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2. Further Pure Mathematics 2 Starter Quiz ·课前小测

A-Level Further Mathematics Name: Score:

1. Using cosh x = (ex + e−x)/2, what is cosh 0?

2. The matrix [[2,1],[1,2]] has characteristic equation (2−λ)2 − 1 = 0, giving λ = 1 or λ = 3. What
is the larger eigenvalue?

3. The derivative of sinh x is:

□ cosh x

□ −cosh x

□ sinh x

□ tanh x

4. What is
∫

1/(a2 + x2) dx?

□ (1/a) tan−1(x/a) + C

□ sin−1(x/a) + C

□ ln(a2 + x2) + C

□ a tan−1(ax) + C

5. De Moivre’s theorem states (cos θ + i sin θ)n equals:

□ cos nθ + i sin nθ

□ n(cos θ + i sin θ)

□ cos θn + i sin θn

□ cos(θ/n) + i sin(θ/n)

6. For dy/dx + 2y = ex, the integrating factor µ = e^(
∫

2 dx) is:

□ e^(2x)

□ e^x

□ 2x

□ e^(x2)

7. For any x, what does cosh2x − sinh2x equal?

8. The eigenvalues of a matrix A are found by solving:
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□ det(A − λI) = 0

□ A = 0

□ det(A) = 1

□ Av = 0

9. The derivative of tan−1x is 1/(1+x2). What is its value at x = 0?

10. How many distinct roots of unity does the equation z5 = 1 have?

A-Level Further Mathematics · Starter quiz 课前小测 24



2. Further Pure Mathematics 2 Answers ·答案

A-Level Further Mathematics

1. 1

cosh 0 = (e0 + e0)/2 = (1 + 1)/2 = 1.

2. 3

(2−λ)2 = 1 → 2−λ = ±1 → λ = 1 or 3; the larger is 3.

3. cosh x

d/dx(sinh x) = cosh x (and d/dx(cosh x) = sinh x).

4. (1/a) tan−1(x/a) + C

This is the standard inverse-tangent integral.

5. cos nθ + i sin nθ

Raising to the power n multiplies the argument by n: cos nθ + i sin nθ.

6. e^(2x)∫
2 dx = 2x, so µ = e^(2x).

7. 1

The hyperbolic identity is cosh2x − sinh2x = 1.

8. det(A − λI) = 0

The characteristic equation det(A − λI) = 0 gives the eigenvalues.

9. 1

1/(1+02) = 1.

10. 5

zn = 1 has exactly n roots, equally spaced on the unit circle; here n = 5.
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A-LEVEL FURTHER MATHEMATICS • EXERCISE SHEET

2.1 Hyperbolic functions

Name: Class: Date: Total: 13 marks

KEY WORDS hyperbolic functions双曲函数 • logarithmic form对数形式

Objective
Build the skills to answer exam questions on hyperbolic functions 双曲函数 — the
definitions, identities, and the logarithmic form 对数形式 of the inverses.

You must be able to:

• use coshx = 1
2
(ex + e−x), sinhx = 1

2
(ex − e−x)

• use cosh2 x− sinh2 x = 1 and related identities
• use sinh−1 x = ln(x+

√
x2 + 1) and solve equations

1 Worked examples

Identity & solving

x

(0, 1)

1
2ex1

2e x

cosh x
sinh xcosh x = ex + e x

2   ·  sinh x = ex e x

2   ·  cosh2 x sinh2 x = 1

cosh is the average of ex and e−x; sinh is half their difference

cosh2 x− sinh2 x =
(ex + e−x)2 − (ex − e−x)2

4
=

4

4
= 1.

A-Level Further Mathematics • 2.1 Hyperbolic functions 1
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Solve coshx = 2: ex + e−x

2
= 2 ⇒ e2x − 4ex +1 = 0 ⇒ ex = 2±

√
3, x = ln(2±

√
3).

2 Practice
2.1 Write down the value of cosh 0. [1]

2.2 Evaluate sinh−1 0 using the logarithmic form. [1]

3 Exam-style questions
3.1 The identity satisfied by hyperbolic functions is: [1]

• A cosh2 x+ sinh2 x = 1

• B cosh2 x− sinh2 x = 1

• C sinh2 x− cosh2 x = 1

• D cosh2 x− sinh2 x = −1

3.2 Solve the equation coshx = 3, giving exact answers. [4]

3.3 (a) Show that sinh−1 x = ln(x+
√
x2 + 1). [4]

A-Level Further Mathematics • 2.1 Hyperbolic functions 2
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(b) Hence evaluate sinh−1(3
4
) as a single logarithm. [2]

A-Level Further Mathematics • 2.1 Hyperbolic functions 3
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Solutions
2.1 cosh 0 = 1

2
(1 + 1) = 1.

2.2 sinh−1 0 = ln(0 +
√
0 + 1) = ln 1 = 0.

3.1 B. cosh2 x− sinh2 x = 1.

3.2 ex + e−x

2
= 3 ⇒ e2x − 6ex + 1 = 0; ex =

6±
√
32

2
= 3± 2

√
2; x = ln(3± 2

√
2).

3.3 (a) let y = sinh−1 x, so x = sinh y = 1
2
(ey−e−y); e2y−2xey−1 = 0 ⇒ ey = x+

√
x2 + 1

(positive root); y = ln(x+
√
x2 + 1).

(b) sinh−1 3
4
= ln

(
3
4
+
√

9
16

+ 1
)
= ln

(
3
4
+ 5

4

)
= ln 2.

A-Level Further Mathematics • 2.1 Hyperbolic functions 4
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7 (a) Show that tanhx x x1 1dd 1 2= --` j . [3]

 ............................................................................................................................................................
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 (b) Find the solution of the differential equation

tanhx xy y x xdd 2 1- = - ,

  for x0 11 1 , given that y 0=  when x 21= . Give your answer in an exact form. [9]
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2 (a) Find the exact values of x for which cosh sinhx x2 6 2=  , giving your answers in logarithmic form. [4] ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
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 ............................................................................................................................................................
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 ............................................................................................................................................................
 ............................................................................................................................................................

 (b) Sketch the curves coshC y x21 | =  and sinhC y x62 2| =  on the same diagram. [2]
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6 (a) Starting from the definitions of tanh and sech in terms of exponentials, prove that
    tanh sechu u1 2 2- = . [3]
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 (b) Show that ( )secht t t t1
1dd 1 2=- -

- . [4]
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 It is given that
tanhx t1= -       and      sechy t t1= - ,      for t0 11 1 .

 (c) Show that sechxy t t t1 1dd 2 2 1=- - + - -` j . [4]
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 (d) Find x
y

d
d

2
2  in terms of t. [4]
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2 (a) Starting from the definitions of tanh and sech in terms of exponentials, prove that
    tanh secht t 12 2+ = . [3]
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 ............................................................................................................................................................
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 (b) The curve C has parametric equations
( )ln coshx t= ,     ( )tan sinhy t1= - ,     for t0 1G G .

  Find the length of C. [5]
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3 The curve C has equation
( )sinh lny xy9 3 1 3 32 1- = -- .

 (a) Show that, at the point ( , )4 31  on C, xy 21dd =- . [4]
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 (b) Find the value of x
y

d
d

2
2  at the point ( , )4 31 . [5]
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A-LEVEL FURTHER MATHEMATICS • EXERCISE SHEET

2.2 Matrices (eigenvalues and eigen-
vectors)

Name: Class: Date: Total: 14 marks

KEY WORDS eigenvalues特征值• characteristic equation特征方程• eigenvector特征向量• matrices矩阵

Objective
Build the skills to answer exam questions on matrices 矩阵 — solving Ax = b, the
characteristic equation 特征方程, eigenvalues 特征值 and eigenvectors 特征向量,
and diagonalisation.

You must be able to:

• find eigenvalues from det(A− λI) = 0

• find an eigenvector for each eigenvalue
• write A = QDQ−1 and use it (e.g. for An)

1 Worked examples

Eigenvalues & eigenvectors

Av = 3v

v

direction kept

w

Aw

direction changed

Multiplying an eigenvector by A only stretches it (by λ); a general vector changes
direction

A-Level Further Mathematics • 2.2 Matrices (eigenvalues and eigenvectors) 1
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area = det = 2

i

j

1

Eigenvectors are the directions a matrix leaves unturned

A =

(
2 1
1 2

)
: det(A − λI) = (2 − λ)2 − 1 = 0 ⇒ λ = 1 or 3. Eigenvector for λ = 3:(

1
1

)
; for λ = 1:

(
1
−1

)
.

2 Practice
2.1 Write down the characteristic equation of a matrix A. [1]

2.2 Find the eigenvalues of
(
4 0
0 −2

)
. [1]

3 Exam-style questions
3.1 A vector v is an eigenvector of A with eigenvalue λ when: [1]

• A Av = 0
• B Av = λv
• C detA = λ

• D A = λI

3.2 The matrix A =

(
3 1
0 2

)
.

(a) Find the eigenvalues. [2]

A-Level Further Mathematics • 2.2 Matrices (eigenvalues and eigenvectors) 2
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(b) Find an eigenvector for each eigenvalue. [4]

3.3 The matrix M =

(
2 1
1 2

)
has eigenvalues 1 and 3. Using M = QDQ−1, find M2 and

verify by direct multiplication. [5]

A-Level Further Mathematics • 2.2 Matrices (eigenvalues and eigenvectors) 3
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Solutions
2.1 det(A− λI) = 0.

2.2 λ = 4 and λ = −2 (the diagonal entries).

3.1 B. Av = λv defines an eigenvector.

3.2 (a) det
(
3− λ 1
0 2− λ

)
= (3− λ)(2− λ) = 0 ⇒ λ = 3, 2.

(b) λ = 3: (A − 3I)v = 0 ⇒
(
0 1
0 −1

)
v = 0 ⇒ v =

(
1
0

)
; λ = 2:

(
1 1
0 0

)
v = 0 ⇒ v =(

1
−1

)
.

3.3 D =

(
1 0
0 3

)
, so M2 = QD2Q−1 with D2 =

(
1 0
0 9

)
; this gives M2 =

(
5 4
4 5

)
; direct:(

2 1
1 2

)2

=

(
5 4
4 5

)
✓.

A-Level Further Mathematics • 2.2 Matrices (eigenvalues and eigenvectors) 4
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1 Find the values of k for which the system of equations
,
,
,

x y z
x ky z
x y kz

0
3 0

2 0
- + =
+ + =
+ + =

 does not have a unique solution. [3]
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6 The matrix P has non-zero eigenvalues and is given by

    P a a a00
120

113= --f p.

 (a) State, in terms of a, the eigenvalues of P. [1]
 ............................................................................................................................................................
 ............................................................................................................................................................

 (b) (i) Find P2  in terms of a. [1]
 ....................................................................................................................................................
 ....................................................................................................................................................
 ....................................................................................................................................................
 ....................................................................................................................................................
 ....................................................................................................................................................
 ....................................................................................................................................................
 ....................................................................................................................................................

  (ii) Use the characteristic equation of P to find P 1-  in terms of a. [3]
 ....................................................................................................................................................
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 The 3 3#  matrix A has eigenvalues 1, 2, 3 with corresponding eigenvectors
a00f p, a0

12f p, a
113--f p,

 respectively.
 (c) Find A in terms of a. [5]
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8 (a) Find the values of k for which the system of equations
,
,
,

x y kz
kx y z
x y z

2 1
2 2

2 3
- + =
+ + =
- + =

  does not have a unique solution. [3]
 ...................................................................................................................................................
 ...................................................................................................................................................
 ...................................................................................................................................................
 ...................................................................................................................................................
 ...................................................................................................................................................
 ...................................................................................................................................................
 ...................................................................................................................................................
 ...................................................................................................................................................
 ...................................................................................................................................................
 ...................................................................................................................................................

 (b) Given that k 21=- , show that the system of equations in part (a) is inconsistent. Interpret this 
situation geometrically. [3]
 ...................................................................................................................................................
 ...................................................................................................................................................
 ...................................................................................................................................................
 ...................................................................................................................................................
 ...................................................................................................................................................

 (c) Given instead that k 1=- , show that the system of equations in part (a) is also inconsistent. Interpret this situation geometrically. [4]
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 The matrix A is given by

A 112
111

221= - -
-

-f p.

 (d) Use the characteristic equation of A to show that A A Ap q4 2= +  where p and q are integers to be determined. [5]
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8 (a) Find the set of values of a for which the system of equations 

    
x ay
x y

5
20 5

+
- ,2=

,3=
,x y z2 3 1- + =

  has a unique solution and interpret this situation geometrically. [3]
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 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................

 (b) Given that a 45=- , show that the system of equations in part (a) is inconsistent and interpret this 
situation geometrically. [3]  
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  The matrix A is given by 

    A 5202
053

001= --f p.

 (c) Find a matrix P and a diagonal matrix D such that ( )A I PDP3 2 1+ = - . [7]
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8 (a) It is given that m  is an eigenvalue of the non-singular square matrix A, with corresponding eigenvector e.
  Show that e is an eigenvector of A3  with corresponding eigenvalue 3m . [2]

 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................

 The matrix A is given by

A 100
312

405= -
-f p.

 (b) Show that the eigenvalues of A are 1- , 1 and 5. [2]
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 (c) Find a matrix P and a diagonal matrix D such that A PDPI2 1- = - . [6]
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
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 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................

 (d) Use the characteristic equation of A to show that ( )A I A A Ia b c2 3 2- = + +  where a, b and c are constants to be determined. [3]
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8 (a) Find the values of a for which the system of equations
,
,
,

x y z
ax y z

ay z
3 8 1
3 4 2

3
23 + + =

+ + =
- =

  does not have a unique solution. [3]
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................

 The matrix A is given by

    A 00
330

841
23= -f p.

 (b) Given that B A 1= - , use the characteristic equation of A to show that B I Ap q2 = + , where p and q are constants to be determined. [4]
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 (c) Find a matrix P and a diagonal matrix D such that A PDP1 1=- - . [7]
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A-LEVEL FURTHER MATHEMATICS • EXERCISE SHEET

2.3 Differentiation (Maclaurin, hyper-
bolic, parametric)

Name: Class: Date: Total: 14 marks

KEY WORDS maclaurin’s series麦克劳林级数• hyperbolic functions双曲函数• further differentiation微分

Objective
Build the skills to answer exam questions on further differentiation微分— derivatives
of inverse and hyperbolic functions双曲函数, second derivatives of implicit/parametric
curves, and Maclaurin’s series 麦克劳林级数.

You must be able to:

• differentiate sin−1 x, tan−1 x, sinhx, cosh x, tanhx

• find d2y

dx2
for implicit/parametric curves

• find a Maclaurin series for a function

1 Worked examples

Maclaurin series

A-Level Further Mathematics • 2.3 Differentiation (Maclaurin, hyperbolic, parametric) 1
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x

ex

1 + x
+x2

2!

+x3

3!

f(x) =
n = 0

f(n)(0)
n! xn  ·  ex = 1 + x + x2

2! + x3

3! +

Adding more terms makes the polynomial match the function over a wider stretch
around x = 0

x

(0, 1)

1
2ex1

2e x

cosh x
sinh xcosh x = ex + e x

2   ·  sinh x = ex e x

2   ·  cosh2 x sinh2 x = 1

The hyperbolic functions whose derivatives appear here

Maclaurin: f(x) = f(0) + f ′(0)x+
f ′′(0)

2!
x2 + · · · ; e.g. ex = 1 + x+

x2

2!
+ · · · .

Derivatives: d

dx
sinhx = coshx; d

dx
tan−1 x =

1

1 + x2
.

A-Level Further Mathematics • 2.3 Differentiation (Maclaurin, hyperbolic, parametric) 2
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2 Practice
2.1 Differentiate y = cosh(3x). [2]

2.2 Differentiate y = sin−1(2x). [2]

3 Exam-style questions

3.1 d

dx
tanhx equals: [1]

• A sech2 x

• B cosech2 x

• C cosh2 x

• D sinh2 x

3.2 Find the Maclaurin series for ln(1 + x) up to and including the term in x3. [4]

3.3 A curve is given by x = t2, y = t3. Find d2y

dx2
in terms of t. [5]

A-Level Further Mathematics • 2.3 Differentiation (Maclaurin, hyperbolic, parametric) 3

39



Solutions

2.1 dy

dx
= 3 sinh(3x).

2.2 dy

dx
=

2√
1− 4x2

.

3.1 A. d

dx
tanhx = sech2 x.

3.2 f(0) = 0; f ′(x) =
1

1 + x
, f ′(0) = 1; f ′′(x) = − 1

(1 + x)2
, f ′′(0) = −1; f ′′′(0) = 2;

ln(1 + x) = x− x2

2
+

x3

3
− · · · .

3.3 dx

dt
= 2t, dy

dt
= 3t2, so dy

dx
=

3t2

2t
=

3t

2
; d2y

dx2
=

d

dt

(
3t

2

)
÷ dx

dt
=

3/2

2t
=

3

4t
.
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2 The curve C has parametric equations
sinhx t=     and    coshy t t= + .

 (a) Find xydd  in terms of t. [2]
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 (b) Show that coshsinhx
y

t t1d
d

2
2

3= - . [4]
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 (c) Find the Maclaurin’s series for y in terms of x up to and including the term in x2 . [2]
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3 The variables x and y are such that y 2=  when x 1=-  and
( )x y x y 32 3+ + = .

 (a) Show that xy 41dd =  when x 1=- . [3]
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 (b) Find the value of x
y

d
d2

2  when x 1=- . [6]
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7 (a) Show that sinx x x x x4 2 4dd 21 2 1 21 2- + = --e b lo . [3]
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 (b) Find the solution of the differential equation

x xy xy 2 22 2dd + + = -

  for which y 21=  when x 1= . Give your answer in an exact form. [8]
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7 The curve C has parametric equations  
    ( )ln tan cotx t t t8 3 321= - - ,     ( )ln tan coty t t t6 4 421= + + ,      for r rt61 31G G .

 (a) (i) Show that cosec cottx t t8 3dd 2= + . [1]
 ....................................................................................................................................................
 ....................................................................................................................................................
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  (ii) Find tydd . [1]
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 ....................................................................................................................................................

  (iii) Find the exact value of the length of C. [6]
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 (b) Show that     ( )
( )

cosec cot
cot cosec cosec

x
y

b t c t
a t t t 1

d
d

n2
2

2
2= +

+ ,
  where a, b, c and n are integers to be determined. [5]
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1 Find the Maclaurin’s series for e x 21+b l up to and including the term in x2. [5]
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A-LEVEL FURTHER MATHEMATICS • EXERCISE SHEET

2.4 Integration (standard forms, re-
duction formulae)

Name: Class: Date: Total: 16 marks

KEY WORDS completing the square配方法• reduction formula递推公式• further integration积分
• arc length弧长

Objective
Build the skills to answer exam questions on further integration 积分 — the standard
inverse-function integrals, reduction formulae 递推公式, and arc length 弧长.

You must be able to:

• use
∫

1
a2+x2 dx and

∫
1√

a2−x2 dx (and completing the square)
• derive and use a reduction formula
• find an arc length

1 Worked examples

Standard integrals & reduction

A-Level Further Mathematics • 2.4 Integration (standard forms, reduction formulae) 1
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area to the left
= 0.5

y = f(x)

median m = 2

median m solves F(m) =
m

f(x) dx = 1
2

An integral is the area under a curve; the inverse-function forms handle 1
a2+x2 and

1√
a2−x2∫

1√
4− x2

dx = sin−1 x

2
+ C.

Reduction: In =
∫ π/2

0
sinn x dx satisfies In =

n− 1

n
In−2.

2 Practice

2.1 Find
∫

1

9 + x2
dx. [2]

2.2 Find
∫

1√
25− x2

dx. [2]

A-Level Further Mathematics • 2.4 Integration (standard forms, reduction formulae) 2
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3 Exam-style questions

3.1
∫ 2

0

1

4 + x2
dx equals: [1]

• A π

8

• B π

4

• C π

2
• D π

3.2 Let In =

∫ π/2

0

sinn x dx.

(a) Using integration by parts, show that In =
n− 1

n
In−2 for n ⩾ 2. [4]

(b) Hence evaluate I4. [3]

3.3 Find
∫

1

x2 − 4x+ 13
dx by completing the square. [4]

A-Level Further Mathematics • 2.4 Integration (standard forms, reduction formulae) 3
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Solutions

2.1 1
3

tan−1 x

3
+ C.

2.2 sin−1 x

5
+ C.

3.1 A.
[
1
2

tan−1 x
2

]2
0
= 1

2
tan−1 1 = 1

2
· π
4
=

π

8
.

3.2 (a) In =
∫ π/2

0
sinn−1 x sinx dx; by parts (u = sinn−1 x, dv = sinx dx): In = [− sinn−1 x cosx]π/20 +

(n − 1)
∫ π/2

0
sinn−2 x cos2 x dx; the boundary term is 0; cos2 x = 1 − sin2 x gives In =

(n− 1)(In−2 − In); so nIn = (n− 1)In−2, i.e. In =
n− 1

n
In−2.

(b) I0 =
π

2
; I2 = 1

2
I0 =

π

4
; I4 = 3

4
I2 =

3π

16
.

3.3 x2 − 4x+ 13 = (x− 2)2 + 9;
∫

1

(x− 2)2 + 9
dx = 1

3
tan−1 x− 2

3
+ C.

A-Level Further Mathematics • 2.4 Integration (standard forms, reduction formulae) 4
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3 The integral In  is defined by I x x1 dn
n2

0
1= +` jy .

 (a) By considering ( )x x x1dd n2+` j, or otherwise, show that
    ( )n I nI2 1 2 2n n n 1+ = + - . [5]
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 (b) Find the exact value of I 2- . [4]
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5

x

y

10 n1 n2 nn 1-

 The diagram shows the curve with equation y x x31 3= +  for x0 1G G , together with a set of n 
rectangles of width n1 .

 (a) By considering the sum of the areas of these rectangles, show that x x x U31 d n3
0
1 1+e oy , where

    U n n121 1 1 17n = + +b bl l. [5]
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 (b) Use a similar method to find, in terms of n, a lower bound Ln  for x x x31 d3
0
1 +e oy . [4]
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 (c) Show that ( )lim U L 0n n n- =" 3 . [2]
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1 The curve C has polar equation er 34= i  for r0 G Gi .
 Find the length of C. Give your answer in an exact form. [4]
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6 (a) Use the substitution sinhx u221=  to find xx2 1
1 d2 +y . [3]

 ...................................................................................................................................................
 ...................................................................................................................................................
 ...................................................................................................................................................
 ...................................................................................................................................................
 ...................................................................................................................................................

x

y

10 n1 n2 nn 1-

 The diagram shows the curve with equation y x2 1
1
2= +  for x0 1G G , together with a set of  

n rectangles of width n1 .
 (b) By considering the sum of the areas of these rectangles, show that

    lnr n2
1 2 2 3

r

n
21

1 2 2 1+ +
=

` j/ . [5]
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 ...................................................................................................................................................
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 ...................................................................................................................................................

 (c) Use a similar method to find, in terms of n, a lower bound for r n2
1

r

n
2 21 +=

/ . [4]

 ...................................................................................................................................................
 ...................................................................................................................................................
 ...................................................................................................................................................
 ...................................................................................................................................................
 ...................................................................................................................................................
 ...................................................................................................................................................
 ...................................................................................................................................................
 ...................................................................................................................................................
 ...................................................................................................................................................
 ...................................................................................................................................................
 ...................................................................................................................................................
 ...................................................................................................................................................

 (d) Deduce the exact value of lim r n2
1

n r

n
2 21 +" 3 =

/ . [1]
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1 It is given that sinhI x x xdn n
0
1= y , where n is a non-negative integer.

 (a) Show that, for n 2H , 
    ( )cosh sinhI n n n I1 1 1n n 2= - + - - . [3]
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 (b) Find the exact value of I2 . [2]
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4

 

y

x0 1N1 N2 NN 1-

 The diagram shows the curve with equation y 3x21= ` j for x0 1G G , together with a set of N rectangles 
each of width N1 .

 (a) By considering the sum of the areas of these rectangles, show that x U3 dx N210
1 1` jy , where 

    U N 3
3

1N N
N

1
1= -` j . [4]
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 (b) Use a similar method to find, in terms of N, a lower bound LN for x3 dx210
1 ` jy . [4] 
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 (c) By simplifying U LN N- , show that lim U L 0N N N- =" 3` j . [2]
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2 Let sinhI x x1 dxn
n

0
1= -` jy , where n is a non-negative integer.

 (a) Show that, for n 2H ,   ( )I n n I1 1n n 2=- + - - . [4]
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 (b) Find the exact value of I2 . [3]
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4 y

x0 1 2 3 nn-1
 The diagram shows the curve with equation y x1 e x=  for x 1H , together with a set of n 1-  rectangles of unit width.
 (a) By considering the sum of the areas of these rectangles, show that

    .r n2 1 21 e e er n
r

n

1
1 + -

=
e o/  [5]
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 ............................................................................................................................................................
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 ............................................................................................................................................................
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 (b) Use a similar method to find, in terms of n, a lower bound for r1 e r
r

n

1=
/ . [4]

 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................

* 0000800000007 *

DO
 NO

T W
RIT

E IN
 TH

IS M
AR

GIN
     

     
     

   D
O N

OT
 WR

ITE
 IN 

TH
IS M

AR
GIN

     
     

     
   D

O N
OT

 WR
ITE

 IN 
TH

IS M
AR

GIN
     

     
     

   D
O N

OT
 WR

ITE
 IN 

TH
IS M

AR
GIN

     
     

     
   D

O N
OT

 WR
ITE

 IN 
TH

IS M
AR

GIN

1366



A-Level Further Mathematics: 9231 Mathematics - Further June 2025 Question Paper  23Name: 10

9231/23/M/J/25© UCLES 2025

6

x

y

10
n1 n2 nn 1-

 The diagram shows the curve with equation y x 112= +  for x0 1G G , together with a set of n rectangles 
of width n1 .

 (a) By considering the sum of the areas of these rectangles, show that

    rn r
n 41r

n

1
2 2 1+=

/ . [5]
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 ............................................................................................................................................................
 ............................................................................................................................................................

 (b) Use a similar method to find a lower bound for rn
n

r

n
2 2

1 +=
/ . Give your answer in terms of n  

and r. [4]
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 (c) Deduce the exact value of lim rn
n

n r

n
2 2

1 +" 3 =
/ . [1]
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A-LEVEL FURTHER MATHEMATICS • EXERCISE SHEET

2.5 Complex numbers (de Moivre’s the-
orem)

Name: Class: Date: Total: 15 marks

KEY WORDS de moivre’s theorem棣莫弗定理 • roots of unity单位根 • complex number复数

Objective
Build the skills to answer exam questions on complex numbers 复数 — de Moivre’s
theorem 棣莫弗定理, expanding cosnθ/sinnθ, and the roots of unity 单位根.

You must be able to:

• use (cos θ + i sin θ)n = cosnθ + i sinnθ

• express cosnθ/sinnθ in powers (and powers in multiple angles)
• find the nth roots of a complex number

1 Worked examples

De Moivre & roots of unity

Re

Im

z = 1

z5 = 1

72◦

The solutions of zn = 1 are equally spaced around the unit circle

cos 3θ: real part of (cos θ + i sin θ)3 = cos3 θ − 3 cos θ sin2 θ = 4 cos3 θ − 3 cos θ.

Roots of unity: zn = 1 ⇒ z = e2πik/n, k = 0, . . . , n− 1.

A-Level Further Mathematics • 2.5 Complex numbers (de Moivre’s theorem) 1
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2 Practice
2.1 Use de Moivre to write (cos θ + i sin θ)4 in the form cos( ) + i sin( ). [1]

2.2 Write down the three cube roots of unity in polar form. [2]

3 Exam-style questions
3.1 By de Moivre’s theorem, (cos θ + i sin θ)5 equals: [1]

• A cos 5θ + i sin 5θ

• B 5 cos θ + 5i sin θ

• C cos θ + i sin 5θ

• D cos5 θ + i sin5 θ

3.2 (a) Use de Moivre’s theorem to show that sin 3θ = 3 sin θ − 4 sin3 θ. [4]

(b) Hence solve 4 sin3 θ − 3 sin θ + 1
2
= 0 for 0 < θ < π

2
. [3]

3.3 Find the four roots of z4 = 16, giving them in the form x+ iy. [4]

A-Level Further Mathematics • 2.5 Complex numbers (de Moivre’s theorem) 2
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Solutions
2.1 cos 4θ + i sin 4θ.

2.2 1, cos 2π
3
+ i sin 2π

3
, cos 4π

3
+ i sin 4π

3
.

3.1 A. (cos θ + i sin θ)5 = cos 5θ + i sin 5θ.

3.2 (a) imaginary part of (cos θ+ i sin θ)3 = cos 3θ+ i sin 3θ: sin 3θ = 3 cos2 θ sin θ−sin3 θ;
= 3(1− sin2 θ) sin θ − sin3 θ = 3 sin θ − 4 sin3 θ.
(b) 4 sin3 θ − 3 sin θ = − sin 3θ, so the equation is − sin 3θ + 1

2
= 0 ⇒ sin 3θ = 1

2
; for

0 < 3θ < 3π
2

, 3θ = π
6

or 5π
6

; θ = π
18

or 5π
18

.

3.3 z4 = 16 ⇒ z = 2eikπ/2, k = 0, 1, 2, 3; z = 2, 2i, −2, −2i.
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8 (a) State the sum of the series ᴢ + ᴢ 2 + ... + ᴢ n , for ᴢ 1! . [1]
 ............................................................................................................................................................
 ............................................................................................................................................................

 (b) By letting ᴢ ( )cos isin21 i i= +  use de Moivre’s theorem to deduce that

    ( )sin cos
sin sin sinm n n 1m

n n

m

n
21 45

21
2

21
1

21

1
i i

i i i= -
- + ++ +

=
b b bl l l/ . [6]

 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................

* 0000800000016 *

DO
 NO

T W
RIT

E IN
 TH

IS M
AR

GIN
     

     
     

   D
O N

OT
 WR

ITE
 IN 

TH
IS M

AR
GIN

     
     

     
   D

O N
OT

 WR
ITE

 IN 
TH

IS M
AR

GIN
     

     
     

   D
O N

OT
 WR

ITE
 IN 

TH
IS M

AR
GIN

     
     

     
   D

O N
OT

 WR
ITE

 IN 
TH

IS M
AR

GIN

DFD

173



A-Level Further Mathematics: 9231 Mathematics - Further November 2025 Question Paper  21Name: 17

9231/21/O/N/25© UCLES 2025

 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................

 (c) Use the result in (b) to find cos mmm
m

n
21

1
i

=
b l/  in terms of n and i . [You do not need to simplify your answer.] [3]

 ............................................................................................................................................................
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 ............................................................................................................................................................

 (d) Hence find cosm mm
m

21
1

i
3

=
b l/  in terms of cos i . [You may assume that n2 0n "  as n " 3.] [2]
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 ............................................................................................................................................................
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If you use the following lined page to complete the answer(s) to any question(s), the question number(s) must be clearly shown.
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2 Find the roots of the equation ᴢ 4 8 8 3i= - , giving your answers in the form reii , where r 02  and r r1G i- . [5]
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4 (a) By considering the binomial expansion of z z1
6+b l , where cos sinz ii i= + , use de Moivre’s 

theorem to show that
cos cos cos cosa b c d6 4 26 i i i i= + + + ,

  where a, b, c and d are constants to be determined. [5]
 ...................................................................................................................................................
 ...................................................................................................................................................
 ...................................................................................................................................................
 ...................................................................................................................................................
 ...................................................................................................................................................
 ...................................................................................................................................................
 ...................................................................................................................................................
 ...................................................................................................................................................
 ...................................................................................................................................................
 ...................................................................................................................................................
 ...................................................................................................................................................
 ...................................................................................................................................................
 ...................................................................................................................................................
 ...................................................................................................................................................
 ...................................................................................................................................................
 ...................................................................................................................................................
 ...................................................................................................................................................
 ...................................................................................................................................................
 ...................................................................................................................................................
 ...................................................................................................................................................
 ...................................................................................................................................................
 ...................................................................................................................................................
 ...................................................................................................................................................
 ...................................................................................................................................................

* 0000800000006 *

DO
 NO

T W
RIT

E IN
 TH

IS M
AR

GIN
     

     
     

   D
O N

OT
 WR

ITE
 IN 

TH
IS M

AR
GIN

     
     

     
   D

O N
OT

 WR
ITE

 IN 
TH

IS M
AR

GIN
     

     
     

   D
O N

OT
 WR

ITE
 IN 

TH
IS M

AR
GIN

     
     

     
   D

O N
OT

 WR
ITE

 IN 
TH

IS M
AR

GIN

DFD

577



A-Level Further Mathematics: 9231 Mathematics - Further November 2025 Question Paper  22Name: 7

9231/22/O/N/25© UCLES 2025 [Turn over

 (b) Find the exact value of cos x x2 dr
0

621y . [3]
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3 (a) Use de Moivre’s theorem to show that
    sin sin sin sin5 16 20 55 3i i i i= - + . [4]
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 (b) Hence obtain the roots of the equation
    x x x32 40 10 3 05 3- + - =
  in the form rsin q , where q is a rational number. [4]
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1 Find the roots of the equation z 27 27i3 = - , giving your answers in the form reii , where r 02  and r r1G i- . [5]
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3 By considering the binomial expansion of z z1
5-b l , where cos isinz i i= + , use de Moivre’s theorem to show that

cosec sin sin sinb ca5 35 i i i i= + + ,

 where a, b and c are integers to be determined. [6]
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5 (a) Use de Moivre’s theorem to show that

    sec sec secsec5 5 20 164 2
5i i i
i= - + . [6]

 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................
 ............................................................................................................................................................

* 0000800000008 *

DO
 NO

T W
RIT

E IN
 TH

IS M
AR

GIN
     

     
     

   D
O N

OT
 WR

ITE
 IN 

TH
IS M

AR
GIN

     
     

     
   D

O N
OT

 WR
ITE

 IN 
TH

IS M
AR

GIN
     

     
     

   D
O N

OT
 WR

ITE
 IN 

TH
IS M

AR
GIN

     
     

     
   D

O N
OT

 WR
ITE

 IN 
TH

IS M
AR

GIN

1284



A-Level Further Mathematics: 9231 Mathematics - Further June 2025 Question Paper  23Name: 9

9231/23/M/J/25© UCLES 2025 [Turn over

 (b) Hence, obtain the roots of the equation
x x x3 10 40 32 05 4 2- + - =

  in the form r( )sec q , where q is rational. [4]
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A-LEVEL FURTHER MATHEMATICS • EXERCISE SHEET

2.6 Differential equations

Name: Class: Date: Total: 14 marks

KEY WORDS general solution通解• integrating factor积分因子• auxiliary equation辅助方程• complementary function余函数
• particular integral特积分

Objective
Build the skills to answer exam questions on differential equations 微分方程 — the
integrating factor 积分因子 for first-order linear equations, and the complementary
function 余函数 plus particular integral 特积分 for second-order constant-coefficient
equations.

You must be able to:

• solve dy

dx
+ P (x)y = Q(x) with µ = e

∫
P dx

• solve ay′′ + by′ + cy = 0 via the auxiliary equation (the CF)
• find a particular integral and the general solution

1 Worked examples

Integrating factor & CF+PI

A-Level Further Mathematics • 2.6 Differential equations 1
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x

y

solution curves

dy
dx = x y

each segment is local slope; a solution is tangent to every segment it meets

A solution curve stays tangent to the slope field everywhere

dy

dx
+ 2y = ex: µ = e2x; d

dx
(ye2x) = e3x, so y = 1

3
ex + Ce−2x.

Second order: y′′ − 5y′ + 6y = 0 → auxiliary m2 − 5m+ 6 = 0 → y = Ae2x +Be3x.

2 Practice

2.1 Write down the integrating factor for dy

dx
+ 3y = x. [1]

2.2 Write the auxiliary equation of y′′ − y′ − 6y = 0. [1]

A-Level Further Mathematics • 2.6 Differential equations 2
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3 Exam-style questions
3.1 The complementary function of y′′ + 4y = 0 is: [1]

• A Ae2x +Be−2x

• B A cos 2x+B sin 2x

• C Ae2x

• D A+Bx

3.2 Solve dy

dx
+

1

x
y = x2 (for x > 0), given y = 1 when x = 1. [5]

3.3 Solve d2y

dx2
− 3

dy

dx
+ 2y = 4x. [6]

A-Level Further Mathematics • 2.6 Differential equations 3
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Solutions
2.1 µ = e

∫
3 dx = e3x.

2.2 m2 −m− 6 = 0.

3.1 B. Auxiliary m2 + 4 = 0 ⇒ m = ±2i, giving A cos 2x+B sin 2x.

3.2 µ = e
∫
(1/x) dx = elnx = x; d

dx
(xy) = x3; xy = 1

4
x4 + C; y = 1 at x = 1: 1 = 1

4
+ C ⇒

C = 3
4
; y = 1

4
x3 +

3

4x
.

3.3 auxiliary m2 − 3m + 2 = 0 ⇒ m = 1, 2, so CF = Aex + Be2x; try PI y = ax + b:
−3a + 2(ax + b) = 4x ⇒ 2a = 4, −3a + 2b = 0; a = 2, b = 3; general solution
y = Aex +Be2x + 2x+ 3.

A-Level Further Mathematics • 2.6 Differential equations 4
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4 Find the particular solution of the differential equation

x
y xy y x x5 2 5 3d

d dd2
2 2+ + = + + ,

 given that, when x 0= , y xy 0dd= = . [10]
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7 (a) Show that tanhx x x1 1dd 1 2= --` j . [3]
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 (b) Find the solution of the differential equation

tanhx xy y x xdd 2 1- = - ,

  for x0 11 1 , given that y 0=  when x 21= . Give your answer in an exact form. [9]
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5 (a) Find the general solution of the differential equation

    cosx
y xy y x4 3 5d

d dd2
2 + + = . [7]
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 (b) For large positive values of x and for any initial conditions, show that the solution to part (a) can be approximated by
( )siny R x. z+ ,

  where the constants R and z are to be determined. [3]
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5 (a) Find the general solution of the differential equation
    sin cosx

y xy y x x2 2d
d dd2

2 + + = + . [7]
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 (b) For large positive values of x and for any initial conditions, show that the solution to part (a) can be approximated by
    ( )siny R x2c z- , 
  where R and z are positive constants to be determined. [3]
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6 Find the particular solution of the differential equation
    xy x xx y1 21 1dd 2+ - -+ =  
 given that ry =  when x 0= . Give your answer in an exact form. [10]
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5 Find the particular solution of the differential equation

tx tx x6 3 6dd dd e t2
2 + + = - ,

 given that, when t 0= , x tx 0dd= = . [10]
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7 Find the solution of the differential equation

xy x xx y10 615 1dd 2- + ++ = ,

 given that y 0=  when x 3= . Give your answer in an exact form. [10]
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4 Find the particular solution of the differential equation

tx tx x t t2 2 1dd dd
2

2 2+ - = + - ,

 given that, when t 0= , x tx 0dd= = . [10]
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7 Find the solution of the differential equation

xy x xx y6 52 6 4dd 2- + ++ = ,

 given that y 0=  when x 0= . Give your answer in an exact form. [9]
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