Deformation of solids
A-Level Physics

Forces that cause deformation

When a force acts on a solid along its length, the object changes shape (deformation
FEAR). Two cases (treated as one-dimensional here):

« a tensile Hijffl force stretches the object — it makes an extension & x,

e a compressive force squeezes the object — it makes a compression [E4f, treated
as a negative extension.

The applied force is the load 1712§. The change from the natural length is the extension
(or compression).

Both are measured from the natural, unstretched length, never from the loaded length:
on a diagram of a spring under a box, the distance the spring has shortened is its
compression. A spring’s own mass is usually said to be negligible 7] Zl%[], so the
only forces on it are the load and the tension it provides.

Hooke’s law and the spring constant

A spring obeys Hooke’s law: extension is proportional to the force applied.

For many materials at small extensions, the extension is proportional to the
load — this is Hooke’s law #725E 4. The constant that links them is the spring
constant %3 2240 k:
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Unit of k2 N m™%.

Worked example. A spring stretches by 4.0 cm when a 2.0 N load is hung from it.
Find its spring constant.

Converting the extension to metres (4.0 cm = 0.040 m):

F 2.0 1
h= o Tooa0 VN
For the one-mark "state Hooke’s law”, write it in words: the extension is directly
proportional to the applied force (load), provided the limit of proportion-
ality is not exceeded. The spring constant is the force per unit extension; the
multiple-choice distractors are “extension per unit force” (that is 1/k) and Fz (the
energy stored).

A

limit of
proportionality, P

load, F

gradient k—M

straight line
(F = kx)

extension, x
A load—extension graph: straight up to the limit of proportionality P, then it curves
Reading a graph:

» A force-extension (F' against x) graph has gradient &k in the Hooke’s-law region.
« An extension—force (z against F') graph has gradient 1/k in the Hooke’s-law region.
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A common trap: if a graph plots length L against force, you can still find the spring
constant from the gradient (since L = Lo + F'/k, the gradient is 1/k — read it off
carefully).

Worked example. A spring has length 90 mm under a force of 0.80 N and 115 mm
under 1.30 N. Find the spring constant and the unstretched length.

The extra force 0.50 N produces the extra extension 25 mm = 0.025 m, so k =
0.50/0.025 = 20 N m~*. At 0.80 N the extension is = F'/k = 0.80/20 = 0.040 m, so
the unstretched length is 90 — 40 = 50 mm. On a graph of length against force the
intercept on the length axis is Lo, the gradient is 1/k, and the work done in stretching
the spring is the triangle between the line and the level L = L, not the whole
area down to the force axis: the rectangle below Ly is the unstretched length multiplied
by the force, which means nothing.
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Length against force: the intercept is Ly, the gradient is 1/k, and only the triangle
above Ly is the work done

Limit of proportionality

Hooke’s law only holds up to the limit of proportionality . ffl#%fR. Past this point
the F' against x line curves and is no longer straight. The material may still be elastic
#4 (it returns to its first length when you remove the load) a little further, then it
becomes plastic ¥A 4.
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Springs in series and parallel

You may need to combine spring constants:

 Series ik (one spring hangs from another): the same load passes through both,
1 1 1

- 4+ .

ktotal kl kQ

« Parallel Ff5¢ (two springs side by side holding the same load): each takes half the
load (if they are identical), the extensions are equal, S0 kit = k1 + ko.

the total extension is the sum, so

series parallel
k1
k1 ko
ko
L + ! k=k k
K = = k1 + k2

Combining spring constants: series gives a softer spring, parallel a stiffer one

Worked example. Springs of spring constant 6.0 N cm™! and 4.0 N cm™! are joined
end to end and a load of 80 N hangs from them. Find the total extension.

Each spring carries the full 80 N, so the extensions are 80/6.0 = 13.3 cm and 80/4.0 =
20 cm: a total of 33 cm (the same as k = 2.4 N cm ™" from 1/k = 1/6.0+1/4.0). Three
identical springs give the largest combined constant when all three are in parallel (3k)
and the smallest when all are in series (k/3). When a load is shared by two identical
springs in parallel, each carries half the force and so stores a quarter of the energy
of one spring holding the whole load; the pair together stores half as much as the single
spring did. A spring constant in N em™ is 100 times smaller than the same constant
in N m™!; give the unit the question asks for.

Stress, strain and the Young modulus

For a wire of uniform cross-section under a tensile load:
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F
e Stress WV Jj o= T where F' is the load and A is the cross-sectional area 4%
TIFH. Unit: Pa.

x
o Strain VAF ¢ = —, where z is the extension and Ly is the original length. Strain

0
has no unit (it is a ratio of lengths).

For the one-mark definitions: stress is the force per unit cross-sectional area
(the force acting normally to the area); strain is the extension per unit original
length. The unit of stress, Pa = N m™2, is kg m~' s~2 in base units. The area of a
round wire comes from its diameter d: A = wd?/4 = 7r?, and using d in place of r
makes the area four times too big. Convert mm? to m? with 1076,

Worked example. A tensile force of 18 N acts on a wire of cross-sectional area
3.2 mm?. Find the stress.

oc=F/A=18/(3.2x107%) = 5.6 x 10° Pa. The same force acts along the whole wire,
so a bolt whose diameter is 2d at one end and d at the other has four times the stress
at the narrow end (¢ o 1/d?), and a wire of three times the radius carries one ninth
of the stress.

NNNAN

length L, area A
g 0 stress o =

strain € =

Sl ==

(x = extension)

load F'

Stress is the load per cross-sectional area; strain is the extension per original length

The Young modulus #7 G5 is the ratio of stress to strain in the Hooke’s-law
region:

Lo _F/A_FL
e wx/Ly Ax’

Unit: Pa (about 10! for metals; e.g. steel & 2.0 x 10" Pa).

Worked example. A steel wire of length 2.0 m and cross-sectional area 1.5x 10~7 m?

stretches by 1.0 mm under a load of 15 N. Find the Young modulus.
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FLq 15 x 2.0 .
Ar (L5 x 10-7)(1.0 x 10-2) 8 °
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\

straight line:
gradient=E
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strain, €

E=¢ =% (Hooke's law region only)

A stress—strain graph, straight up to the limit of proportionality P

The Young modulus is a property of the material — it does not depend on the wire’s
shape or size. The spring constant k£ depends on both the material and the size:

For the one-mark definition: the Young modulus is the ratio of stress to strain
(for a material deformed within its limit of proportionality). Because it belongs to the
material, a thicker wire of the same metal has the same Young modulus: it stretches
less under the same load because its area is larger, not because the metal is stiffer.
A 7show that k = EA/Ly” question wants two lines: k = F/x and E = FLy/(Ax),
so B = kLy/A. Two things follow: a wire’s spring constant stays constant while
Hooke’s law holds, whatever the force, and a wire of the same metal with twice the
diameter has four times the spring constant.

Worked example. A copper wire of length 1.7 m and diameter 0.64 mm has Young
modulus 1.2 x 10! Pa. Find its spring constant.

A=7m(032x10"%)2=32x10"m? so k= EA/Ly=12x 10" x3.2x 1077/1.7 =
23 x 104 N m™.

On a stress—strain graph the gradient of the straight part is E, so of two materials
drawn on the same axes the steeper line is the stiffer material, and a wire with double
the Young modulus is drawn as a line through the origin with twice the gradient. On

A-Level Physics ¢ 6 Deformation of solids @



a force—extension graph the gradient is £A/Ly and the Young modulus is the gradient
multiplied by Ly/A; only a stress—strain graph has a gradient equal to E itself.

stress A

steel: larger E
(steeper line)

limit of
proportionality

brass: smaller E

>

strain

Two metals on one stress—strain graph: the steeper line has the larger Young modulus

Experiment to find the Young modulus of a metal wire
A standard setup:

1. Clamp one end of a long, thin wire to a fixed support. Pass the wire over a pulley
1% at the edge of the bench so it hangs straight down.

2. Measure the original length Ly between the clamp and a marker near the pulley,
using a metre rule.

3. Measure the diameter F 4% d of the wire at several places with a micrometer
B2HEM ffas and take the average. Work out A = wd?/4.

4. Hang weights one at a time. Record the load F' and the extension x (how far the
marker moves against a fixed scale).

5. Plot F against x. In the straight region the gradient is FA/Lg, so E = gradient X
Lo/ A.

Why a long, thin wire? To make the extension big enough to measure well. Why
repeat readings and measure d at several places? To reduce random error Bl izZ:
and check the wire is uniform.

A 7describe an experiment” answer earns its marks for the quantities measured
and how (L, with a metre rule; d with a micrometer at several points; the load from
the masses or a newton meter; the extension from a marker read against a fixed scale,
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or a vernier scale), the graph (F against x, gradient EA/Lg, or stress against strain,
gradient F') and the precautions: safety goggles in case the wire snaps, a small load
first to straighten kinks, and readings taken on unloading as well as loading to check
the wire stayed elastic.

original length L

<= =

|
clamp paper-flag | |- fixed scale
wire marker \\\\\H—E
—~
': Q pulley

masses (load F)

Apparatus for measuring the Young modulus of a wire

Elastic and plastic behaviour

As the load grows:

1. Elastic and straight (Hooke obeyed) — up to the limit of proportionality.
Removing the load returns the object to its first length.

2. Elastic but curved — between the limit of proportionality and the elastic limit
JHMEAR FR. The extension is no longer straight in the load, but on unloading the
object still returns to its first length.

3. Plastic — past the elastic limit. On unloading, the object does not return to its
first length; a permanent extension stays.

Hooke’s law only holds in the straight, elastic region.

In words: elastic deformation means the object returns to its original length (or
shape) when the load is removed; plastic deformation means it does not, and a
permanent extension remains; the elastic limit is the maximum load (or extension)
for which the deformation is still elastic; the limit of proportionality is the point
beyond which the extension is no longer proportional to the load. On a graph the limit
of proportionality is where the line stops being straight. The elastic limit lies a little
beyond it and cannot be read from a loading line alone. So in a “which statement
must be correct” item, the end of the straight part is the limit of proportionality, but
whether a later point is the elastic limit or the breaking point cannot be told from the
shape of the loading line.
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Hooke up to limit of proportionality - plastic beyond yield

Force—extension past the elastic limit: P and E marked, with a permanent extension
B left after unloading

ry.

A modern universal (tensile) testing machine stretches a sample and records the force
and extension

On a force—extension graph for a material taken into the plastic region and then
unloaded, the loading line and the unloading line are different. The unloading line is
parallel to the first Hooke line but shifted to the right (the permanent extension left
when the load reaches zero). The area between the loading and unloading lines is the
energy turned into thermal energy #HE in the material.
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A rubber band # J¥ fjj also has different loading and unloading curves, but it returns
to its original length: its deformation is elastic. The area between the two curves
is again energy dissipated as thermal energy (elastic hysteresis {4 J5), and
the energy recovered on unloading is the area under the lower curve. The two-mark
“explain why the work done in stretching the wire is not equal to the energy recovered
when the force is removed” answer says that the wire was taken past its elastic limit,
so part of the deformation is plastic and a permanent extension remains, and that part
of the work done became thermal energy in the wire.

force F A

loading

unloading

area between the curves
= thermal energy

0 >

extension x

A rubber band returns to its original length, but the area between loading and
unloading is enerqy lost as thermal energy

Energy stored in a stretched material

The work done in stretching a material from 0 to extension z, as the load grows from
0 to F, is the area under the force—extension graph.
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force

work done = energy stored
=1Fx

>
extension

The work done stretching a material is the area under the force—extension graph

Why the area: work done is force multiplied by the distance moved, but here the
force grows as the material stretches, so the work is the sum of F' Az over many small
extensions, which is the area under the line. Within the limit of proportionality the
force rises uniformly from 0 to F', so the average force is %F and the work is %F z. On
a force—extension graph the gradient is the spring constant.

Hooke’s-law material

When Hooke’s law holds, the F' against x graph is a straight line through the origin.
The area under it from 0 to z is a triangle:

Ep = %F:p = %k’ﬁ.

This is the elastic potential energy 7#{/:¥FE stored in a spring or wire stretched
within its limit of proportionality. An equal form:

F2

Ep = —.
P ok

Worked example. A spring of spring constant 50 N m™" is stretched by 0.20 m,
within its limit of proportionality. Find the elastic potential energy stored.

tha® =1 x50 x 0.20° = 1.0 J.
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Worked example. A wire of spring constant 2.0 x 10* N m™! is already extended
by 2.0 mm. Find the work done to increase its extension to 3.0 mm.

The stored energy rises from $ka? to skaj: W = $x2.0x10*x[(3.0 x 107%)% — (2.0 x 107%)?] =
0.050 J. This is the trapezium under the line between the two extensions, not

tk(zo — 21)?. Because Ep ox 2? at fixed k, doubling the extension of a wire stores

four times the energy (0.65 J becomes 2.6 J), and a stored energy gives the extension

as ¢ = +/2Ep/k: a spring of k = 400 N m™' storing 0.32 J is compressed by

/2 % 0.32/400 = 0.040 m. For two wires joined end to end the tension is the same in

both, so the total energy stored is %F xr1+ %F ro with each wire’s own extension.

Non-Hooke material

For a graph that is not a straight line (a stretched rubber band, or a spring past its
limit of proportionality), find the area by counting grid squares or by using trapezia
. The same idea holds: the area under the force—extension graph is the
work done on the material. To estimate the work done up to the breaking point,
count the squares under the whole curve (part squares as halves) and multiply by the
energy one square represents, the force step multiplied by the extension step; saying
that the area was found by counting squares is the “explain your reasoning” mark.

Comparing stored energy

A common multiple-choice case: two materials are stretched by the same force, or by
the same extension. Using Ep = S Fu:

o same F', smaller k£ (less stiff) — larger z — more energy stored.

« same x, larger k (stiffer) — larger F' — more energy stored.

A sketch of Fp against extension or compression is a curve through the origin that
gets steeper (Ep o< £2), not a straight line. Of two wires of the same length and area
under the same load, the one with the smaller Young modulus extends more and so
stores more energy.

When a stretched spring is released onto a mass, the elastic potential energy becomes
kinetic energy Zfjif (and gravitational potential energy if the mass rises). Set 1ka?
equal to smv? (plus any mgh) to find the speed or height.

Definitions the examiner accepts

A definition question is marked against fixed wording. Learn these exactly, and give
one answer only.
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Term

Definition

Hooke’s law

spring constant

limit of proportionality
elastic limit

elastic deformation
plastic deformation
stress

strain

Young modulus

elastic potential energy

the extension is directly proportional to the applied
force, provided the limit of proportionality is not
exceeded

the force per unit extension

the point beyond which the extension is no longer
proportional to the applied force

the maximum force (or extension) for which the material
returns to its original length when the force is removed
the material returns to its original length (shape) when
the force is removed

the material does not return to its original length when
the force is removed; a permanent extension remains
the force per unit cross-sectional area

the extension per unit original length

the ratio of stress to strain (within the limit of
proportionality)

the energy stored in an object because it has been
stretched or compressed

Exam tips

« Hooke’s law (F = kx) holds only up to the limit of proportionality.

o Stress = F'/A, strain = z/L, Young modulus = stress/strain (gradient of
the straight part of the stress-strain graph) — watch the units (Pa).

e Energy stored = area under the force-extension graph = %Fx in the elastic

region.

« Distinguish elastic (returns to shape) from plastic (permanent) deformation.

Common mistakes
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Using the diameter as the radius in A = 772, or leaving an area in mm?. Halve the
2

diameter first; 1 mm? = 107% m?.
Reading the work done off a length—force graph as the whole area down to the axis.
Only the triangle above L is work.

Treating stored energy as proportional to extension. It goes as z?: double the
extension, four times the energy; and the work done between two extensions is the
difference of two %ka values.

Stating Hooke’s law without its condition. “Provided the limit of proportionality
is not exceeded” is part of the law.

()



o Swapping the limit of proportionality (the end of the straight line) and the elastic
limit (the end of elastic behaviour, a little beyond it).

o Saying a thicker wire has a larger Young modulus. The modulus is the material’s;
the thicker wire has a larger spring constant.
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