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2. Further Pure Mathematics 2 Starter Quiz - ¥RHI/N

A-Level Further Mathematics Name: Score:

1. Using cosh x = (e* 4+ e*)/2, what is cosh 07

2. The matrix [[2,1],[1,2]] has characteristic equation (2—\)*> — 1 = 0, giving A = 1 or A = 3. What
is the larger eigenvalue?

3. The derivative of sinh x is:
L] cosh x
[J —cosh x
L] sinh x

O tanh x

4. What is [ 1/(a® + x?) dx?
O (1/a) tan!(x/a) + C
0O sin~!(x/a) + C
O In(a® + x*) + C

O a tan~!(ax) + C

5. De Moivre’s theorem states (cos 6 + i sin )" equals:
L] cos nf + i sin nf
O n(cos 0 + i sin 0)
O cos 0™ + isin 0"
O cos(6/n) + i sin(f/n)
6. For dy/dx + 2y = e”, the integrating factor p = ¢ ([2 dx) is:
O e (2x)
O ex
0 2x
0 e (x?)

7. For any x, what does cosh?x — sinh?x equal?

8. The eigenvalues of a matrix A are found by ng:

A-Level Further Mathematics - Starter quiz EH]/MI @ @



O det(A — AI) = 0

OA=0
O det(A) =1
O Av =0

9. The derivative of tan~'x is 1/(14x?). What is its value at x = 07

10. How many distinct roots of unity does the equation z° = 1 have?
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2.

Further Pure Mathematics 2

A-Level Further Mathematics

1.

10.

1

cosh 0= (e +e%)/2=(1+1)/2=1.

3

(2-)A)?=1—2-\ =41 — A =1 or 3; the larger is 3.
cosh x

d/dx(sinh x) = cosh x (and d/dx(cosh x) = sinh x).
(1/a) tan~'(x/a) + C

This is the standard inverse-tangent integral.

cos nf + i sin nf

Raising to the power n multiplies the argument by n: cos nf + i sin né.

e (2x)

J2 dx = 2x, s0 p = e (2x).

1

The hyperbolic identity is cosh?x — sinh?x = 1.
det(A — M) = 0

The characteristic equation det(A — AI) = 0 gives the eigenvalues.

1

1/(140?%) = 1.

5

z" = 1 has exactly n roots, equally spaced on the unit circle; here n =

A-Level Further Mathematics - Starter quiz {4/l @
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A-LEVEL FURTHER MATHEMATICS  EXERCISE SHEET

2.1 Hyperbolic functions

Name: -~ Class: . Date: Total: 13 marks

KEY WORDS hyperbolic functions X pR %L o logarithmic form %57 =

Objective

Build the skills to answer exam questions on hyperbolic functions XU pR%{ — the
definitions, identities, and the logarithmic form XJZ{H 3, of the inverses.

You must be able to:

e use coshz = J(e” + e 7), sinhaz = £(e” — ™)
o use cosh?x — sinh? x = 1 and related identities

o use sinh™' 2 = In(z + v/22 + 1) and solve equations
1 Worked examples

B Jdentity & solving

\

1.—x X
2€ 2€

(0,1)

e COSh x

- sinhx =258~ . cosh?x - sinh?x = 1= sinh x
I
X

coshx =&4e~

cosh is the average of €* and e™*; sinh s half their difference

(e"+e )P —(e"—e™)? 4 .
4 4

cosh? z — sinh® z =

A-Level Further Mathematics o 2.1 Hyperbolic ns @
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Solve coshx = 2: %:2:>62x—4e’”—|—1:0:>e‘”:2i\/§,len(2:|:\/§).

2 Practice

2.1 Write down the value of cosh 0. 1]

2.2 Evaluate sinh ™' 0 using the logarithmic form. 1]

3 Exam-style questions

3.1 The identity satisfied by hyperbolic functions is: 1]
A cosh? z +sinh*z = 1

B cosh?z — sinh®z = 1

C sinh?z — cosh?z = 1

D cosh?z — sinh?z = —1

3.2 Solve the equation coshx = 3, giving exact answers. [4]

3.3 (a) Show that sinh™'z = In(x + /22 + 1). 4]

A-Level Further Mathematics ¢ 2.1 Hyperbolic ns @
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(b) Hence evaluate sinh™' (%) as a single logarithm.

A-Level Further Mathematics o 2.1 Hyperbolic ns



Solutions
2.1 cosh0=3(1+1)=1.
2.2sinh ' 0=In(0++0+1)=Inl=0.
3.1 B. cosh?z — sinh?>z = 1.
et +e "

3.2 =32 6" +1=0;¢"

3.3 (a)lety = sinh ™'z, 50z = sinhy = L(eV—e7¥); e¥—22eV—1 =0 = ¢/ = 2+V2?2 + 1
(positive root); y = In(x + v22 + 1).

(b) sinh™ 3 =n (34 /5 +1) = (3 +3) =m2.

:%@:3i2\/§;m:m(3i2\/§).

A-Level Further Mathematics ¢ 2.1 Hyperbolic ns @
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Name: ( )Further Mathematics: 9231 Mathematics - Further November 2025 Question Paper 21

Y (tanh ) =
7 (a) Show that dx(tanh x) — [3]

(b) Find the solution of the differential equation

dy
O

o Y= x*tanh " 'x,

for 0 < x < 1, given that y = 0 when x = % Give your answer in an exact form. 9]
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2 (a) Find the exact values of x for which cosh2x = 6sinh’x , giving your answers in logarithmic form.
[4]

(b) Sketch the curves C, : y=cosh2x and C, : y =6 sinh’x on the same diagram. [2]
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6 (a) Starting from the definitions of tanh and sech in terms of exponentials, prove that

1 —tanh?u = sech?u. [3]

N S 4
V11— 4]
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It is given that

x=tanh"'z and y=rsech’lz, for0<z<1.

d
(¢) Show that ay =—V1=7+(1-)sech ™. [4]
dzy
(d) Find —5 in terms of 7. [4]
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2 (a) Starting from the definitions of tanh and sech in terms of exponentials, prove that

tanh?z+ sech?s = 1. [3]

(b) The curve C has parametric equations

x =In(cosh?), y=tan '(sinhs), for0<r<1.

Find the length of C. [5]
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)/el Further Mathematics: 9231 Mathematics - Further June 2025 Question Paper 23

3 The curve C has equation

9y* —3sinh ! (xy) = 1 —31n3.

: dv 1
1
(a) Show that, at the point (4, 3) on C, - [4]
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42
(b) Find the value of a); at the point (4, %). [5]



A-LEVEL FURTHER MATHEMATICS  EXERCISE SHEET

2.2 Matrices (eigenvalues and eigen-
vectors)

Name: ~ Class: . Date: - Total: 14 marks

KEY WORDS cigenvalues £/ {f  characteristic equation 45/ J;fi « eigenvector /[ |i] 5 « matrices %%

Objective

Build the skills to answer exam questions on matrices i — solving Ax = b, the
characteristic equation J5fF 5 #E, eigenvalues £3E{H and eigenvectors FFif [n] &,
and diagonalisation.

You must be able to:

o find eigenvalues from det(A — AI) =0
o find an eigenvector for each eigenvalue
o write A =QDQ™! and use it (e.g. for A")

1 Worked examples

B Eigenvalues & eigenvectors

7

A — 3 // . .
v v direction kept

Aw

direction changed

Multiplying an eigenvector by A only stretches it (by \); a general vector changes
direction

A-Level Further Mathematics o 2.2 Matrices (ei 1es and eigenvectors) @



j area = det =2

2

(ienr ()

2 Practice

2.1 Write down the characteristic equation of a matrix A.

2.2 Find the eigenvalues of <é _02)

3 Exam-style questions
3.1 A vector v is an eigenvector of A with eigenvalue A\ when:

e AAv=0
e« B Av=)v
e« CdetA= A\
e DA=)I

. 31
3.2 The matrix A = (O 2>.

(a) Find the eigenvalues.

A-Level Further Mathematics o 2.2 Matrices (ei 1es and eigenvectors)

Figenvectors are the directions a matrix leaves unturned

- <? 1)’ det(A—A)=(2—-X)*—1=0= \=1 or 3. Eigenvector for A\ = 3:



(b) Find an eigenvector for each eigenvalue. 4]

3.3 The matrix M = (2 1) has eigenvalues 1 and 3. Using M = QDQ~*, find M? and

1 2
verify by direct multiplication. [5]
A-Level Further Mathematics o 2.2 Matrices (ei 1es and eigenvectors) @



Solutions
2.1 det(A — \) = 0.
2.2 A =4 and A = —2 (the diagonal entries).

3.1 B. Av = \v defines an eigenvector.
33— 1
3.2(a)det( 0 2_/\):(3—)\)(2—)\):O:>)\:3,2.
(b) A = 3: (A—BI)V:0:>(0 1>V:0:>V:(1);)\:2: (1 1>V:0:>V:

0 -1 0 0 0
1
-1/
1

(10 9 9] s 9 o\ .. . o (D 4\ .
3.3D—<O 3>,SOM = QD*Q)~" with D* = 09 ; this gives M~ = 45 ; direct:

(2 -(3)~

A-Level Further Mathematics o 2.2 Matrices (ei 1es and eigenvectors) @
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1  Find the values of £ for which the system of equations

x— y+ z=0,
x+ky+3z=0,
x+2y+kz=0,

does not have a unique solution. [3]
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6  The matrix P has non-zero eigenvalues and is given by

a 1 1
P=({0 2a —1 |
0 0 —3a
(a) State, in terms of a, the eigenvalues of P. [1]
(b) (i) Find P? in terms of a. [1]
(ii) Use the characteristic equation of P to find P! in terms of . [3]
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The 3 x 3 matrix A has eigenvalues 1, 2, 3 with corresponding eigenvectors

a 1 1
0, |2al,{—1],
0/ \0/ \=3a
respectively.
(¢) Find A in terms of a. [5]
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8 (a) Find the values of k for which the system of equations
X—y+2kz=1,
kx+y+ 2z=2,
2x—y+ z=3,

does not have a unique solution. [3]
(b) Given that £ :—%, show that the system of equations in part (a) is inconsistent. Interpret this
situation geometrically. [3]

(¢) Given instead that £ =—1, show that the system of equations in part (a) is also inconsistent.
Interpret this situation geometrically. [4]
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The matrix A is given by

I —1 =2
A=-1 1 2|
2 -1 1

(d) Use the characteristic equation of A to show that A* = pA? +gA where p and ¢ are integers to be
determined. [5]
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Additional page

If you use the following page to complete the answer(s) to any question(s), the question number(s) must be
clearly shown.
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8 (a) Find the set of values of a for which the system of equations

Sx+ay =3,
20x—5y =2,
2x—=3y+z =1,

has a unique solution and interpret this situation geometrically. [3]

(b) Given that a z—%, show that the system of equations in part (a) is inconsistent and interpret this

situation geometrically. [3]
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The matrix A is given by
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Additional page

If you use the following page to complete the answer to any question, the question number must be clearly
shown.
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8 (a) It is given that A is an eigenvalue of the non-singular square matrix A, with corresponding
eigenvector e.

Show that e is an eigenvector of A® with corresponding eigenvalue A°. (2]

The matrix A is given by

-1 34
A= 0 10|
0 -25
(b) Show that the eigenvalues of A are —1, 1 and 5. [2]
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(¢) Find a matrix P and a diagonal matrix D such that A —2I = PDP . [6]

(d) Use the characteristic equation of A to show that (A — 2I)3 = aA” 4+ bA + I where a, b and ¢ are
constants to be determined. [3]
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Additional page

If you use the following page to complete the answer to any question, the question number must be clearly
shown.
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8 (a) Find the values of a for which the system of equations

%x+3y+8z =1,
ax+3y+4z =2,

ay— z=73,
does not have a unique solution. [3]
The matrix A is given by
3
53 8
A=|03 4
00 —1

(b) Given that B= A", use the characteristic equation of A to show that B> = pI +¢A, where p and
g are constants to be determined. [4]
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(¢) Find a matrix P and a diagonal matrix D such that A"'=pPDP . 7
g
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Additional page

If you use the following page to complete the answer to any question, the question number must be clearly
shown.



A-LEVEL FURTHER MATHEMATICS  EXERCISE SHEET

2.3 Differentiation (Maclaurin, hyper-
bolic, parametric)

Name: ~ Class: . Date: - Total: 14 marks

KEY WORDS maclaurin’s series 7 4557 M Z¢ %41 « hyperbolic functions Al R4 « further differentiation {34y

Objective

Build the skills to answer exam questions on further differentiation 44} — derivatives

of inverse and hyperbolic functions XU pF 4§, second derivatives of implicit /parametric
curves, and Maclaurin’s series 3% 7555 RZL %K.

You must be able to:

o differentiate sin™! z, tan~! z, sinh z, cosh z, tanh
2

 find d—g for implicit/parametric curves
x

o find a Maclaurin series for a function
1 Worked examples

B Maclaurin series

A-Level Further Mathematics ¢ 2.3 Differentiati aclaurin, hyperbolic, parametric) @
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2 B]
ceX=1+x+5 +5+

X

Adding more terms makes the polynomial match the function over a wider stretch
around x = 0

1,-x 1.x
2€ 2€

~~ -
~ -
-~ -

e COoSh x

coshx =%~ . sinhx =257 . cosh?x —sinh?x = 1= sinhx
I

X

The hyperbolic functions whose derivatives appear here

. / f”(O) 2 '1’2
Maclaurin: f(z) =f(0)+f(0)x+Tm +--0;eg. ele—i—x—i—g—k---.
Derivati 9 g h h tan~! L
erivatives: — SsInhxr = cosnx;, —— tan ~r = .
dx " dw 1+ 22
aclaurin, hyperbolic, parametric) @

A-Level Further Mathematics o 2.3 Differentiati



2 Practice

2.1 Differentiate y = cosh(3x).

2.2 Differentiate y = sin™!(2z).

3 Exam-style questions

d
3.1 — tanh x equals:
dx

A sech?z
B cosech? z
C cosh?z
D sinh?

3.2 Find the Maclaurin series for In(1 + z) up to and including the term in z°.

3.3 A curve is given by = t2, y = 3. Find

A-Level Further Mathematics o 2.3 Differentiati

2

d
d—y in terms of t.

12

aclaurin, hyperbolic, parametric)

3



Solutions

d
2.1 d—y = 3sinh(3z).

T
d 2
2.2 Y _ _—
dr /1 — 422
d 2
3.1 A. —tanhx = sech” z.
dx
8.2 f(0) = 0 fi(z) = 7o, F(0) = L f/(a) = — o (0) = ~L; (0) = 2
3 1 + a;.’ Y (1 —"_ :L')Q’ ) )
2?28
n(l4az)=a—— 45 ...
n(l+z)==x 5 + 3
dx dy dy 3t* 3t d*y d (3t dr  3/2 3
33— =2 — =3280 2 =" ="sJ ()0 T2 2
dt T dt OUr T2t T 2 dnr dat\ 2 e 2t 4
A-Level Further Mathematics ¢ 2.3 Differentiati aclaurin, hyperbolic, parametric) @
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2

The curve C has parametric equations

x=sinh¢ and y=t¢+coshz.

d
(a) Find ay in terms of 7. [2]
d*y _ 1—sinh¢

b) Show that = .
(®) dx? cosh’z
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3  The variables x and y are such that y =2 when x =—1 and

*y+ (x+y)* = 3.

d
(a) Show that - = T when x=—1. 3]
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d2
(b) Find the value of —2 when x =—1. 6]
dx2
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7 (a) Show that Lk%)m/4 —x“+2sin”" (%x)) =vV4—x. [3]

dx
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7  The curve C has parametric equations

x= 81n(tan%t) —3cott—3¢t, y= 6ln(tan%t) +4cotr+4¢, for %TC SIS %TE.

(a) (i) Show that % = 8 cosec 7+ 3 cot’t. [1]
o e dy

(ii) Find a [1]

(iii) Find the exact value of the length of C [6]
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(b) Show that

d?y B acottcosec #(cosec’t+ 1)
dx? (bcosec 1+ ccot’s)”

where a, b, ¢ and n are integers to be determined. [5]
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1  Find the Maclaurin’s series for e\**2) up to and including the term in x*. [5]



A-LEVEL FURTHER MATHEMATICS  EXERCISE SHEET

2.4 Integration (standard forms, re-
duction formulae)

Name: ~ Class: . Date: - Total: 16 marks

KEY WORDS completing the square it J7/  reduction formula #4350 « further integration /)
o arc length 5 1<

Objective

Build the skills to answer exam questions on further integration 14} — the standard
inverse-function integrals, reduction formulae ##f/s3, and arc length .

You must be able to:

e use [ i drand [ \/ﬁ dr (and completing the square)
¢ derive and use a reduction formula

e find an arc length

1 Worked examples

B Standard integrals & reduction

A-Level Further Mathematics o 2.4 Integration wrd forms, reduction formulae) @



area to the left
=0.5

m
median m solves F(m) = [ _ fix)dx =1

T :Sin’lg—i—C.

[ ="

2 Practice

1
2.1 Find/ dz.
9+ 22

1
2.2 Find —dx
/ V25 — 22

A-Level Further Mathematics o 2.4 Integration

1

median m=v2

An integral is the area under a curve; the inverse-function forms handle

/a2 — 52

Reduction: I, = foﬂﬂ sin™ x dx satisfies I,, =

&)

n—1

I, .

ard forms, reduction formulae)

>

_1
a?+x?

and



3 Exam-style questions

2
1
3.1 /0 g dx equals:

>

AN A Nool )

w/2
3.2 Let I, = / sin” x dzx.
0

(a) Using integration by parts, show that I,, =

(b) Hence evaluate 4.

n_
— 1,5 forn > 2.
n

1
3.3 Find / —— dx by completing the square.

22 — 4z + 13

A-Level Further Mathematics o 2.4 Integration

©
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Solutions
2.1 %tz&m‘1 % + C.

2.2 sin~! % tC.

1 1212 _ 1 171 _ 1 =& _
3.1 A. btan §}O_§tan 1_5.1_

|3

3.2(a) I, = OW/Q sin"~! x sin z dx; by parts (u = sin" ' x, dv = sinx dx): I, = [~ sin" ' x cos x]g/2+

(n —1) Oﬂ/z sin"~? z cos? z dx; the boundary term is 0; cos?z = 1 — sinz gives I, =
n—1
(n—1)(I—2 — I,); so nl, = (n — 1)1, o, ie. I, = I, .
7r T 3T
1 T —

3322 —4r+13 = x—22+9;/—d:c:ltan1 +C.

( ) (x—2)2+9 3 3
A-Level Further Mathematics o 2.4 Integration ard forms, reduction formulae) @
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3  Theintegral / is definedby I = J (14+x?) dx.
n n 0

(a) By considering %(x(l +x2)”>, or otherwise, show that
@Qn+1)I =2"+2nl _,. [5]
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(b) Find the exact value of 7_,. [4]
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5
y
A
o 1 2 =1
n n n

The diagram shows the curve with equation y = %x3 +x for 0 <x <1, together with a set of n

rectangles of width %

1
(lx3 +x)dx < U, where

(a) By considering the sum of the areas of these rectangles, show that f 3

0
_ L7
U, = 12(1 - n)<7+ n)

[5]
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1

(b) Use a similar method to find, in terms of #, a lower bound L  for f G x —|—x>dx. (4]
0

(c) Show that lim(U, —L,) = 0. [2]
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1  The curve C has polar equation = ¢3° for 0 <6 < .

Find the length of C. Give your answer in an exact form. (4]
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6 (a) Use the substitution x = 5v2sinhu to find J ————dx. [3]
Vox*+1

y
A

i i | :>x
0 1 2 n—1 1

n n n

The diagram shows the curve with equation y = for 0 <x <1, together with a set of

1
V2x?+1

n rectangles of width %

(b) By considering the sum of the areas of these rectangles, show that

Zﬁ <L2n(/2+V3). (5]
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(¢) Use a similar method to find, in terms of 7, a lower bound for Z
r=I1

(d) Deduce the exact value of lim

X 1
_ 1
"ﬂw;\/Zrz—l-nz L]



Name: (

)Further Mathematics: 9231 Mathematics - Further November 2025 Question Paper 24

1 Itis given that / = J x" sinhx dx, where » is a non-negative integer.

()

0
Show that, for n = 2,

I =coshl—nsinhl+n(n—-1)1 _,. [3]
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_________

_________

S

l >
0 i 2 N-1 *
N N N

The diagram shows the curve with equation y = %(3 x) for 0 < x < 1, together with a set of N rectangles
each of width L,

N
1
(a) By considering the sum of the areas of these rectangles, show that J;) %<3x)dx < U,, where
3
N
U, =—-3 [4]
NGBV —1)
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1



Name: (
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2 Letl = J (1 —x)n sinhx dx, where # is a non-negative integer.

0
(a) Show that,forn=>2, I =—1+n(n—-1I __,. [4]
(b) Find the exact value of 7. [3]
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Pp<

S
[\) S
(98] S

The diagram shows the curve with equation y = %eﬁ for x = 1, together with a set of » — 1 rectangles
of unit width. *

(a) By considering the sum of the areas of these rectangles, show that
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Name: (

for 0 < x < 1, together with a set of » rectangles

1

¥ +1

The diagram shows the curve with equation y

of width 1.

n

(a) By considering the sum of the areas of these rectangles, show that

1
<%

+r2

2

n

Zn:
r=1
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(b) Use a similar method to find a lower bound for Z% Give your answer in terms of »
—in"+r
and 7. [4]
(¢) Deduce the exact value of lim 3 irz [1]
r=1
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2.5 Complex numbers (de Moivre’s the-
orem)

Name: ~ Class: . Date: - Total: 15 marks

KEY WORDS de moivre’s theorem £ 525 5E o roots of unity B/ {E « complex number & 4§

Objective

Build the skills to answer exam questions on complex numbers &% — de Moivre’s
theorem I35 EH expanding cosnf/sin nf, and the roots of unity H{i/ .

You must be able to:

o use (cosf +isinf)" = cosnf + isinnd
« express cosnf/sinnf in powers (and powers in multiple angles)
« find the nth roots of a complex number

1 Worked examples

B De Moivre & roots of unity

The solutions of z" =1 are equally spaced around the unit circle

cos 30: real part of (cos@ + isin#)® = cos®§ — 3cosfsin? @ = 4 cos® § — 3 cos .

Roots of unity: 2" =1= 2 =e>"*/" [ =0,...,n— 1.

A-Level Further Mathematics o 2.5 Complex nu (de Moivre’s theorem) @



2 Practice

2.1 Use de Moivre to write (cosf + isinf)?* in the form cos() + i sin( ).

2.2 Write down the three cube roots of unity in polar form.

3 Exam-style questions
3.1 By de Moivre’s theorem, (cos @ + isin6)° equals:

A cos 50 + isin 50
B 5cosf + 5isin 6
C cosf + isin b0

D cos® f + isin® @

3.2 (a) Use de Moivre’s theorem to show that sin 30 = 3sin§ — 4sin® 6.

ence solve 4sin° 0 — 3sinb + = = or <t <s3.
b) H Ive 4sin®¢ — 3sinf+ 3 =0for 0 <@ <2

3.3 Find the four roots of z* = 16, giving them in the form z + iy.

A-Level Further Mathematics o 2.5 Complex nu (de Moivre’s theorem)
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Solutions

2.1 cos460 + isin 46.

2.2 1, COS%Tr +isin2§, COS%Tr +isin4§.

3.1 A. (cosf +isinf)° = cos 56 + isin 5.

3.2 (a) imaginary part of (cos @+isin #)® = cos 30 +isin 36: sin 30 = 3 cos? § sin § —sin® 0);
= 3(1 — sin?#) sin @ — sin® @ = 3sin — 4sin® 6.

(b) 4sin®6 — 3sinf = —sin 36, so the equation is —sin30 + 1 = 0 = sin30 = 3; for
0<30<3,30=7%or % 0=% or 22

3322=16=2=2e"%"2k=0,1,2,3;2=2, 2i, -2, —2i.

A-Level Further Mathematics o 2.5 Complex nu (de Moivre’s theorem) @
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8 (a) State the sum of the series z+ 2> +...+ 2", forz # 1.

| n+2 . 1n-i-l . 1.
n 5) smn9—<5> sin(n+1)0+5sin6
>| sinm6 =
;<2> 7 —coso
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(¢) Use the result in (b) to find Z(%) mcosm@ in terms of » and 6. [You do not need to simplify
your answer. ] m=1 [3]

(d) Hence find Z(%) mcos m0 in terms of cos 6. [ You may assume that % —0asn— o] [2]

m=1
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Additional page

If you use the following lined page to complete the answer(s) to any question(s), the question number(s)
must be clearly shown.
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2 Find the roots of the equation 2t =8-8iv3, giving your answers in the form re'®, where r > 0 and
-n<0<Tm. [5]
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4 (a) By considering the binomial expansion of kz—i—é) , where z = cosO+isinf, use de Moivre’s

theorem to show that
cos®0 = acos60+bcos40+ccos20+d,

where a, b, ¢ and d are constants to be determined. [5]
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(b)

1
ST
Find the exact value of fz cos®2xdx. [3]
0
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3 (a) Use de Moivre’s theorem to show that

sin 50 = 16sin°6—20sin> 6+ 5sin 6. [4]
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(b) Hence obtain the roots of the equation
32x° —40x° +10x— V3 =0
in the form singm, where ¢ is a rational number. [4]
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1  Find the roots of the equation z° = 27—27i, giving your answers in the form re'?, where r > 0 and
-n<0<Tm. [5]
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3 By considering the binomial expansion of (z— é) , where z = cos O +1sin6, use de Moivre’s theorem
to show that

a
sin50+ bsin30+csinb’

cosec’ 0 =

where a, b and c are integers to be determined. [6]
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5 (a) Use de Moivre’s theorem to show that

sec’ 0 [6]

sec50 = 2 5 .
S5sec’@—20sec“ 6+ 16
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(b) Hence, obtain the roots of the equation
V3x® —10x* +40x* =32 =0
in the form sec(qm), where g is rational. (4]
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2.6 Differential equations

Name: -~ Class: . Date: Total: 14 marks

KEY WORDS general solution iifi# « integrating factor f1/) A o auxiliary equation f{jfj /i ¢ complementary fi

o particular integral 45FH /)

Objective

Build the skills to answer exam questions on differential equations i/ 5 #& — the
integrating factor f143 [ for first-order linear equations, and the complementary
function 43 pK%Y plus particular integral $5fH/4) for second-order constant-coefficient
equations.

You must be able to:

d
« solve d—y + P(z)y = Q(z) with = e/ Pd=
x
 solve ay” + by’ + cy = 0 via the auxiliary equation (the CF)
o find a particular integral and the general solution

1 Worked examples

B Integrating factor & CF-+PI

A-Level Further Mathematics o 2.6 Differential ms @
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AR\ RN /
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NN N TS /
NN T~ — /
T~ — 7 Y =x-y'
_— /]
each segment is local ;ope a solution is tangent to every segment it meets

X

A solution curve stays tangent to the slope field everywhere

d d
d—y +2y = €% = e %(yezx) = e, 5oy =zse" + Ce

Second order: y" — 5y + 6y = 0 — auxiliary m? —5m +6 = 0 — y = Ae*® + Be’?.

2 Practice

d
2.1 Write down the integrating factor for d_y +3y == 1]
x
2.2 Write the auxiliary equation of 4" —y' — 6y = 0. [1]
A-Level Further Mathematics ¢ 2.6 Differential ms @



3 Exam-style questions
3.1 The complementary function of y” + 4y = 0 is:

e A Ae** 4 Be %

e B Acos2x + Bsin2x
o C Ae*

« DA+ Bx

d 1
3.2 Solve d_y + —y = 2% (for z > 0), given y = 1 when z = 1.
r

Py dy
3.3 Solve —= — 3—= + 2y = 4x.
dx? dx Y
A-Level Further Mathematics o 2.6 Differential ms



Solutions

2.1 pu= ef3dr — g3

22m?>—m—-6=0.

3.1 B. Auxiliary m? + 4 = 0 = m = +2i, giving A cos 2z + B sin 2x.

3.2 = el0/0)de — gne — 4. %(wy) =t ay=1r'"+Ciy=latz=11=1+C=
Cz%;y:ix:"w—ﬂ.
3.3 auxiliary m? —3m +2 =0 = m = 1,2, so CF = Ae® + Be**; try Pl y = ax + b:
—3a + 2(ax +b) = 4r = 2a = 4, —3a+2b = 0; a = 2, b = 3; general solution
y = Ae® + Be* + 2z + 3.

A-Level Further Mathematics o 2.6 Differential ms @
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4  Find the particular solution of the differential equation

d’y  dy 2
5dx2+2dx+y=x +5x+3,
. dy
given that, when x = 0, yzazo [10]
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Y (tanh ) =
7 (a) Show that dx(tanh x) — [3]

(b) Find the solution of the differential equation

dy
O

o Y= x*tanh " 'x,

for 0 < x < 1, given that y = 0 when x = % Give your answer in an exact form. 9]
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5 (a) Find the general solution of the differential equation

d—2y+4d—y+3 =5 7
& qc T3y = Scosx. [7]
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(b) For large positive values of x and for any initial conditions, show that the solution to part (a) can
be approximated by

y = Rsin(x+¢),
where the constants R and ¢ are to be determined. [3]
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5 (a) Find the general solution of the differential equation

d’y dy .
@+a+y—sm2x+cos2x. [7]
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(b) For large positive values of x and for any initial conditions, show that the solution to part (a) can
be approximated by

y = Rsin(2x—¢),
where R and ¢ are positive constants to be determined. [3]



Name: ( )Further Mathematics: 9231 Mathematics - Further November 2025 Question Paper 24

6  Find the particular solution of the differential equation

d
_y+ 1+x

dx 1—2x—x2y: :

given that y = © when x = 0. Give your answer in an exact form. [10]
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5  Find the particular solution of the differential equation

d’x , adx
6dt2+3dt+6x—e ,
: _ _dx _
given that, when 1 =0, x = T 0 [10]
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7  Find the solution of the differential equation

dy x+5

AT :1,
& 2+ 10xt+61°

given that y = 0 when x = 3. Give your answer in an exact form. [10]
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4  Find the particular solution of the differential equation

Ex_ dx 5 2
dt2+dt 2x =2t +1—1,
. _ _dx _
given that, when 1 =0, x = T 0 [10]
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7  Find the solution of the differential equation

dy _ 2x+6 y=
dx  x*+6x+5 ’
given that y = 0 when x = 0. Give your answer in an exact form. [9]
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