy.

The products have higher binding energy per nucleon than 23°U, so energy is released.
The extra neutrons can cause more fissions — a chain reaction in a large
enough mass of fuel (the critical mass ). This is the basis of nuclear power
and weapons.

”Describe the differences between fission and fusion.” Fission: a heavy nucleus
(large A) splits into two lighter nuclei of roughly similar mass, usually after absorbing
a neutron, releasing further neutrons. Fusion: two light nuclei (small A) join to form
one heavier nucleus; it needs very high temperature and pressure to overcome the
electrostatic repulsion between the nuclei. Both release energy, but per kilogram of
fuel fusion releases more.

7Explain, with reference to the curve, why energy is released.” In both pro-
cesses the products lie higher on the binding-energy-per-nucleon curve than the reac-
tants: each nucleon ends up more tightly bound, so the total binding energy increases.
The extra binding energy is released (as the kinetic energy of the products and as pho-
tons), and the total mass of the products is less than that of the reactants by AE/c?.
A nucleus near the peak (iron) can release energy by neither process, which is why the
stars’ fusion stops at iron.
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O neutron

uranium-235 nucleus

o

fission fragment

In an uncontrolled chain reaction each fission of uranium-235 releases neutrons that
cause more fissions

Calculating the energy released

1. find the total mass of the reactants.

2. find the total mass of the products.

3. mass change Am = Myeactants — Mproducts (POSitive when energy is released).
4. energy released AE = c*?Am.

In kg this gives joules; in atomic mass units use AE (MeV) = Am (u) x 931.

Worked example. In a nuclear reaction the total mass decreases by 0.020 u. Find
the energy released.

AE = Am (u) x 931 = 0.020 x 931 ~ 19 MeV.

Worked example (fusion). The mass defect of deuterium ?H is 0.002 388 u and
that of helium-4 is 0.030377 u. Find the energy released when two deuterium nuclei
fuse to form one helium-4 nucleus.

Energy released = (binding energy of the products) — (binding energy of the reactants)
=10.030377 — 2 x 0.002 388] x 931.5 = 0.025601 x 931.5 = 23.8 MeV (3.82 x 10712 J).
Mass defects can be used directly like this because the number of nucleons is the same
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on both sides; the difference in the defects is the mass converted. Per kilogram of
deuterium this is 5.7 x 10'* J, about a million times a chemical fuel.

Worked example (fission). 2°U + {n — 1'Ba + 32Kr + 3n. Masses: U-235
235.0439 u, n 1.008665 u, Ba-141 140.9144 u, Kr-92 91.9262 u. Find the energy
released.

Reactants: 235.0439 + 1.008 665 = 236.0526 u. Products: 140.9144 + 91.9262 + 3 X
1.008 665 = 235.8666 u. Am = 0.1860 u, so AE = 0.1860 x 931.5 = 173 MeV =
2.8 x 107 J per fission. Count the three neutrons on the right and the one on the
left: forgetting one changes the answer by a whole nucleon mass.

decays
> P € O
«a

before: parent at rest
total momentum zero

p

after: equal and opposite momenta
Vo /UTh = mTh/Mme = 58

MTh

same p, so Ex = p2/2m is largest for the lighter particle: the « takes ~ 98% of the energy released

MTh + Ma

Alpha decay from rest: equal and opposite momenta, so the light alpha particle
carries about 98% of the energy released and the heavy nucleus barely recoils

Worked example (alpha decay and momentum). A stationary 25U nucleus
decays to 33'Th by emitting an a-particle; the total kinetic energy released is 4.27 MeV.
Find the kinetic energy of the a-particle.

Momentum is conserved and the parent was at rest, so the a and the thorium nucleus
have equal and opposite momenta p. With Ex = p*/2m, the energies are in the
inverse ratio of the masses: E,/Ety, = mry/mq = 234/4. So E, = 4.27 x 234/238 =
4.20 MeV and the thorium recoil takes only 0.07 MeV. The a-particles from a
given decay are all emitted with this one energy, which is the sign that the energy is
shared between just two bodies.

Worked example (a radioactive power source). A space probe is powered by
0.874 kg of plutonium-238, half-life 87.7 years, each decay releasing 5.59 MeV. Find
the power available at launch.

Number of nuclei: N = 0.874/(238 x 1.661 x 10727) = 2.21 x 10?*. Decay constant:
A =0.693/(87.7%x3.156 x 107) = 2.50 x 1071% s71. Activity: A = AN = 5.53 x 10** Bq.
Power = A x E = 5.53 x 10!* x 5.59 x 1.60 x 10713 = 490 W, falling to half after
87.7 years. A nuclide with a shorter half-life would give more power per kilogram
but would not last the mission; polonium-210 (138 days) would be far more powerful
at first and useless within two years.
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Radioactive decay

Random and spontaneous
Radioactive decay is:

e spontaneous — it happens with no outside trigger, and the rate is not
changed by temperature, pressure or chemical state; and

e random — you cannot predict when a given nucleus will decay, only the
probability that it decays in a time.

Evidence for randomness: the count rate fluctuates. A Geiger counter
next to a source clicks at uneven intervals — never a steady stream — although
the long-run mean rate is well-defined.

A

the count in each interval is different: decay is random,
but the long-run average is steady

counts in the interval

1 10 20 30
10-second interval number

Counts in equal time intervals from the same source are never the same twice: the
fluctuation is the evidence that decay is random, while the steady mean shows the
probability is constant

The two-mark definitions. Radioactive decay is the spontaneous and random emis-
sion of a particle (a or B) or a photon (v) from an unstable nucleus. Spontaneous
means the decay is not affected by external factors: temperature, pressure, chem-
ical state, or the presence of other nuclei. Random means it is impossible to predict
which nucleus will decay next, or when a given nucleus will decay; only a probability
can be given. Evidence for randomness: the count rate fluctuates from one interval
to the next, even for a source whose activity is not changing over the experiment.
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FEach beta particle from the source leaves a thin track in a cloud chamber — direct
evidence of separate, random decays

Activity and decay constant

For N undecayed nuclei of a radionuclide , the rate of decay is
A= AN.
o A is the activity — decays per unit time. Unit: becquerel (Bq)
—1
=5 .
e \is the decay constant — the probability per unit time that a nucleus

decays. Unit: s71.
A is fixed for a nuclide; a larger sample (larger V) has proportionally larger activity.

The one-mark definitions. Activity is the number of decays (of nuclei) per unit
time, or the rate of decay. The decay constant is the probability per unit time that
a (given) nucleus will decay. Not "the rate of decay”: that is the activity. Note the
units are the same, s~!, but A counts events and \ is a probability per second.

Worked example. Fluorine-18 has a half-life of 110 minutes. Show that its decay
constant is 1.05 x 10™* s7!, and find the activity of 2.1 x 1072 kg of fluorine-18.

A = 0.693/(110 x 60) = 1.05 x 107* s7'. The number of nuclei is the mass divided
by the mass of one nucleus: N = 2.1 x 1072/(18 x 1.661 x 107%7) = 7.0 x 10'3. So
A=AN=1.05x10"%x 7.0 x 103 = 7.4 x 10° Bq. A tiny mass gives a huge activity
because the half-life is short; the same mass of uranium-238 (half-life 4.5 x 109 years)
would give about 107° Bq.
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Exponential decay

Since A is the fractional decay rate, = —AN, whose solution is an exponential

dt
decay

N = Noe M.
Because A = AN, the activity (and any count rate proportional to it) decays
the same way:

A= A0€_>\t.

Why exponential? For each nucleus, \ is a fixed probability per unit time, independent
of the others and of the nucleus’s age. So the same fraction decays in each time
interval, which gives exponential decay.

Writing the explanation (three marks). (1) The decay constant is the proba-
bility per unit time of decay and is the same for every nucleus of the nuclide,
whatever its age. (2) So the rate of decay, the activity, is proportional to the num-
ber of undecayed nuclei present: A = AN. (3) A rate of change proportional to
the quantity itself gives an exponential change; equivalently, the same fraction of
the remaining nuclei decays in every equal time interval, so the number never reaches
zero but halves in every half-life.

Half-life

The half-life t1/2 is the time for the number of undecayed nuclei (or the
activity, or the count rate) to fall to half. From N = Nye M with N = Ny /2:

In2 _ 0.693

M2 = My, A= E g 20
2 12 12

Worked example. A radioactive isotope has a half-life of 6.0 hours. Find its decay
constant.

Convert the half-life to seconds: 6.0 h = 21600 s. Then

2 0.693 _

=—=_—""—~32x107"s".
tis 21600 i

A

A larger decay constant means a shorter half-life. After n half-lives the surviving
fraction is (1/2)"; after 5 half-lives only about 3% remains.
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The definition of half-life. The time taken for the number of undecayed nuclei (or
the activity) of a sample to fall to half its initial value. “Half the atoms decay” is
accepted; “half the sample disappears” is not, since the decayed nuclei are still there
as the daughter product.

A
Nx + Ny = Ny at every time
e
o
O
5
c
S curye€ cross at one half-life: Y (formed): No(1 —e™)
= ~ Ny = No/2
Y S
€
5
c

ndecayed): Noe ™

T T T
tip 2t1p 3tip 4t
time

A parent decaying into a stable daughter: what X loses, Y gains, so the curves cross
after one half-life and the half-life can be read off the crossing

Reading a two-isotope graph. When X decays to a stable Y, Ny = Ny — Nx =
No(1 — e*). The half-life is the time at which the curves cross (Nx = Ny = Ny/2),
or the time for Nx to halve. If the graph gives the initial number Ny and the initial
mass m, the nucleon number follows from m = NyAu: for m = 7.3 x 10~* kg and
Ny =2.0x 102, A =m/(Nou) = 7.3 x 1074/(2.0 x 10?* x 1.661 x 10727) = 220.

Worked example. A sample of a single radioactive isotope has an activity of 180 Bq
at t = 0 and 45 Bq at ¢t = 8.4 minutes. Find the half-life and the decay constant, and
the activity after a further 8.4 minutes.

45/180 = 1/4 = (1/2)* two half-lives in 8.4 minutes, so t;» = 4.2 min = 252 s
and A = 0.693/252 = 2.8 x 1073 s7!. After another two half-lives the activity is
45/4 = 11 Bq. When the ratio is not a neat power of two, use t = In(Ay/A)/\: for the
activity to fall from 180 to 50 Bq takes In(3.6)/2.75 x 1073 = 466 s. Always convert
the half-life to seconds before finding A if the activity is in becquerels.
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number of undecayed nuclei, N
|

1 1 T
0 tip 2t 3t 4tip

N= Ngei/\t s Tip= In2/A

The number of undecayed nuclei falls by half in each half-life

Finding )\ from data

Given Ay and A at time ¢:

In2

1. A
A= ;ln—o, tl/g = T

A

Taking logs of A = Ape ™ gives InA = In Ay — Mt, so a plot of In A against ¢ is a
straight line with gradient —A\. Use this with several data points.

Count rate is not activity. A detector records only the radiation that reaches it
and is absorbed in it: a fraction set by the solid angle it covers, by absorption in the air
and in the source itself, and by its efficiency. So the measured count rate is smaller
than the activity, but proportional to it, and the half-life obtained from a count-
rate graph is correct. Subtract the background radiation (measured
with the source removed) from every reading before taking ratios or logarithms; an
unsubtracted background makes the curve flatten and the half-life appear too long.

Tracers in medicine. Fluorine-18 and oxygen-15 are 81 emitters used as tracers

in PET scanning (Topic 24): the positron annihilates with an electron, giving
two gamma photons that leave in opposite directions and reveal where the tracer is.
A short half-life (110 minutes, 2 minutes) is chosen so that the activity falls quickly
after the scan and the dose to the patient stays small, at the price of having to make
the isotope close to the hospital and use it at once.
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InA

gradient = —A

A=Ape™ - InA=InAy - At

time t

A graph of In A against time is a straight line of gradient —\

Definitions the examiner accepts

A definition question is marked against fixed wording. Learn these exactly, and give

one answer only.

Term

Definition

mass defect

binding energy

nuclear fusion

nuclear fission

radioactive decay

spontaneous

random

the difference between the total mass of the separate nucleons
and the mass of the nucleus

the minimum energy needed to separate a nucleus into its
individual nucleons (the energy released when it forms from
them)

two light nuclei combine to form a single heavier nucleus

a heavy nucleus splits into two lighter nuclei of similar mass
(usually after absorbing a neutron)

the spontaneous and random emission of a;, 5 or ~ radiation
from an unstable nucleus

not affected by external factors such as temperature, pressure
or chemical state

it cannot be predicted which nucleus will decay, or when a
given nucleus will decay
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Term Definition

activity the number of nuclei decaying per unit time
decay constant the probability per unit time that a nucleus decays
half-life the time for the number of undecayed nuclei (or the activity)

to fall to half its initial value

Exam tips

E = mc? with 1 u = 931.5 MeV: work in u and MeV for reactions, then convert to
joules only if asked (1 MeV = 1.60 x 10713 J).

Energy released = (total mass before — total mass after) xc?, or (binding energy
after — binding energy before). Mass defects can be subtracted directly when the
nucleon count is unchanged.

The curve: steep rise, peak 8.8 MeV near A = 56, gentle fall. Products higher on
the curve means energy released; fusion on the left, fission (and a-decay) on the
right.

Balance every equation twice: nucleon numbers along the top, proton numbers
along the bottom; 8 decays carry a neutrino or antineutrino.

A= AN, X =0.693/t/, with ¢;/, in seconds; N from mass: N = m/(Au). Ratios
of 1/2, 1/4, 1/8 mean whole half-lives; otherwise ¢ = In(zq/z)/\.

Explanations are marked on the words: constant probability, rate proportional to
number, same fraction per interval; fluctuating count rate for randomness; unaf-
fected by external conditions for spontaneous.

Common mistakes

Defining binding energy as “the energy holding the nucleus together” or “the energy
stored in the nucleus”; it is the energy to separate the nucleons.

Subtracting masses the wrong way round and reporting a negative energy release,
or forgetting the neutron(s) on one side of a fission equation.

Drawing the binding-energy curve falling as steeply as it rises, or reaching zero at
large A.

Using a half-life in minutes or years with an activity in becquerels; convert to
seconds first.

Confusing the decay constant (a probability per second) with the activity (decays
per second).

Saying “half the sample disappears” for a half-life, or that after two half-lives
nothing is left.
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e Giving “random” as “it happens at any time” without “cannot predict which nu-
cleus or when”, or “spontaneous” without “unaffected by external factors”.

o Treating the count rate as the activity, or forgetting to subtract background.

o Assuming the a-particle and the recoil nucleus share the energy equally; they share
the momentum equally.
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Medical physics
A-Level Physics

Ultrasound

Piezo-electric effect

A piezo-electric crystal changes shape a little when a p.d. is put across it, and
the reverse: it makes an electromotive force (e.m.f.) across itself when its
shape is changed. Quartz and PZT are common examples. Two linked effects:

apply a p.d. >»| crystal changes shape

squeeze it >»| an e.m.f. appears

Applying a p.d. deforms the crystal; squeezing it makes a p.d.

« apply a p.d. — the crystal changes shape (used to make vibrations).

» change the shape (a wave squeezes it) — an e.m.f. appears (used to detect
vibrations).

Piezo-electric transducer
A transducer uses this effect to both make and detect ultrasound

o an alternating p.d. (a few MHz) makes the crystal vibrate at the same frequency,

sending out longitudinal waves above 20 kHz (1-10 MHz for medical imag-
ing).

o the same crystal then detects: returning ultrasound makes it vibrate and produce
an e.m.f.

Generating ultrasound (three marks). (1) An alternating p.d. is applied across
the crystal. (2) The crystal changes shape, expanding and contracting at the fre-
quency of the p.d., so it vibrates. (3) The p.d. is chosen at the crystal’s resonant
frequency, so the vibration is large and the crystal’s faces push on the tissue, sending
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out a longitudinal wave of that frequency. Detecting ultrasound (two marks).
The returning wave’s pressure variations change the shape of the crystal; a chang-
ing shape generates an e.m.f. across it, alternating at the frequency of the wave,
which is amplified and recorded. The same crystal is used for both, switched between
transmitting and receiving.

So one transducer is both emitter and detector, switching between sending and listen-
ing.

earthed metal case backing material
|

|
|
|
| .
|  plastic cover
and lens

coaxial < | e
cable

\ I

\ ]

\ 1

piezo-electric
crystal

T T

electrodes

A piezo-electric transducer both sends and detects ultrasound using a vibrating crystal

Pulse-echo imaging
To see inside the body (pulse-echo imaging):

the transducer sends a short pulse into the body.
at each tissue boundary, part of the pulse is reflected and part goes on.
the transducer detects each reflected pulse.

the time delay gives the depth: d = ¢t/2 (there and back). The echo’s amplitude
gives the strength of the reflection.

Ll e

Worked example. An ultrasound pulse returns to the transducer 60 us after it was
sent. The speed of sound in the tissue is 1500 m s~*. Find the depth of the reflecting
boundary.

The pulse travels there and back, so d = %:

1500 x 60 x 107°
N 2

1. sweeping across the body builds a 2-D image.

d

=0.045 m (= 4.5 cm).
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RAB 4-8P/Obstetric
13209 GA=20WST 16.3cm / 32Hz 24-08-2015 18:46:40

Caliper

A real ultrasound image — the fan shape comes from the transducer sweeping across
the body. FEvery bright speck is an echo from a boundary between tissues, and its depth
was worked out from the echo’s time delay, exactly as in the worked example above

A coupling gel is put between the transducer and the skin to push out the
air; without it almost all the ultrasound would reflect at the skin—air boundary and
never enter the body.

A
A-scan: echo time « depth - peaks at boundaries
[ransmitted
pulse
gl
©
2 echo from
e fat-muscle
€ boundary echo from
© muscle-bone
© l boundary
(@)]
IS |
/\ N

time after transmission, t

An A-scan shows the transmitted pulse and the echoes from each tissue boundary

”?Outline the use of ultrasound to obtain diagnostic information” (four
marks). (1) A pulse of ultrasound is sent into the body by the transducer, which is
coupled to the skin with gel. (2) At each boundary between tissues part of the pulse
is reflected; the reflected pulse returns to the transducer and is detected. (3) The
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time delay between emission and echo, with the speed of sound, gives the depth
of the boundary (d = ct/2). (4) The intensity of the echo, set by the change in
acoustic impedance at the boundary, shows what kind of boundary it is. Sweeping
the transducer, or using an array, builds up an image.

Why pulses, and why megahertz. The transducer sends a short pulse and then
listens: the echo from every boundary must arrive before the next pulse leaves, oth-
erwise echoes from different pulses could not be told apart, and the crystal cannot
transmit and receive at the same moment. The frequency is a compromise: a higher
frequency means a shorter wavelength and so finer detail (resolution ), but
it is attenuated more strongly, so a deep organ needs a lower frequency than a shal-
low one. Typical medical scanning uses 1-15 MHz, wavelengths of a fraction of a
millimetre in tissue.

Specific acoustic impedance

The specific acoustic impedance of a medium is
Z = pc,
where p is the density and ¢ the speed of sound. Unit: kg m™? s~*. Bone has

large Z; air has small Z; soft tissue is in between.

Worked example. Find the specific acoustic impedance of soft tissue. (Density
1060 kg m™®, speed of sound 1540 m s~1.)

Z = pc = 1060 x 1540 ~ 1.6 x 10° kg m 2 s~

The definition (two marks). The specific acoustic impedance of a medium is the
product of its density and the speed of sound in it. Both quantities must be named;
"how hard sound finds it to pass” scores nothing. Because Z combines density and
speed, two media with very different densities can still have similar Z (water and soft
tissue), and it is Z, not density alone, that decides how much sound reflects.

Reflection at a boundary

At a boundary between media of impedance Z; and Zs, the intensity reflection
coefficient (fraction reflected) is

In (%~ Z\*
Iy \Z1+2y)
o very different impedances: almost all is reflected (skin/air — hence the gel).
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o very similar impedances: almost nothing is reflected, so the boundary cannot be
seen.

o best for imaging: different enough to give an echo, but not so different that nothing
passes on.

medium 1 (Z1) medium 2 (Z2)

incident Ig transmitted

reflected IR

Ir
Io

(Zl _ Z2>2 bigger imped diff i bi h
= — a bigger impedance difference gives a bigger echo
Z + Z>

At a boundary, part of the pulse reflects and part transmits — a bigger impedance
difference gives a bigger echo

Worked example (why gel). Air: density 1.29 kg m >, speed of sound 343 m s~'.

Gel: Z = 1.50 x 106 kg m~? s~1. Soft tissue: Z = 1.63 x 10° kg m 2 s~!. Find the
intensity reflection coefficient at an air-tissue boundary and at a gel-tissue boundary.

442 — 1.63 x 10°
442 +1.63 x 106

2
Zoir = 1.20%343 = 442 kg m~2 s~ Air-tissue: ( ) =0.9989: 99.9%

1.50 — 1.63\*
1.50 + 1.63) B
0.0017: only 0.2% reflects. So the gel, whose impedance is close to that of skin, replaces
the air layer that would otherwise reflect nearly everything, and almost all of the pulse
enters the body (and the echoes can get back out again by the same route).

of the intensity reflects and only 0.1% enters the body. Gel-tissue: (

Worked example. Water: density 1000 kg m™>, speed 1480 m s—'. Glass: density
2500 kg m ™, speed 5600 m s~'. What fraction of the intensity is reflected at a water—
glass boundary?
2

Zater = 1.48 X 108, Z.ee = 1.40 x 107 kg m~? s71. Coefficient = (%) —
0.65: two-thirds reflected, one-third transmitted. Working in units of 10° keeps the
arithmetic clean, since the ratio is what matters. A steel implant in tissue (Zgeel =
4.7 x 107) gives 0.87: nearly all the pulse reflects from its surface, so nothing behind
it can be imaged, but the implant itself shows up very brightly.
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Attenuation

As ultrasound goes through tissue, its intensity falls with distance:

where p is the attenuation coefficient

to X-rays.

intensity /

I = I[)B_Mx,

(unit m~1). The same form applies

larger u = steeper fall - half-value thickness

soft tissue (small u)

bone (large u)

|
thickness x

Intensity falls exponentially with thickness; a larger attenuation coefficient (bone)

transducer

falls off faster

boundary, coefficient «

in: Iy — Ipe M at the boundary (1 — @) goes on
»|--————--== >

<

back: alge ™" reflected, then attenuated aga

=

tissue 1, thickness x, coefficient p tissue 2

echo received: I = alp e 2#%  (two passes through the tissue, one reflection)

One echo, three factors: attenuation in, reflection, attenuation out. The tissue is

crossed twice, so the exponent doubles
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Worked example (an echo’s intensity). A pulse of intensity Iy passes through
4.0 cm of tissue with attenuation coefficient 0.50 cm~! to a boundary whose intensity
reflection coefficient is 0.010. Find the intensity of the echo returning to the transducer,
as a fraction of I.

To the boundary: e #* = ¢70-50x40 — () 135. Reflected: x0.010. Back through the
same 4.0 cm: x0.135 again. Echo: I/l = 0.135 x 0.010 x 0.135 = 1.8 x 107%, about
0.02%. Two things the examiner checks: the tissue is crossed twice, and the reflection
coefficient multiplies the intensity at the boundary, not I;. This is why echoes from
deep boundaries are amplified more than shallow ones before display.

X-rays

Production
X-rays come from an X-ray tube X

1. a heated cathode emits electrons by thermionic emission
2. a high p.d. (tens to hundreds of kV) accelerates the electrons across a vacuum
to a metal target  (the anode , often tungsten ).
3. the electrons hit the target and slow sharply. Most of their kinetic energy
becomes heat; a small part is emitted as X-ray photons (Bremsstrahlung
, “braking radiation”). Some electrons knock out inner electrons of the
metal atoms, and the refilling emits characteristic X-ray lines.

high-voltage supply

NN

Ve N\

heated filament ol

metal anode
(cathode, —) electrons
[0V l;

low-voltage | T[] target

supply 7\l (tungsten)
(heats filament)
evacuated tube (vacuum) Xerays

£ J

In an X-ray tube electrons from the heated cathode are accelerated onto a metal target
anode

“Explain how X-rays are produced” (four marks). (1) Electrons are emitted
from a heated filament (cathode) by thermionic emission. (2) They are accelerated
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through a high potential difference (tens of kV) across an evacuated tube towards
a metal target (the anode). (3) They decelerate rapidly when they strike the target,
and (4) the kinetic energy lost is emitted as X-ray photons (with most of it becoming
heat in the target, which is why the anode is cooled or rotated).

Controlling the beam. The intensity (energy per unit area per second) is set
by the number of electrons hitting the target per second, so it is controlled by
the filament current (a hotter filament emits more electrons); the hardness )
meaning the penetrating power, is set by the photon energies, so it is controlled by
the accelerating p.d.: a larger p.d. gives higher-energy, shorter-wavelength, more
penetrating X-rays. A metal filter removes the softest X-rays, which would be absorbed
in the patient’s skin without reaching the detector.

Worked example (heating of the target). In a tube run at 75 kV the electron
beam current is 30 mA and 99% of the electrons’ energy becomes heat in a tung-
sten target of mass 15 g (specific heat capacity 134 J kg™* K™'). Find the rate of
temperature rise if no heat were lost.

Power delivered = I'V = 0.030 x 75000 = 2250 W; heating power = 0.99 x 2250 =
2230 W. Then mec Af/At = 2230, so A§/At = 2230/(0.015 x 134) = 1.1 x 10> K s~
A target would melt within seconds, which is why exposures are short and anodes
rotate to spread the heat.

Minimum wavelength

The most energy one X-ray photon can have is the full kinetic energy of one accelerated
electron, lost in a single event. For accelerating p.d. V', the KE is eV, so

he

D fmax = V7 Amin = ——-
/ ¢ eV

This is the short-wavelength cut-off. The continuous Bremsstrahlung spectrum tails
off above A\, with sharp characteristic peaks set by the target metal.
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. S——— characteristic
continuous spectrum peaks
(Bremsstrahlung)

intensity

Ao wavelength, A

X-ray: continuous bremsstrahlung + characteristic peaks

A typical X-ray spectrum — a continuous Bremsstrahlung curve cut off at Ao, with
sharp characteristic peaks

Worked example (minimum wavelength). Electrons are accelerated through
75 kV. Find the maximum photon energy and the minimum wavelength of the X-rays.

Maximum energy = eV = 75 keV = 75000 x 1.60 x 1071 = 1.2 x 107'* J (or
0.075 MeV). Then Apin = he/(eV) = (6.63 x 10731)(3.00 x 10%)/(1.2 x 107!) =
1.7 x 107" m. The maximum photon momentum is p = E/c = 4.0 x 1072 N s.
Doubling the p.d. halves the minimum wavelength.

Explaining the shape of the spectrum. The spectrum is continuous because
each electron may lose any fraction of its energy in one or several decelerations, so
photons of every energy up to the maximum are produced. It has a sharp cut-off at
Amin because a photon cannot carry more energy than one electron has, eV, and that
happens only when an electron loses all its energy in a single event. The peaks are
characteristic of the target metal: an incoming electron knocks an inner electron out
of a target atom, and an outer electron falls into the vacancy, emitting a photon whose
energy is the difference between the two levels (Topic 22).

Imaging with X-rays

X-rays pass through the patient onto a detector. Tissues that attenuate more
(bone, high Z) cast a stronger shadow and look lighter; tissues that attenuate less
(soft tissue, lung) look darker.

The contrast is the difference in attenuation between tissues. A contrast
medium (e.g. a barium meal) can be given to make soft tissues stand out.
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A real chest X-ray: dense bone absorbs more X-rays and looks white; the air-filled
lungs let X-rays through and look dark

Sharpness and contrast. Sharpness is how well defined the edges of
structures are in the image: a small X-ray source (a small spot on the target), a
stationary patient and a detector close to the patient all improve it. Contrast is the
difference in degree of blackening (or brightness) between neighbouring regions of
the image, produced by a difference in attenuation. The two are independent: an
image can be sharp but have poor contrast, or the reverse.

X-ray beam, intensity Iy everywhere

T A

soft tissue bone
w=0.20cm ! w=0.60cm !
3.0 cm thick 3.0 cm thick
I/Ip =e %% =0.55 I/Ip =e 18 =0.17
detector well exposed: dark little exposure: white

contrast comes from the difference in u: the two exposures differ by a factor of 3

Contrast is a difference in attenuation: bone attenuates about three times more
strongly than soft tissue per centimetre, so equal thicknesses give very different
exposures
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“Explain why X-ray images of internal structures have good contrast.” Bone
and soft tissue have very different attenuation coefficients, so equal thicknesses
transmit very different intensities and the detector is exposed very differently behind
each. Where two soft tissues have similar coefficients (the stomach and its surround-
ings), a contrast medium with a high attenuation coefficient, such as barium, is
swallowed or injected to outline one of them. Using a lower p.d. (softer X-rays) also
increases contrast, at the cost of a larger dose.

Worked example. X-rays pass through 3.0 cm of soft tissue (u = 0.20 cm™!) in
one region of the body and 3.0 cm of bone (1 = 0.60 cm™!) in another. Compare the
transmitted intensities.

Soft tissue: /Iy = e 020230 = 7060 = () 55. Bone: ¢ 060%30 = =180 = (0 17. The
soft-tissue region receives more than three times the exposure of the bone region, so
the bone appears white and the tissue dark. The ratio of exposures, e(#bone=Huissue)?
grows with thickness: contrast improves for thicker structures, but so does the total
attenuation.

Attenuation law

I = Ige_“x.

Higher-energy X-rays penetrate further (smaller p); bone has a much larger p than

soft tissue. To find the thickness for a given fraction, take logs: = —In 70. The
half-value thickness x1/2 = In2/p halves the intensity (like half-life in
decay).

Worked example. X-rays pass through 3.0 cm of tissue with attenuation coefficient
i =40 m~!. Find the fraction of the intensity that gets through.

I
L pnm - 40x0.030 _ ,-12 () 3.

Iy N

Worked example (percentage absorbed). X-rays pass through 2.8 cm of a
medium with attenuation coefficient 1.4 cm~!. What percentage of the X-ray energy
is absorbed?

Transmitted fraction e 14*28 = ¢7392 = (.020, so 98% is absorbed. The question
asks for what is absorbed, not what gets through: read it twice. The half-value
thickness here is In2/p = 0.50 cm, so 2.8 cm is 5.6 half-value thicknesses and (1/2)5¢ =
0.02 checks the answer.

Worked example (two layers). A beam of intensity I, passes through 2.0 cm of
material P (= 0.35 cm™!) and then 1.5 cm of material Q (u = 0.90 cm™!). Find the
transmitted intensity.
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0.13 Ip. Add the exponents (121 + pax2); never add the thicknesses or the coefficients.
The order of the layers makes no difference to the total transmitted intensity.

The exponentials multiply: [ = I, e 939%20¢=090x15 — [/ o=(0.70+1.35) — [/ =205 —

Computed tomography (CT)
A computed tomography (CT) scan builds a 3-D image:

1. the tube and detectors rotate around the patient, taking many images of one thin
slice from different angles.

2. a computer combines these into a 2-D cross-section of the slice.
3. the patient is moved along, and the next slice is imaged.
4. the slices are stacked into a 3-D image.

CT shows far more than a single X-ray, because overlapping soft tissues are separated

by the many-angle reconstruction.

tube and detectors
rotate around patient

- X-ray tube S

X-ray beam \\

patient
(slice)

ring of detectors

In a CT scan the X-ray tube and detectors rotate around the patient to image a slice
from many angles

“Explain how CT scanning produces a three-dimensional image” (five
marks). (1) The X-ray tube (and a ring of detectors) rotates around the patient,
so that (2) many X-ray images of one slice (section) are taken from different
angles. (3) A computer combines them to produce a two-dimensional image of that
slice. (4) The patient is moved and the process is repeated for successive slices.
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(5) The slices are combined to build a 3-D image, which can be rotated and viewed
from any angle. Purpose: to image a section of the body without the overlapping of
structures that a single X-ray suffers, revealing structures that would be hidden and
their positions in depth. The price is a much larger dose than a single X-ray.

PET scanning

Tracer

A tracer is a substance with radioactive nuclei put into the body. It is taken
up more by the tissue being studied (e.g. a tumour takes up more glucose-tagged
tracer due to its high metabolism ). Its decay is detected from outside.

In positron emission tomography (PET), the tracer is a
emitter — it gives out a positron . A common one is fluorine-18 on a glucose

analogue (FDG).

”Explain what is meant by a tracer and how it is used” (three marks).
A tracer is a substance containing radioactive nuclei (for PET, a 7 emitter such
as fluorine-18) that is introduced into the body (injected or swallowed), usually
bound to a molecule such as glucose, and is absorbed by the tissue being studied,;
the radiation it emits leaves the body and is detected, so its distribution shows where
that tissue is active. The nuclide is chosen with a short half-life, so the activity
is high during the scan and the patient’s dose afterwards is small, but not so short
that it decays before it reaches the tissue: fluorine-18 (110 minutes) and oxygen-15 (2
minutes, made and used on the spot) are typical.

Annihilation

When a particle meets its antiparticle they annihilate : their mass
turns into electromagnetic energy. In PET:

e a positron travels a few mm before meeting an electron
o they annihilate. Energy and momentum are conserved.

e since the total momentum is about zero, two photons are produced going in op-
posite directions, each 511 keV (= mec?).
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detector ring

511 keV

et + e~ annihilate

two photons, opposite directions — the coincidence fixes the line

PET: annihilation gives two 511 keV photons in opposite directions; a coincidence
fixes the line

Energy of the annihilation photons

By energy conservation, the total photon energy equals the pair’s rest energy

2hf = 2m.c?, hf =me.c.

Each photon has hf = m.c?> ~ 8.2 x 1074 J ~ 0.51 MeV, with A ~ 2.4 x 1072 m.

Explaining the annihilation (four marks). (1) The positron emitted by the tracer
travels a short distance and meets an electron in the tissue. (2) The pair annihi-
lates: their mass is converted to energy, (3) emitted as two gamma-ray photons,
since (4) momentum must be conserved: the pair had almost no momentum, so the
two photons must travel in opposite directions with equal momenta. Each photon
carries the rest energy of one particle, 0.51 MeV; a single photon could not conserve
momentum.

Worked example. Find the total energy released when a positron and an electron,
each moving slowly, annihilate, and the wavelength of each photon.

E =2mec® = 2x9.11x1073'x(3.00x 10%)? = 1.64x 10713 J (1.02 MeV), shared equally:
8.2x107M J each. A = he/E = (6.63x 1073)(3.00x 108) /(8.2x 10~ 1) = 2.4x 1012 m,

a gamma ray. If instead the electron and positron each move at 4.9 x 10" m s~! in
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opposite directions, each has kinetic energy %mv2 =1.1x107% J, about 1% of its rest
energy, and the photons carry 8.3 x 107'* J each: the rest energy dominates, which is
why the annihilation photons always have very nearly the same energy.

Reconstructing the image

The two photons leave the body in opposite directions and hit detector rings around
the patient. Recording the two simultaneous arrivals (a “coincidence”) fixes the
line the annihilation happened on. Many coincidences from many angles let the com-
puter build a 3-D map of the tracer — showing tissues with high metabolic activity.
Comparing the two arrival times can refine the position along that line (time-of-flight

PET).

A finished PET image of the brain: warm colours (red, yellow) mark where the tracer
collected — the most active tissue

A-Level Physics ¢ 24 Medical physics @



ring of gamma detectors

A: arrives first

annihilation

B: arrives At later
patient

two photons detected together: the event lies on the line AB
the time difference gives where on the line: d = ¢ At/2 from the midpoint

Locating an annihilation: two photons detected together fix the line, and the
difference in their arrival times fixes where on the line

”Explain how the gamma photons are used to form an image” (four marks).
(1) The two photons leave the body in opposite directions and are detected by the ring
of detectors. (2) Two photons arriving at (almost) the same time are taken to come
from one annihilation, which therefore lies on the line joining the two detectors. (3)
The small difference in arrival times gives the position along that line (d = ¢ At/2
from the midpoint; a 1 ns difference is 15 cm, so the timing must be very precise). (4)
A computer collects many such events and maps the concentration of tracer in the
tissue, producing an image; a higher concentration means more active tissue, such as a
tumour. Photons that arrive singly (their partner absorbed in the body) are rejected.

Definitions the examiner accepts

A definition question is marked against fixed wording. Learn these exactly, and give
one answer only.

Term Definition

piezo-electric  a crystal changes shape when a p.d. is applied across it, and
effect generates an e.m.f. when its shape is changed
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Term Definition

specific the product of the density of a medium and the speed of sound in
acoustic it, Z = pc

impedance

intensity the fraction of the incident intensity reflected at a boundary,
reflection (Zy — Z3)* ) (Zy + Zy)?

coefficient

attenuation the constant p in [ = Ipe™*; the larger it is, the faster the
coefficient intensity falls with thickness

hardness (of

the penetrating power of the beam, set by the photon energies

X-rays) (the accelerating p.d.)

contrast the difference in degree of blackening between neighbouring
regions of an image

sharpness how well defined the edges of structures are in an image

CT scanning

X-ray images of one section taken from many angles are combined
by computer into a 2-D image of the slice; successive slices give a
3-D image

tracer a substance containing radioactive nuclei that is introduced into
the body and absorbed by the tissue under study
annihilation a particle and its antiparticle interact and their mass is converted

to energy (photons), with mass—energy and momentum conserved

Exam tips

o Ultrasound: pulse in, echo back; depth = ct/2 (there and back); Z = pc; re-
flection coefficient from the two impedances; gel matches impedance to the skin.
Attenuation is exponential and an echo crosses the tissue twice.

o X-rays: production is heated filament, high p.d., sudden deceleration at the target;
intensity by filament current, hardness by p.d.; Apim = he/(eV); I = Ipe™"* with
exponents added for layers; contrast is a difference in pu.

o CT: many angles, one slice, computer, successive slices, 3-D. Say all five.

o PET: 87 tracer, annihilation with an electron, two 0.51 MeV photons in opposite
directions (momentum), coincidence gives the line, timing gives the position.

e Know the three “explain” answers word for word: how the crystal generates and

detects, how X-rays are produced, how the photons locate the tracer.

Lorm™), and

()

« Write units with every impedance (kg m ™2 s=') and coefficient (cm™
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convert cm to m only if 4 is in m™?.

Common mistakes

Forgetting the factor of 2 in the depth of a reflecting boundary, or the second pass
through the tissue in an echo’s intensity.

Defining acoustic impedance as “the resistance to sound” instead of density times
speed of sound.

Quoting the reflection coefficient for gel-skin as “zero”; it is small, and that is the
point.

Saying the p.d. controls the intensity of the X-ray beam, or that the filament
current controls the hardness; it is the other way round.

Explaining the minimum wavelength without saying that one electron gives all its
kinetic energy to a single photon.

Adding thicknesses of different materials before applying e™#*; add the products
px instead.

Describing CT as “an X-ray from several angles” without the computer reconstruc-
tion, the slice, or the successive slices.

Giving one photon for annihilation, or two photons in the same direction; momen-
tum conservation demands two in opposite directions.

Confusing the tracer’s half-life reasoning: short so that the dose is small, but long
enough to reach the tissue and be scanned.
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Astronomy and cosmology
A-Level Physics

Luminosity and radiant flux intensity

The luminosity L of a star is the total power of radiation it gives out —
the energy radiated per second in all directions. Unit: watt (W).

The one-mark definition. The luminosity of a star is the total power of radiation
emitted by the star (or the total energy emitted per unit time). It is a property of
the star alone; how bright it looks from the Earth depends also on how far away it
is. Asked for two reasons why some stars appear brighter than others, give
exactly those two: a greater luminosity, and a smaller distance (the flux falls as

1/d).

At distance d, this power has spread over a sphere of area 4wd?. The radiant flux
intensity F (power per unit area) at distance d is

B L
C 4nd?’

Worked example. The Sun’s luminosity is L = 3.8 x 10*®¢ W. Find the radiant flux
intensity at the Earth, a distance d = 1.5 x 10! m away.

L 3.8 x 10%
— - ~1.4x10° Wm™2.
drd®  4m(15 x 1011)2 8 H

Unit: W m™2. This is the inverse-square law for flux: doubling the
distance cuts the flux to a quarter. A telescope measures F’; if L is known, the distance

follows:
L
T=\InF
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The four units of ESO’s Very Large Telescope in Chile, used to measure the flux from
distant stars

L

F =
4rd?

flux: F, %, %

4A 94

source !
power L d

\
Yo~

A
\J

3d

The same power spreads over a larger area as distance grows, so flux falls as 1/d?
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1.

7 straight line through the origin

_ L
F=an

a more luminous star:
steeper line

gradient =L/4m,
so L=4nx gradient

radiant flux intensity F

1/d? >

Plot F against 1/d* and the inverse-square law becomes a straight line through the
origin; its gradient is L/4m

Reading the graph. A graph of F' against 1/d? for one star is a straight line through
the origin with gradient L/4m, so L = 47 x gradient; a more luminous star gives a
steeper line. A star whose galaxy is receding still obeys the inverse-square law, but
the light we receive is redshifted, so the flux at each wavelength is shifted along the
spectrum, and a detector sensitive to one band may see a different fraction of it.

Worked example. The Sun has radius 6.96 x 108 m and surface temperature 5780 K.
A space probe carrying a 2.0 m? solar panel is 4.5 x 10 m from the Sun’s centre.
Find the power falling on the panel when it faces the Sun.

Luminosity: L = 4wor?T* = 47(5.67 x 107®)(6.96 x 10%)%(5780)* = 3.85 x 10%6 W.
Flux at the probe: F = L/(47d?) = 3.85 x 10%/[4m(4.5 x 10'9)?] = 1.5 x 10* W m 2,
eleven times the flux at the Earth. Power on the panel: P = FA =15 x 10* x 2.0 =
3.0 x 10* W. The flux is power per unit area perpendicular to the radiation; a tilted
panel receives F'A cos 6.

Standard candles

A standard candle is an object whose luminosity is known from its
type. Once you find one in a distant galaxy and measure the flux F' from it, you get

its distance from d = /L/(47F).

Examples:

o Cepheid variables (pulsating stars) — the pulsation period is tightly
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linked to the luminosity, so the period gives L.

o« Type la supernovae — a white dwarf reaching a critical mass and ex-
ploding always has about the same peak luminosity.

A standard candle gives L without first knowing the distance, so it reaches galaxies
far beyond parallax

The definition. A standard candle is an object (a star or a supernova) of known
luminosity. The luminosity is known because it is fixed by a property that can be
measured from any distance: the pulsation period of a Cepheid variable, or the type
of a supernova.

distance to a galaxy
identify a standard candle measure the flux F L B 7
(Cepheid: period — L) received at the Earth F= inaz 0 d= inE
radius of a star
peak wavelength Apax flux F' and distance d Stefan—Boltzmann: L = 4ror?T?
Wien: T = b/Amax L = 4nd?*F sor =+/L/(4wcT4)

The two recipes of this topic: a distance from a standard candle, and a radius from a
spectrum and a fluz. Every calculation in the exam is one of them, or a step of one

"Explain how a standard candle is used to determine the distance of a
galaxy” (three marks). (1) A standard candle in the galaxy is identified (a Cepheid
variable, whose period gives its luminosity, or a Type la supernova) so that its lumi-
nosity L is known. (2) The radiant flux intensity F of its light arriving at the Earth
is measured. (3) The distance follows from the inverse-square law, d = \/L/(47F).
The order matters: the luminosity comes from the candle’s type, not from the dis-
tance, which is the thing being found.

Worked example. A Type la supernova, luminosity 1.0 x 106 W at its peak, is
observed with a peak flux of 2.0 x 1074 W m™~2. How far away is its galaxy?

d=+/L/(47F) = /1.0 x 1036 /(47 x 2.0 x 10~14) = 6.3 x 10?* m, about 670 million
light years (11ly =9.5x10% m). A Cepheid, with a luminosity of order 10%° W,
could not be seen at that distance; supernovae are the candles for the far Universe.
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The Andromeda Galaxy, our nearest large galaxy, about 2.5 million light-years away
— Cepheids in it are standard candles

105 -
]
L]
longer period S0~
- more luminous e < °
'/.;0 ]
§ 10 o _&°
= e ~%o °
- e M ° €
'4? %o 5, 0
8 ® [ o4 :'
£ > <3
]
g 103 oo ° ¢
= o, «©®
]
period-luminosity line
e Type | Cepheids
102 T 1
10° 10t 102

pulsation period / days

Cepheid: longer period = brighter - standard candles

For Cepheid variables the pulsation period sets the luminosity, making them standard
candles
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Stellar surface temperature

Wien’s displacement law

A hot body gives out a continuous (blackbody ) spectrum with a peak at a
wavelength Amax Se€t by its temperature . Wien’s displacement law

Amax] = constant, ba~290x 107° m K.

Worked example. A star’s blackbody spectrum peaks at Ay.x = 500 nm. Find its
surface temperature. (b= 2.90 x 107® m K.)

b 290 x 1073

= Ao 500 x 109

~ 5800 K.

Hotter stars peak at shorter wavelengths: a cool red star (~ 3000 K) peaks in the
infrared; the Sun (~ 5800 K) peaks near 500 nm; a hot blue-white star (~ 20,000 K)
peaks in the ultraviolet. Measuring A.x gives the surface temperature.

”State Wien’s displacement law” (two marks). The wavelength at which the
intensity of the radiation from a black body is a maximum is inversely proportional to
its thermodynamic temperature: Apax o< 1/T, or Apax T = constant (2.90 x 1073 m K).
Say "wavelength of maximum intensity”, not just "the wavelength”, and the tem-
perature must be in kelvin. The law describes the peak of the continuous black-body
curve, not the spectral lines.

The Pillars of Creation in the Fagle Nebula — clouds of gas and dust lit by hot,
newly formed stars
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Wien: AmaxT = const - hotter = peak shifts left

A hotter black body radiates more, and its peak wavelength shifts towards the blue
(Wien’s law)

Stefan—Boltzmann law

A star, treated as a blackbody sphere of radius r and surface temperature 7', has
luminosity

L = 4nor®*T?,

where ¢ = 5.67 x 107® W m 2 K™ is the Stefan-Boltzmann constant -
(the Stefan—Boltzmann law - ). Two strong
dependences:

o L o r* — twice the radius, four times the luminosity (same T).

o L ocT* — twice the temperature, sixteen times the luminosity (same r).

Worked example. A star has radius » = 7.0 x 10® m and surface temperature
T = 5800 K. Find its luminosity. (¢ = 5.67 x 1078 W m 2 K™*))

L = 4mor*T* = 47(5.67 x 107%)(7.0 x 10%)%(5800)* ~ 3.9 x 10% W.
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Estimating a star’s radius
Combine the two laws:

1. measure Ay — get T from Wien’s law.
2. find L (e.g. from flux F and distance d: L = 4wd*F).
3. solve the Stefan-Boltzmann law for r: r = \/L/(4wcT*).

This is how astronomers estimate radii of stars they cannot see as a disc.

Worked example (the radius of the Sun). The radiant flux intensity of sunlight
at the Earth is 1370 W m™2 at a distance of 1.50 x 10" m, and the Sun’s spectrum
peaks at 500 nm. Estimate the radius of the Sun.

Luminosity: L = 4nd*F = 47(1.50 x 10")?(1370) = 3.87 x 10 W. Temperature:
T = b/ Amax = 2.90 x 1073/(500 x 107%) = 5800 K. Radius: r = /L/(dnoT1) =
\/3.87 x 1026 /[47(5.67 x 10-8)(5800)4] = 6.9 x 10® m. Three steps, each a one-line
formula; keep the full precision of L and T until the end, because T is raised to the
fourth power.

Worked example. A star in a distant galaxy has a radiant flux intensity of 2.52 x
107 W m™? at the Earth, a distance of 4.16 x 10'7 m away, and a surface temperature
of 9500 K. Find its radius.

L = 4nd*F = 4m(4.16 x 10'7)%(2.52 x 107%) = 5.48 x 10*® W. Then r =
\/5.48 x 1028 /[47(5.67 x 10-8)(9500)4] = 3.1 x 10° m, about four times the Sun’s
radius. Check the sense: a star 140 times as luminous as the Sun but only 1.6 times
as hot must be considerably bigger, since L oc 72T,

Why 7% matters so much. Two stars of the same radius at 3000 K and 6000 K
differ in luminosity by 2* = 16 times; a small error in the temperature is a large error
in the luminosity, which is why the peak wavelength must be read carefully and, for a
receding galaxy, corrected for redshift (below).

Redshift, Hubble’s law and the Big Bang

Cosmological redshift

The spectral lines of light from distant galaxies are seen at longer wave-

lengths than their known laboratory values — the whole spectrum is stretched to-
wards the red. This is redshift
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The hydrogen absorption lines of a distant star are shifted to longer wavelengths — a
redshift

Reading it as a Doppler shift, the galaxy is moving away. For v < ¢:

AN
=

ol

where AN = Ajpserved — Aemitted ad v is the speed of recession . Example: light
emitted at 4.62 x 10~7 m but seen at 4.91 x 10~7 m gives AX = 0.29 x 1077 m and

AN

em

c~19%x10"ms .

V=

Why redshift means an expanding Universe

Almost every distant galaxy is redshifted (a few near ones are blueshifted by
local motion). So galaxies are, on average, moving apart — not just from us but from
each other. The Universe is expanding, with the space between galaxies stretching.
More distant galaxies are redshifted more.

”State what is meant by redshift.” The observed wavelength of the radiation (its
spectral lines) from a source is longer than the wavelength emitted, because the source
is moving away from the observer. It is the Doppler effect for light:
the fractional change in wavelength equals the fractional change in frequency and, for
v < ¢, the ratio v/c.

Worked example. A hydrogen line measured in the laboratory at 656.3 nm is ob-
served in the light from a galaxy at 660.9 nm. Find the galaxy’s speed of recession
and, using Hy = 2.3 x 107 s~ its distance.

AN = 660.9 — 656.3 = 4.6 nm, s0 v = cANA = (3.00 x 10%)(4.6/656.3) = 2.1 x
10° m s™!. Distance: d = v/Hy = 2.1 x 105/2.3 x 107*® = 9.1 x 10?* m (about 100
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million light years). Divide by the emitted (laboratory) wavelength, and keep the
nanometres consistent in the ratio.

Worked example (the other way round). A galaxy in Corona Borealis recedes
at 21400 km s '. At what wavelength is its 656.3 nm hydrogen line observed?

AN = dv/e = 656.3 x (2.14 x 107/3.00 x 10%) = 46.8 nm, so the line appears at
703 nm, moved from the red almost into the infrared. Every line and the whole
continuous spectrum are stretched by the same factor (1 +v/c) = 1.071.

A peak shifted to

longer A
—_—

-~

«gmitted (in the galaxy's frame)
\

\
obserwed: same shape, every
avelerbtq stretched by (1 + v/c)
~

intensity

Amax
Amax(1 + v/c)

wavelength

A receding galaxy’s continuous spectrum keeps its shape but slides to longer
wavelengths. Wien’s law applied to the observed peak gives a temperature that is too
low

A trap the exam sets. If the peak wavelength of a receding galaxy’s spectrum
is fed straight into Wien’s law, the temperature comes out too low, because the
observed M. is longer than the emitted one. Correct the peak first: Acmittea =
Aobserved/ (1 + v/c). Asked to sketch the observed spectrum on the same axes as the
emitted one, draw the same shape shifted to longer wavelengths, peak included.

“Explain how redshift leads to the idea that the Universe is expanding”
(three marks). (1) The spectral lines from (almost) all distant galaxies are shifted
to longer wavelengths, so (2) by the Doppler effect the galaxies are moving away
from us, and (3) the further away a galaxy is, the greater its redshift and so its
speed: this is what would be seen from any galaxy if the space between all galaxies
were expanding, so the Universe as a whole is expanding, not just moving away from
the Earth.

A-Level Physics ¢ 25 Astronomy and cosmology



The Hubble Ultra Deep Field — almost every point of light is a whole galaxy, most of
them redshifted and receding

Hubble’s law

The link between recession speed v and distance d is Hubble’s law

v Hy-d,

where Hj is the Hubble constant (7 2.3x107'8 s71). Always use SI units.
Example: a galaxy receding at 1.9 x 10" m s~ is at d = v/Hy ~ 8.3 x 10** m.

”State Hubble’s law” (two marks). The speed of recession of a galaxy is (directly)
proportional to its distance from the Earth (the observer): v = Hyd, where v is the
recession speed, d the distance and Hy the Hubble constant. Identify every symbol
when asked. The value of Hy is quoted in the exam in SI units (s™'), so v must be in
m s~ and d in metres, never kilometres per second per megaparsec.

Worked example. A star in a distant galaxy emits radiation whose intensity peaks
at 4.62 x 1077 m; the peak in the light received at the Earth is at 4.91 x 10~7 m.
Find the star’s surface temperature, the galaxy’s recession speed, and its distance
(Hy=2.3x 1071 g71),

Temperature from the emitted peak: T = 2.90 x 1073/4.62 x 10~7 = 6300 K. Speed:
v =cANX = (3.00 x 10%)(0.29/4.62) = 1.9 x 10" m s, about 6% of ¢. Distance:
d=v/Hy=19%x107/2.3x 107 = 8.2x 10?* m (about 870 million light years). Using
the observed peak for the temperature would have given 5900 K, 400 K too low.
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gradient =Hy

recession speed v

v=Hod - gradient =H,

>
distance d

Hubble’s law: a galaxy’s recession speed is proportional to its distance, v = Hyd

From Hubble’s law to the Big Bang

Hubble’s law means the galaxies were once together. Running the expansion back-
wards, all distances shrink to zero at ¢ = —1/Hy — the Universe was once a tiny,
hugely dense, hot point. This is the Big Bang . The age of the Universe (for
steady expansion) is about

1
Thge = Fo ~ 4.3 x 10'7 s ~ 14 billion years.

The expansion, the redshift of galaxies, the cosmic microwave background
, and the hydrogen/helium abundances are the main evidence for the Big
Bang.

?Explain how Hubble’s law leads to the Big Bang theory” (three marks).
(1) Galaxies are receding with speeds proportional to their distances, so (2) if
time is run backwards, every galaxy, at whatever distance, arrives at the same point
at the same time, ¢t = d/v = 1/H, ago; (3) so the Universe must have begun as a
single point of enormous density and temperature that has been expanding ever since.
The age estimate: 1/Hy = 1/(2.3 x 1071%) = 4.3 x 10'7 s, and dividing by 3.16 x 107 s
per year gives 1.4 x 1010 years. This assumes the expansion rate has not changed; it
is an estimate, not a measurement.
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Distance ladder

Astronomers combine methods, each calibrated by the one below:

1. parallax — for nearby stars.
2. standard candles (Cepheids, Type la supernovae) — for galaxies.
3. Hubble’s law (d = v/Hy, with v from redshift) — for very distant galaxies.

Hubble's law
distant
calibrates (very distant)
standard candles
laxi
calibrates (galaxies)
)

each rung is calibrated by the one below, reaching ever further

parallax
(nearby stars

The distance ladder: each method is calibrated by the one below and reaches further
out

Definitions the examiner accepts

A definition question is marked against fixed wording. Learn these exactly, and give
one answer only.

Term Definition
luminosity the total power of radiation emitted by a star
radiant flux intensity the power of radiation received per unit area (at right

angles to the radiation), F' = L/(47d?)

standard candle an object of known luminosity, from which a distance
can be found by measuring the flux received

Wien’s displacement law  the wavelength of maximum intensity of a black body
is inversely proportional to its thermodynamic
temperature, \,.«1 = constant

Stefan—Boltzmann law the luminosity of a black body of radius r is
L = 4rwor*T*
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Term Definition

redshift the increase in the observed wavelength of radiation
from a source moving away from the observer

Hubble’s law the speed of recession of a galaxy is proportional to its
distance from the observer, v = Hyd

Hubble constant the constant of proportionality in Hubble’s law, in s7;

1/H estimates the age of the Universe

Big Bang theory the Universe began from a single point of very high
density and temperature and has been expanding since

Exam tips

« Two recipes: distance = candle’s L, measured F, d = \/L/(47F); radius = T
from Amax, L from F and d, r from L = 4wor?T*. Write each step as its own
formula.

o Fis a flux (per square metre), L a power; L = 4wd*F links them and 4r is part of
both laws.

o Wien: Apmay in metres, T in kelvin. Stefan-Boltzmann: 72 and T%; a 10% error in
T is a 46% error in L.

o Redshift: AN/ Aemittea = v/c; then d = v/Hy in SI units. Correct a receding
galaxy’s peak wavelength before using Wien’s law.

o The three “explain” answers (standard candle to distance, redshift to expansion,
Hubble’s law to the Big Bang) are marked point by point: three statements each,
in order.

o The age of the Universe is 1/Hy, about 14 billion years; state the assumption of a
constant expansion rate.

Common mistakes

e Defining luminosity as brightness, or as power per unit area; that is the flux.

e Finding a standard candle’s luminosity from its distance, which is circular; the
luminosity comes from its type.

o Using degrees Celsius in Wien’s or Stefan’s law, or forgetting the fourth power.

o Dividing AX by the observed wavelength instead of the emitted one, or mixing
nanometres and metres in one ratio.

+ Using Hy with v in km s™'; convert to m s~

o Feeding a redshifted peak wavelength into Wien’s law and reporting a temperature
that is too low.
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» Stating Hubble’s law without "proportional” or without saying what v and d are.

» Explaining the Big Bang without the backward-in-time argument that all galaxies
were together at t = 1/Hj ago.
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