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2  Rigid-body equilibrium

3 Circular motion

4 | Hooke's law & elastic energy

5 | Variable force & restitution

6 | Recap

Projectiles and equilibrium

and equilibrium

A projectile is two independent one-dimensional motions

a projectile #fifl 511X moves freely under gravity: constant

the model . - S
acceleration g downwards, and no horizontal acceleration

horizontal X = ucosa - t — constant velocity throughout

vertical y=usina - t— gt — constant acceleration

Cartesian equa- o e el

- eliminate : y = xtano — ———— — a parabola

tion HRRAE 4 2PcosPa "

bounding varying a at fixed u sweeps out an envelope; nothing be-

parabola H4& M2k yond it is reachable at that speed

Treat the two directions separately and let time be the only quantity they share. Every projec-
tile question is solved by finding t from one direction and using it in the other.
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Projectile motion

Separate horizontal & vertical:

1% sin 20 H P sin® a

range =
2g

range = 34.6m, H=5m

jectory, and the boundary of what it can reach

Eliminating t between the two component equations gives the

The trajectory Cartesian equation of the trajectory Zf|j7F — the path — and it is
a parabola

Same speed, many  For one fixed launch speed, every trajectory lies under a bounding

angles parabola: the envelope of everything reachable.

Two launch angles reach the same range; 45° is the one that

Which {
ich angle reaches furthest on level ground.

I Write x and y separately, then eliminate t. The parabola is a result, never the starting point.




nd equilibrium

) quzsmza
2g F
Moment 774 = force x
perpendicular distance; weight
A B acts at the centre of mass J7ii.
/ \ Equilibrium: > F = 0 and
range R Z M=0.
. 100N
- 2 sin 2 He v’ sin? —
range = —— - =5 2m Fx4=100x 2= F=50N
) ) . ) 4m
Treat horizontal and vertical motion separately: constant velocity across, con-
stant acceleration down. Range is greatest at v = 45°.
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Centre of mass, and the two ways a body gives way

The weight acts at the centre of mass [Fi/[». For a uniform flat shape — a Equilibrium of a rigid body needs two conditions
Centre of mass lamina i 7 - find it by symmetry XJ#/; for a composite body, treat it as a

set of particles. . the vector sum of the forces is zero — so no translational accel-
condition 1 SrStion

Toppling F}{Z: the body turns over about an edge, once the line of the

Toppling weight falls outside the base. condition 2 the sum of the moments about any point is zero — so no rota-
tional acceleration
Sliding Sliding JEZfJ: it slips instead, once the applied force exceeds the limiting fric- coplanar all in one plane, so condition 1 is two scalar equations and con-

tion. forces 3T 71 dition 2 is one

take moments about a point where an unknown force acts — it

choosing the point S
e P contributes no moment and drops out

Compare the two thresholds. The smaller one happens; an exam question usu-
Which comes first i B !
ally asks which, and why.
s if a rigid body is in equilibrium under exactly three non-parallel
forces, their lines of action are concurrent
Equilibrium needs both conditions: the vector sum of the coplanar forces L& 77 is zero and

the sum of the moments about any point is zero. Either condition alone is not equilibrium. A body can have zero net force and still spin — that

is a couple, and it is a favourite exam trap.

LCircular motion and elasticity

Circular motion

Circular motion and
elasticity

v = nw; the centripetal acceleration [5]:(fiNiE &
O points to the centre:

v=06m/s, a= 18111/52




LCircular motion and

The hammer thrower is a moving diag

The hammer thrower is a moving diagram of this page. The taut wire pulls the
ball toward the centre — that inward pull is the centripetal force — while the ball's
velocity points along the t

Horizontal circles, vertical circles

Angular speed i & w links to the speed by v = rw, and the centripetal
63

Angular speed 5
G B acceleration is a = nw? = v /r.

In a horizontal circle 7K £ [5] the speed is constant — as in a conical pendu-

Horizontal circle =1 f .
lum [E] %42, a mass swung on a string that traces a cone.

In a vertical circle E—EE the speed changes with height, so use energy con-

Vertical circle servation; the normal contact force 7 [G] 32l 77 or the string tension supplies
the centripetal force.

The string goes slack (or contact is lost) the moment the required centripetal

Where it break: i i
ere it breaks force exceeds what tension or contact can provide.

Constant speed = Newton's second law alone. Changing speed = energy first, then Newton's
second law at the point asked about.
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Hooke's law and elastic energy
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Elastic potential energy

Ax A2
T Frar
) is the modulus of elasticity 3#{44E 5.

T=

o A
Stretching stores elastic potential energy B4 4E £ = %
ghestered enerey where L is the natural length and A the modulus of elastic-

ity S MR

The force grows with the extension, so the energy is the area
Why the square e &
under the force—extension line — hence x2, not x.
It joins kinetic and gravitational potential energy in a conserva-
In an energy equation tion statement; the string doing negative work is the energy it
stores

A stretched string is a battery: whatever went in comes back out when it returns to its natu-
ral length.

Hooke's law and elastic energy, in detail

tension T

extension x

Ay L FolTy MK
T=7x - E=3T. —% (area under graph)

L=2,A=50x=05m T=125N, E=3.125J

Variable force and

momentum




Furth
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\Y]

tum

A position-dependent variable force Z% 7] uses

a=v—,
dx’

before

after

@ 0.5

turning Newton's law into a differential equation in v and x.

@ -

at rest

3.0

_ speed of separation 3.0 — 0.5

=0.5

N speed of approach

5
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Worked example — a collision with restitution

Sphere A ms~!) hits stationary B

Find both final speeds.

(3 kg), with e 5

momentum z5: 2(5) = 2va + 3vg, so
10 = 2va + 3vp

restitution 5 Z 4
ve—va=¢eb5—-0)=25

substituting: 10 = 2v4 + 3(va + 2.5), so
1

va=0.5ms

mvg=30ms!

Two equations, always
the same two: conserva-
tion of linear momen-
tum Z7E5FE and New-
ton's law of restitution,
__ separation speed
"~ approach speed
Check vg > vg, or the
spheres would still be col-

liding.
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How bouncy is the collision?

Newton’s experimental law - S256 TE /2 defines the co-
Newton’ imental = d of ti
ewton's experimental e e ctitution Bl Z 4 o — SPeed of separation.
law speed of approach
with 0 < e< 1.

e = 1is perfectly elastic — no kinetic energy lost. e = 0 is

The two ends inelastic: the bodies stay together.

In an oblique impact £ilfi1Z, resolve the velocities along and
perpendicular to the line of impact. Restitution applies along
it; the perpendicular component is unchanged

Oblique impact

Momentum is conserved in every collision; restitution is the second equation you need, and
only it tells you about the energy.
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Linear motion under a variable force

\['Sz'dzr = [(z*+4x)dx
Newton's law separate and
Sl = 2% + 4z integrate

40 = 1t + 202 + C}

{applyx:O7 v=1 C=4, so v:iﬁ-ﬁ—}%

a position-dependent force becomes a differential equation in v and =

I A position-dependent force becomes a differential equation in v and x
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force and momentum

Use dv/dt when the force depends on time

which form of acceleration?

force depends on time ¢ force depends on position x
dv dv
a= a=v—

T dt dx

gives v as a function of ¢ gives v as a function of «

1
both come from a % with the chain rule; pick the one matching what the force depends on

Use dv/dt when the force depends on time, v dv/dx when it depends on position
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Exam tips

For projectiles, resolve into horizontal (constant velocity) and vertical (a = g)
motion, linked by the same time.

For a rigid body in equilibrium, take moments about a point that removes an
unknown force.

m For circular motion, use F = mvg/r: mw?r towards the centre; in a vertical
circle check the minimum speed at the top.

= With a variable force, use a = v% and integrate; elastic PE = %
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Topic 3 — key takeaways

o Direction of the centripetal acceleration?
o Projectiles o Circular

range u®sin2a/g; parabolic path v = nw, a = v*/rtoward the
centre

Tension formula for an elastic string?

e Hooke o Restitution

T=Mx/L; E=Mx%/2L e = separation/approach speed

Which form of a suits a force depending
on x?

e What is e for a perfectly elastic collision?

I Answers 1. toward the centre 2. T=Ax/L 3.e=1 4.a=vdv/dx




